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Anders Irbäck and Fredrik Sjunnesson,
Folding Thermodynamics of Three β-Sheet Peptides:
A Model Study
LU TP 03-40.

iv

Giorgio Favrin, Anders Irbäck and Fredrik Sjunnesson,
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Introduction
Proteins are linear polymers, made from 20 small molecules called amino acids.
The protein chains are normally between fifty and ten thousand amino acids
long. Rather than being extended and flexible, however, naturally occurring
proteins adopt distinct three-dimensional conformations that are critical to
their function [1]. Despite that they all consist of the same, relatively simple
building blocks, proteins are very complex biomolecules that affect virtually
every property that characterizes a living organism.
Even though chemical differences between amino acids partly explains the functional diversity of proteins, the key to protein function is to be found in the
three-dimensional structures formed by the amino acid chains [1]. Thus, a natural step when trying to understand the function of a protein is to find its
three-dimensional structure. However, due to the small size of proteins and the
fragility of their native conformations, this is a very delicate task. At present,
the PDB [2] database contains about 22,000 experimentally determined structures. This is only a small fraction of the proteins with known amino acid
sequence and since the number of known sequences grows much faster than the
number of known structures, other means of determining the three-dimensional
structure of proteins are highly desirable.
With this in mind, it is encouraging that the native structure of many proteins
seem to be determined by their amino acid sequence alone and not depend on
biological mechanisms in the cells. In fact, experiments [3] have shown that
many proteins have the ability to fold spontaneously to their native state. Consequently, it should be possible to predict the native configuration of a protein
if its amino acid sequence is known. This is the so-called protein folding problem, which has attracted large interest over the last decades. Today hundreds
of research groups around the world work on this problem using different methods. Many of those groups have taken a statistical approach, which has proven
powerful if structures of proteins with similar amino acid sequence are known.
For predicting new folds, however, physical modeling is required. This remains
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an open problem but progress is being made as seen by the improving result in
the biannual CASP competitions [4].
Moreover, it is becoming increasingly clear that proteins cannot be characterized in terms of static structures only. In fact, many proteins are disordered
and become structured only upon binding [5]. This illustrates that kinetic
and thermodynamic properties play integral role in protein function, which is
another reason why physical modeling is of great importance.
In this thesis we develop simplified protein models and apply them to peptides
and small proteins. In contrast to statistical methods, which are only used to
predict the native states of proteins, physical modeling makes it possible to
study thermodynamic and kinetic properties of the proteins, too.
In the next few sections a short introduction to proteins will be given. The
geometry of the protein chain will be discussed as well as the interactions that
are the main driving forces for protein folding. Then follows a brief overview
of models and methods used for modeling protein folding. Finally, the papers
which this thesis is based upon will be introduced.
In Paper V a simple model for genetic networks, the Kauffman model, is studied. Even though proteins play an important role in genetic networks, as in
virtually every biological system, this model is very different from our protein
models and the introduction to this subject is deferred to the introduction of
this paper.

The Protein Chain
Proteins consist of a linear backbone chain, onto which side chains are attached.
The amino acids all have the same backbone atoms, see Fig. 1, while the side
chains, indicated as R in Fig. 1, are of 20 different types.
The protein chain is held together by covalent bonds. This makes the structure relatively rigid, except for rotational degrees of freedom about the covalent bonds. Many covalent bonds, both along the backbone and in the side
chains, have this torsional degree of freedom, called torsion angle. The backbone torsion angles are of particular importance, since these determine the
overall structure of a protein. Each amino acid, except proline, has two backbone torsional degrees of freedom, the so-called Ramachandran [6] angles φ and
ψ. In principle, rotation could occur even about the peptide bond, the bond
connecting amino acids. This bond, however, has a partially double-bonded
character, which restricts its flexibility.

The Protein Chain
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Figure 1: Schematic figure of a protein chain. R represents the side chains,
which consist of one to 18 atoms each. The main degrees of freedom are the
backbone torsion angles φ and ψ.

While there is considerable rotational freedom around the φ and ψ angles, not
all torsion angles or combinations of angles are observed in proteins due to steric
constraints. This is illustrated in Fig. 2, which is a so-called Ramachandran
plot [6].
The asymmetry of the Ramachandran plot arises from the right-handed chirality
of the protein chain. The side chains are always joined to the Cα atom at the
position indicated in Fig. 1. There is no chemical reason why the Cα hydrogen
atom and the side chain could not be interchanged but in nature only one
of the two forms is synthesized. This has direct consequences for the local,
or secondary, structure of proteins, which tend to show strong regularities, as
exemplified in Fig. 2. The most common forms of secondary structure are the
α-helix and the β-sheet. Because of the right-handed chirality, the α-helix only
occurs in its right-handed form.
Since the local flexibility of the protein chain is highly affected by steric constraints, the amino acid glycine is of great importance. It is the smallest of
the amino acids with a side chain consisting of one hydrogen atom only and
because of its conformational flexibility it is often found in loop regions.
The amino acid with the most limited flexibility is proline. The reason is that
the side chain forms a covalent bond with the nitrogen atom of the backbone.
The resulting cyclic ring imposes rigid constraints on the flexibility of the backbone and effectively removes the φ torsion angle as a degree of freedom. Also,
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Figure 2: Left: A Ramachandran plot, which shows the distribution of torsion angles φ, ψ. The pronounced peaks at (φ ≈ −60, ψ ≈ −50) and
(φ ≈ −120, ψ ≈ 130) corresponds to α-helix and β-sheet, respectively. The
plot is based on structures in the PDB database. All glycine and proline amino
acids are discarded due to their special properties, see text. Right: The PDB
structure of Protein G (B1 domain), which contains both α-helix and β-sheet
secondary structure. The two left-most β-strands in the figure form the βhairpin that is studied in Papers II and III.

the backbone of the proline has no hydrogen atom bonded to the nitrogen atom,
which affects what hydrogen bonds that can be formed. Prolines often start or
break regions with secondary structure.
The side chains of the remaining 18 amino acids consist of 4 to 18 atoms and
vary in chemical composition. Side chains that have charged or polar groups
can interact with other charged or polar side chains or with the backbone, in
which the so-called peptide units are polar. More important, however, is the
favorable interactions that these side chains can make with the highly polar
water molecules. Other side chains do not interact as favorably with water and
are said to be hydrophobic. Their apparent tendency to avoid water give rise to
the so-called hydrophobic effect and is thought to be the perhaps most important
driving force behind the folding [7, 8] of proteins in aqueous environment.
Proteins that naturally occur in an aqueous environment, are generally referred
to as globular since they, because of the hydrophobic effect, tend to adopt compact, roughly spherical shapes. In this thesis we restrict ourselves to globular
proteins but there are also membrane and fiber proteins [1]. Because of the
poor solubility of these proteins their characteristics differ in many ways from
globular proteins.

The Folding Behavior
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The Folding Behavior
For small molecules, knowledge of their covalent structure is often enough to
characterize their chemical properties. Proteins, however, are long and flexible
enough to fold back onto themselves. The resulting three-dimensional structures as well their kinetic and thermodynamic properties are to a high degree
determined by other, non-covalent, interactions.

Driving Forces
Except for disulfide bonds, that sometimes occur between pairs of cysteine
amino acids, the folding and stability of proteins is governed by weak, noncovalent interaction, such as electrostatic interactions, van der Waals interactions and the very important hydrogen bonds.
A hydrogen bond occurs when two electro-negative atoms compete for the same
hydrogen atom:
— D — H ··· A —
The hydrogen is formally bonded covalently to one of the atoms, the donor (D),
but it also interacts favorably with the other, the acceptor (A). The main
component of the hydrogen bond is an electrostatic interaction between the D-H
dipole, in which H has a partial positive charge, and a partial negative charge of
A. The combination of electrostatic and covalent aspects of the hydrogen bond
causes the most common and energetically most favorable hydrogen bonds to
keep the three bonded atoms aligned [1].
Among the backbone atoms the nitrogen atom can act as a donor whereas
the oxygen atom can act as an acceptor. Although some side chains also have
groups that can take part in hydrogen bonds, the backbone-backbone hydrogen
bonds are of special interest since both α-helices and β-sheets are stabilized
through repeated patterns of such bonds.
The natural environment of globular proteins is soaked with water, so it is
not only the hydrogen bonds within a protein chain that are relevant for the
folding and stability. Protein-water and water-water hydrogen bonds also play
important roles.
The oxygen atom of a water molecule has two valence electrons, each of which
can form a hydrogen bond with hydrogens of two other water molecules. The
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resulting attractive interactions between water molecules are relatively strong.
Solutes that do not interact with the water as favorably as water-water interactions are said to be hydrophobic and tend to be expelled from from the water.
For this reason, hydrophobic amino acids of proteins solved in water are in
general buried in the core of the protein structures, while polar and charged
amino acids tend to be located at the surface. This apparent attraction of
hydrophobic amino acids is referred to as the hydrophobic effect.
The most obvious way to handle this in a model would be to explicitly include
the water molecules and treat their interactions on a similar footing with the
protein-protein interactions. However, for any reasonable amount of water
surrounding a protein, the extra computational cost is dramatic and, in spite
of its enormous biological importance, water is still poorly understood. For
example, simulating the freezing of ordinary water remains a challenge [9].
For these reasons, most current models do not include water molecules explicitly. Instead, potentials are used that are meant to implicitly capture the
effects of the water, of which the hydrophobic effect is thought to be most important. This reduces the computational cost but also introduces additional
uncertainties about the form of the potential function.
The water has consequences also for protein-protein hydrogen bonds. Hydrogen
bonds that are exposed to water can easily be replaced by hydrogen bonds with
the water. This makes them more likely to break than hydrogen bonds buried
in the core of a protein structure. Effectively, this makes the strength of the
hydrogen bonds context dependent.

Thermodynamics and Kinetics
It is not only the native structure that determines the function of a protein, but
thermodynamic and kinetic properties are also of great importance. A certain
flexibility of the native structure often is a vital part of the biological function
and an increasing number of severe and common diseases are being linked to
protein misfolding and aggregation. Alzheimer’s, Parkinson’s, Huntington’s
and cystic fibrosis are a few examples.
Since the first arguments [10] that the number of possible configurations is
too vast for proteins to fold by randomly searching the configuration space,
researchers have been trying to characterize the transition from unfolded configurations to the native state.
This used to be viewed as a relatively deterministic process and the folding was
thought to be guided through a folding pathway via specific intermediate states,
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in discrete steps. The presence of the intermediate states was thought to be
a prerequisite for fast folding. In the “new view” of protein folding, ensembles
play a more central role and the idea of folding pathways is replaced with the
broader notions of energy landscapes and folding funnels [11].
This new view received important experimental support in 1991, when a small
protein, chymotrypsin inhibitor 2 (CI2), was found to fold rapidly without
significantly populating any well defined intermediate states [12]. In fact it
was possible to characterize its folding behavior in terms of a simple two-state
model, where only the unfolded state and the folded native state are populated.
Since then, many small proteins, with different structures and stabilities, have
been found to show this two-state behavior [13]. Therefore, the midpoint temperature and the energy difference between the two states, as obtained from
a two-state fit, are often used to characterize the folding behavior of small,
fast-folding proteins.

Models and Methods
Because of the size and complexity of proteins it is not possible to study protein
folding from first principles. Different kinds of approximations must be made
and models at varying levels of resolution exist. Although general concepts of
protein folding have been studied using analytical methods [14–16], it is clear
that more specific questions call for computer simulations.

Models
Even though there are many types of interaction that are relevant for protein
folding, it is not unreasonable to believe that, at least for proteins with the most
stable and well defined native structures, the different types of interactions
mainly favor the same native structures. This so-called “principle of minimal
frustration” [14], suggests that a few, well chosen, energy terms could be enough
to capture the most important aspects of protein folding.
In this spirit, simple lattice-based models, such as the HP model [17], have
been studied. Although these models can not be used for predicting specific
structures, they have given important insight into generic physical principles
of protein folding, such as the importance of the hydrophobic effect.
Another class of simplified models are the so-called Gō models [18]. Here interactions that do not favor the native structure are explicitly ignored, which
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means that prior knowledge of the native structure is required. The fact that
the force field depends on the native structure leads to some conceptual difficulties; amino acids of the same type do not have the same properties. However,
models of this type may still be useful since some folding mechanisms appear
to depend on the topology of the native state rather than details of the interatomic interactions [19]. One example is the contact order [20], i.e. the average
sequence separation between amino acids that make contacts in the native
structure, which has been found to be correlated with the folding time [20].
At the other end of the spectrum are the so-called “all-atom” models [21–
23] with elaborate force fields, detailed chain geometries and sometimes even
explicit water. Such models have been used to study peptides and other
biomolecules as well as the unfolding of proteins [24]. However, so far it has
not been possible to study the folding of proteins in a satisfactory way with
this type of models.
The models we develop in this thesis have entirely sequence based potentials,
which we try to keep as simple and transparent as possible. The most important interaction terms represent excluded volume, hydrogen bonds and effective
hydrophobicity forces. The geometry, by contrast, is very detailed. In Papers
II and III it is in fact more detailed than in standard “all-atom” models as
even hydrogen atoms are explicitly included. The detailed geometry is in part
a consequence of our ambition to keep the potential as simple as possible. We
strongly believe that the local geometry is crucial to the overall properties of
proteins. The degrees of freedom are the backbone torsion angles φ and ψ and
torsion angles in the various side chains.
When determining the energy functions of these models, we looked at both
local properties, such as the shape of the Ramachandran plot, and the overall
thermodynamic behavior. There exist methods for parameter optimization,
such as that of Ref. [25], that could have been used in this process. However,
the functional form of the potential must also be chosen with care. Therefore,
our determination of the energy functions was largely a trial and error process.

Simulation Methods
The most intuitive way to simulate protein folding is to model the time evolution by integration of Newton’s equations of motion. This approach is commonly known as molecular dynamics and is the method that is most widely
used, especially for all-atom models. It has the advantage that it gives a natural way to study kinetic properties, although an implicit treatment of water
introduces some uncertainties. However, the fact that the state of a molecule
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is monitored step by step is in some cases also a drawback. The generated
configurations are highly correlated which means that it takes a very long time
before the ensemble of generated configurations reaches the thermal equilibrium
distribution, i.e. the Boltzmann distribution
µ
¶
−E(σ)
p(σ) ∝ exp
,
(1)
kT
where σ is the state of the system, E(σ) is the energy of this state, T is the
temperature and k is Boltzmann’s constant. Therefore, if focus is on thermodynamics rather than kinetics, it is not obvious that molecular dynamics is a
suitable choice.
In this thesis we use Monte Carlo methods rather than molecular dynamics. All
the Monte Carlo methods used are of Metropolis [26] type, which is a general
scheme to generate configuration of a given distribution. Each new configuration is obtained by a two-step procedure. First, a tentative configuration is
generated by modifications of the previous one. Second, this configuration is
subject to an accept/reject step. If it is rejected the old configuration is kept.
In the accept/reject step the tentative configurations is accepted with probability
µ
¶
W (σi |σj ) exp(−E(σj )/kT )
Pacc (σi → σj ) = min 1,
,
(2)
W (σj |σi ) exp(−E(σi )/kT )
where W (σj |σi ) is the distribution of tentative configurations σj given that the
system is in configuration σi . It can easily be verified that this simple and
very general scheme fulfills detailed balance, i.e. that in equilibrium there is
no net flow between any states. Very often W is taken to be symmetric, that
is W (σj |σi ) = W (σi |σj ), but this is not necessary. It is important, however,
that W is such that the algorithm is ergodic; starting from any configuration
it should be possible to reach any other configuration. If both detailed balance
and ergodicity are satisfied, the method is guaranteed to generate configurations
that have the desired Boltzmann distribution.
Since each new configuration is based on the previous one there are correlations
between configurations in this method, too. However, the updates do not have
to follow any physical laws. So by finding suitable tentative updates it possible,
at least in principle, to get decorrelation times that are drastically shorter than
for molecular dynamics.
One method we use extensively in this thesis is the pivot update [27], where a
random backbone torsion angle is assigned a random value between 0 and 2π.
This simple method gives remarkably short decorrelation times of large-scale
properties of extended chains [28]. For compact chains, it is also important to
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be able to alter local properties without causing too drastic changes in their
global structure. When the chains only have torsional degrees of freedom,
this is a delicate task. For this purpose we develop in Paper IV a method, in
which tentative updates are drawn from a conformation-dependent distribution
that favors approximately local deformations of the chain. Since the tentative
updates are conformation-dependent it is necessary to take the factors W in
Eq. (2) properly into account, in order for the update to fulfill detailed balance.
At low temperatures, the system is likely to be found in compact low-energy
configurations that are separated by high free-energy1 barriers, which can make
the time evolution of the system very slow. This is a general problem in thermodynamic simulations and is referred to as the multiple minima problem. For
very simple systems it is sometimes possible to invent moves that take the system directly between such low-energy configurations. For proteins, however,
other methods to address this problem must be used.
Two general methods that have been tried in protein simulations are the multicanonical [29] and dynamical-parameter [30,31] methods. In both methods one
samples a generalized distribution rather than the desired Boltzmann distribution. In the multicanonical method the energy function is transformed in such
a way that the energy distribution becomes flat. In the dynamical-parameter
method, on the other hand, parameters of the model are introduced as degrees of freedom. Ordinary Metropolis simulations are then performed in this
extended state space. We use a version of the dynamical-parameter method
called simulated tempering [31, 32], in which the temperature is a dynamical
parameter. The idea is to improve the sampling at low temperatures, where
the free-energy landscape is rugged, by allowing the system to visit higher
temperatures, where the free-energy landscape is much smoother. Since the
updates in temperature are done using the Metropolis method detailed balance
is retained at all times. In tests on protein models, simulated tempering, a
variation of it called parallel tempering [33] and the multi-canonical method
were found [34, 35] to be comparable in efficiency.

1 The

free energy, F (X), for some coordinate X, is given by F (X) = −kT ln P (X), where
P (X) is the probability distribution.
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The Papers
Paper I
In Paper I, we develop a protein model with a realistic backbone geometry. The
model contains three types of amino acids. One type, representing glycine, has
no side chain. The side chains of the other two amino acids have a simple
single-atom representation and are polar and hydrophobic, respectively. The
degrees of freedom are the Ramachandran torsion angles φ and ψ.
Since the backbone hydrogen bonds are vital for stabilizing secondary structures and hydrophobicity is widely held as the perhaps most important driving
force in protein folding, hydrogen bonding and effective hydrophobicity forces
are taken to be the two central terms of the energy function in this model, as
well as those in Papers II and III. The energy function is sequence based and
we have tried to keep it as simple as possible. This is facilitated by the use of a
realistic backbone geometry, which simplifies the definition of hydrogen bonds
and is crucial in order to obtain a good Ramachandran φ,ψ distribution.
The model is used to study a designed protein sequence, which has a three-helix
bundle as its native state. Despite its simplicity, we find that the thermodynamics of the model is in qualitative agreement with what is expected for a
small fast-folding helical protein; the folding transition is very abrupt and the
full sequence forms more stable secondary structure than one- and two-helix
segments.
In Ref. [36] a slightly extended version of this model, with five amino acid
types rather than three, was applied to a real three-helix-bundle protein, the
B domain of staphylococcal protein A.

Paper II
The model developed in Paper II contains all the atoms of all the 20 amino
acids. The degrees of freedom are still the torsion angles, which in this extended
model include both the Ramachandran angles of the backbone and a number
of torsion angles in the various side chains.
Using this model, we study the thermodynamics of an α-helix and a β-hairpin,
using exactly the same parameters for both peptides. We find that the melting
curves are in reasonable quantitative agreement with experimental data. This
contrasts sharply with prior all-atom studies of the β-hairpin which, as pointed
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out in Ref. [37], all found a temperature dependence that was too weak.
The all-atom representation of course comes with a computational cost. However, we find that the detailed geometry is important in order to separate between two topologically distinct β-hairpin folds and it makes the formulation
of the energy function simpler.

Paper III
In Paper III we refine the model of Paper II. Using this revised model, we
investigate the folding thermodynamics of the β-hairpin from Paper II and the
peptides LLM and Betanova, which both form three-stranded β-sheets in their
native states.
The native populations obtained for these three sequences are in good agreements with experiments. We also find that the apparent native population
depends on which of two observables that is used. This is interesting since
different experimental techniques in fact have given different estimates for the
β-hairpin.

Paper IV
Generating strictly local deformations of a chain molecule with only torsional
degrees of freedom is a non-trivial task. The first (correct) Monte Carlo algorithm of this kind was the concerted-rotation method [38]. This method,
however, is not easy to implement and tend to give large local deformations.
As a result the acceptance rate may be low if the chain is folded and has bulky
side chains.
In Paper IV, we develop a “small-step” Monte Carlo algorithm that generates semi-local moves. The method works with seven or eight adjacent torsion angles. These angles are updated using a biasing probability that favors
approximately local deformations of the chain. Despite the presence of this
conformation-dependent biasing probability, the model is almost as easy to
implement as an unbiased move.
The possibility of combining our method with the concerted-rotation method
to obtain a “small-step” and yet strictly local update has recently been described [39].
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Paper V
Some proteins regulate the activity of genes, i.e. the rate at which the corresponding proteins are produced. This means that the activity of one gene
may influence the activities of others. Such complex networks of interactions
between genes are called genetic networks.
Already in 1969, a simple model of this process, the Kauffman model [40, 41],
was introduced. In this model a gene is represented as a binary variable. The
state of this variable at the next time step is determined by K other variables
(genes) and a set of Boolean coupling functions. Depending upon the initial
state, the system evolves to one of possibly several limit cycles, which in the
biological picture are interpreted as different cell types.
It was found that for K = 2, these Boolean networks showed a remarkable
stability; in most cases small perturbations of the state of the network did not
change the trajectory to a different limit cycle. This is desirable in the biological
interpretation, since stability of genetic networks against small fluctuations is
a crucial property. Another
√ striking observation was that the number of limit
cycles seemed to grow as N , where N is the system size. This was in analogy
to multicellular organisms, where it is found empirically that the number of
cell-types also grows approximately as the square-root of the genome-size.
In Paper V, we develop a method to decimate Kauffman networks by removing
variables not relevant for the long-term dynamics of the system. We find that
the reduced networks lack the well known stability observed in full Kauffman
networks.
We also use the decimation method to facilitate full-enumeration studies of
networks with N ≤ 32. The results of this analysis√show that the number of
limit cycles grows faster with N than the often cited N behavior. In Ref. [42],
it had been √
discussed that the asymptotic scaling of this observable could be
faster than N . Later it has been shown analytically that the asymptotic
scaling in fact is faster than any polynomial in N [43].
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Abstract:
We study the thermodynamic behavior of a model protein with 54 amino acids
that forms a three-helix bundle in its native state. The model contains three
types of amino acids and five to six atoms per amino acid and has the Ramachandran torsional angles φi , ψi as its degrees of freedom. The force field
is based on hydrogen bonds and effective hydrophobicity forces. For a suitable
choice of the relative strength of these interactions, we find that the three-helixbundle protein undergoes an abrupt folding transition from an expanded state
to the native state. Also shown is that the corresponding one- and two-helix
segments are less stable than the three-helix sequence.
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Introduction

It is not yet possible to simulate the formation of proteins’ native structures on
the computer in a controlled way. This goal has been achieved in the context
of simple lattice and off-lattice models, where typically each amino acid is
represented by a single interaction site corresponding to the Cα atom, and such
studies have provided valuable insights into the physical principles of protein
folding [1–5] and the statistical properties of functional protein sequences [6,7].
However, these models have their obvious limitations. Therefore, the search for
computationally feasible models with a more realistic chain geometry remains
a highly relevant task.
In this paper, we discuss a model based on the well-known fact that the main
degrees of freedom of the protein backbone are the Ramachandran torsional
angles φi , ψi [8]. Each amino acid is represented by five or six atoms, which
makes this model computationally slightly more demanding than Cα models.
On the other hand, it also makes interactions such as hydrogen bonds easier to
define. The formation of native structure is, in this model, driven by hydrogenbond formation and effective hydrophobicity forces; hydrophobicity is widely
held as the most important stability factor in proteins [9, 10], and hydrogen
bonds are essential to properly model the formation of secondary structure.
In this model, we study in particular a three-helix-bundle protein with 54 amino
acids, which represents a truncated and simplified version of the four-helixbundle protein de novo designed by Regan and DeGrado [11]. This example
was chosen partly because there have been earlier studies of similar-sized helical
proteins using models at comparable levels of resolution [12–18]. The behavior
of small fast-folding proteins is a current topic in both theoretical and experimental research, and a three-helix-bundle protein that has been extensively
studied both experimentally [19,20] and theoretically [14,17,21,22] is fragment
B of staphylococcal protein A.
In addition to the three-helix protein, to study size dependence, we also look at
the behavior of the corresponding one- and two-helix segments. By using the
method of simulated tempering [23–25], a careful study of the thermodynamic
properties of these different chains is performed.
Not unexpectedly, it turns out that the behavior of the model depends strongly
on the relative strength of the hydrogen-bond and hydrophobicity terms. In
fact, the situation is somewhat reminiscent of what has been found for homopolymers with stiffness [26–29], with hydrogen bonds playing the role of the
stiffness term. Throughout this paper, we focus on one specific empirical choice
of these parameters.
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Figure 1.1: Schematic figure showing the representation of one amino acid.

For this choice of parameters, we find that the three-helix-bundle protein has
the following three properties. First, it does form a stable three-helix bundle
(except for a 2-fold topological degeneracy). Second, its folding transition is
abrupt, from an expanded state to the native three-helix-bundle state. Third,
compared to the one- and two-helix segments, it forms a more stable secondary
structure. It should be stressed that these properties are found without resorting to the popular Gō approximation [30], in which interactions that do not
favor the desired structure are ignored.

1.2

The Model

The model we study is a reduced off-lattice model. The chain representation
is illustrated in Fig. 1.1. As mentioned in the introduction, each amino acid is
represented by five or six atoms. The three backbone atoms N, Cα and C0 are
all included. Also included are the H and O atoms shown in Fig. 1.1, which
we use to define hydrogen bonds. Finally, the side chain is represented by a
single atom, Cβ , which can be hydrophobic, polar or absent. This gives us the
following three types of amino acids: A with hydrophobic Cβ , B with polar Cβ ,
and G (glycine) without Cβ .
The H, O and Cβ atoms are all attached to the backbone in a rigid way. Furthermore, in the backbone, all bond lengths, bond angles and peptide torsional
angles (180◦ ) are held fixed. This leaves us with two degrees of freedom per
amino acid, the Ramachandran torsional angles φi and ψi (see Fig. 1.1). The
parameters held fixed can be found in Table 1.1.
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Bond lengths (Å)
NCα
1.46
0
Cα C
1.52
0
CN
1.33
NH
1.03
Cα Cβ 1.53
C0 O
1.23

Bond angles (◦ )
C0 NCα
121.7
0
NCα C
111.0
0
Cα C N
116.6
NCα Cβ
110.0
0
C Cα Cβ 110.0

Table 1.1: Geometry parameters.

Our energy function
E = Eloc + Esa + Ehb + EAA

(1.1)

is composed of four terms. The local potential Eloc has a standard form with
3-fold symmetry,
²φ X
²ψ X
Eloc =
(1 + cos 3φi ) +
(1 + cos 3ψi ) .
(1.2)
2 i
2 i
The self-avoidance term Esa is given by a hard-sphere potential of the form
X0 µ σij ¶12
Esa = ²sa
,
(1.3)
r
ij
i<j
where the sum runs over all possible atom pairs except those consisting of two
hydrophobic Cβ . The hydrogen-bond term Ehb is given by
X
Ehb = ²hb
u(rij )v(αij , βij ) ,
(1.4)
ij

where
µ
¶12
µ
¶10
σhb
σhb
u(rij ) = 5
−6
rij
rij
½
cos2 αij cos2 βij αij , βij > 90◦
v(αij , βij ) =
0
otherwise

(1.5)
(1.6)

In Eq. 1.4 i and j represent H and O atoms, respectively, and rij denotes the
HO distance, αij the NHO angle, and βij the HOC0 angle. Any HO pair can
form a hydrogen bond. The last term in Eq. 1.1, the hydrophobicity term EAA ,
has the form
¶6 ¸
µ
X ·µ σAA ¶12
σAA
,
(1.7)
−2
EAA = ²AA
rij
rij
i<j
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N
1.65
²φ
1

²ψ
1

Cα
1.85

²sa
0.0034

σi (Å)
C0
H
1.85 1.0
²hb
2.8

²AA
2.2

Cβ
2.5

O
1.65

σhb (Å)
2.0

σAA (Å)
5.0

Table 1.2: Parameters of the energy function. Energies are in dimensionless
units, in which the folding transition occurs at kT ≈ 0.65 for the three-helixbundle protein (see below).

where both i and j represent hydrophobic Cβ . To speed up the simulations, a
cutoff radius rc is used,1 which is 4.5Å for Esa and Ehb , and 8Å for EAA .
In this energy function, roughly speaking, the first two terms, Eloc and Esa ,
enforce steric constraints, whereas the last two terms, Ehb and EAA , are the
ones responsible for stability. Force fields similar in spirit, emphasizing hydrogen bonding and hydrophobicity, have been used with some success to predict
structures of peptides [31] and small helical proteins [15].
The parameters of our energy function were determined largely by trial and
error. The final parameters are listed in Table 1.2. The parameters σij of
Eq. 1.3 are given by
σij = σi + σj + ∆σij ,
where σi , σj can be found in Table 1.2, and ∆σij is zero except for Cβ C0 , Cβ N
and Cβ O pairs that are connected by three covalent bonds. In these three
cases, we put ∆σij = 0.625Å. This could equivalently be described as a change
of the local φi and ψi potentials. In Fig. 1.2, we show φi , ψi scatter plots for
nonglycine (A and B) and glycine for our final parameters, which are in good
qualitative agreement with the φi , ψi distributions of real proteins [8, 32].
Finally, we determined the strengths of the hydrogen-bond and hydrophobicity
terms on the basis of the resulting overall thermodynamic behavior of the threehelix sequence. For this purpose, we performed a set of trial runs for fixed values
of the other parameters. An alternative would have been to use the method of
Shea et al. [33]. The result of our empirical determination of ²hb and ²AA does
not seem unreasonable; at the folding temperature of the three-helix sequence
(see below), we get ²hb /kT ≈ 4.3 and ²AA /kT ≈ 3.4.
cutoff procedure is f (r) 7→ f˜(r) where f˜(r) = f (r) − f (rc ) − (r − rc )f 0 (rc ) if r < rc
˜
and f (r) = 0 otherwise.
1 The
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Figure 1.2: φi , ψi scatter plots for nonglycine and glycine, as obtained by simulations of the chains GXG for X=A/B and X=G, respectively, at kT = 0.625
(shown is φi , ψi for X).

In this model, we study the three sequences shown in Table 1.3, which contain
16, 35 and 54 amino acids, respectively. Following the strategy of Regan and
DeGrado [11], the A and B amino acids are distributed along the sequence 1H
in such a way that this segment can form a helix with all hydrophobic amino
acids on the same side. The sequence 3H, consisting of three such stretches
of As and Bs plus two GGG segments, is meant to form a three-helix bundle.
This particular sequence was recently studied by Takada et al. [18], who used
a more elaborate model with nonadditive forces.
1H:
2H:
3H:

BBABBAABBABBAABB
1H–GGG–1H
1H–GGG–1H–GGG–1H

Table 1.3: The sequences studied.

1.3

Results

To study the thermodynamic behavior of the chains described in the previous
section, we use the method of simulated tempering. This means that we first
select a set of allowed temperatures and then perform simulations in which the
temperature is a dynamical variable. This is done to speed up low-temperature

1.3 Results
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Figure 1.3: Monte Carlo evolution of the energy and radius of gyration in a
typical simulation of the three-helix sequence. The bottom panel shows how
the system jumps between the allowed temperatures Tj , which are given by
Tj = Tmin (Tmax /Tmin )(j−1)/(J−1) [34] with kTmin = 0.625, kTmax = 0.9 and
J = 8. The temperature Tmin is chosen to lie just below the collapse transition,
whereas Tmax is well into the coil phase (see Fig. 1.4).

simulations. In addition, it provides a convenient method for calculating free
energies.
An example of a simulated-tempering run is given in Fig. 1.3, which shows the
Monte Carlo evolution of the energy E and radius of gyration Rg (calculated
over all backbone atoms) in a simulation of the three-helix sequence. Also
shown, bottom panel, is how the system jumps between the different temperatures. Two distinct types of behavior can be seen. In one case, E is high,
fluctuations in size are large, and the temperatures visited are high. In the
other case, E is low, the size is small and almost frozen, and the temperatures
visited are low. Interesting to note is that there is one temperature, the nextlowest one, which is visited in both cases. Apparently, both types of behavior
are possible at this temperature.
In Fig. 1.4a we show the specific heat as a function of temperature for the
one-, two- and three-helix sequences. A pronounced peak can be seen that
gets stronger with increasing chain length. In fact, the increase in height is not
inconsistent with a linear dependence on chain length, which is what one would
have expected if it had been a conventional first-order phase transition with a
latent heat.
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Figure 1.4: Thermodynamic functions against temperature for the sequences
1H (¦), 2H (×) and 3H (+) in Table 1.3. (a) Specific heat Cv = (hE 2 i −
hEi2 )/N kT 2 , N being the number of amino acids. (b) Hydrogen-bond energy
per amino acid, Ehb /N . (c) Chain entropy per amino acid, δS/N = [S−S(kT =
0.9)]/N . The full lines in (a) represent single-histogram extrapolations [35].
Dotted lines are drawn to guide the eye.

Our results for the radius of gyration (not displayed) show that the specific
heat maximum can be viewed as the collapse temperature. The specific heat
maximum is also where hydrogen-bond formation occurs, as can be seen from
Fig. 1.4b. Important to note in this figure is that the decrease in hydrogen-bond
energy per amino acid with decreasing temperature is most rapid for the threehelix sequence, which implies that, compared to the shorter ones, this sequence
forms more stable secondary structure. The results for the chain entropy shown
in Fig. 1.4c provide further support for this; the entropy loss per amino acid
with decreasing temperature is largest for the three-helix sequence.
It should be stressed that the character of the collapse transition depends
strongly on the relative strength of the hydrogen-bond and hydrophobicity
terms. Figure 1.4 shows that the transition is very abrupt or “first-order-like”
for our choice (²hb , ²AA ) = (2.8, 2.2). A fairly small decrease of ²hb /²AA is
sufficient to get a very different behavior with, for example, a much weaker
peak in the specific heat. In this case, the chain collapses to a molten globule
without specific structure rather than to a three-helix bundle. A substantially
weakened transition was observed for ²hb = ²AA = 2.5. If, on the other hand,
²hb /²AA is too large, then it is evident that the chain will form one long helix
instead of a helical bundle.
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Figure 1.5: Representative low-temperature structures, FU and BU, respectively. Drawn with RasMol [36].

We now turn to the three-dimensional structure of the three-helix sequence in
the collapsed phase. It turns out that it does form a three-helix bundle. This
bundle can have two distinct topologies: if we let the first two helices form a
U, then the third helix can be either in front of or behind that U. The model
is, not unexpectedly, unable to discriminate between these two possibilities. To
characterize low-temperature conformations, we therefore determined two representative structures, one for each topology, which, following [18], are referred
to as FU and BU, respectively. These structures are shown in Fig. 1.5. They
were generated by quenching a large number of low-T structures to zero temperature, and we feel convinced that they provide good approximations of the
energy minima for the respective topologies. Given an arbitrary conformation,
we then measure the root-mean-square distances δi (i = FU, BU) to these two
structures (calculated over all backbone atoms). These distances are converted
into similarity parameters Qi by using
2

Qi = exp(−δi2 /100Å ) .

(1.8)

At temperatures above the specific heat maximum, both Qi tend to be small.
At temperatures below this point, the system is found to spend most of its time
close to one or the other of the representative structures; either QFU or QBU
is close to 1. Finally, at the peak, all three of these regions in the QFU , QBU
plane are populated, as can be seen from Fig. 1.6a. In particular, this implies
that the folding transition coincides with the specific heat maximum.
The folding transition can be described in terms of a single “order parameter”
by taking Q = max(QFU , QBU ) as a measure of nativeness. Correspondingly,
we put δ = min(δFU , δBU ). In Fig. 1.6b, we show the free-energy profile F (Q)
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Figure 1.6: (a) QFU , QBU (see Eq. 1.8) scatter plot at the specific heat maximum (kT = 0.658). (b) Free energy F (Q) as a function of Q = max(QFU , QBU )
at the same temperature.

at the folding temperature. The free energy has a relatively sharp minimum at
Q ≈ 0.9, corresponding to δ ≈ 3Å. This is followed by a weak barrier around
Q = 0.7, corresponding to δ ≈ 6Å. Finally, there is a broad minimum at small
Q, where Q = 0.2 corresponds to δ ≈ 13Å.
What does the nonnative population at the folding temperature correspond
to in terms of Rg and Ehb ? This can be seen from the Q, Rg and Q, Ehb
scatter plots in Fig. 1.7. These plots show that the low-Q minimum of F (Q)
corresponds to expanded structures with a varying but not high secondarystructure content. Although a detailed kinetic study is beyond the scope of
this paper, we furthermore note that the free-energy surfaces corresponding to
the distributions in Fig. 1.7 are relatively smooth. Consistent with that, we
found that standard fixed-temperature Monte Carlo simulations were able to
reach the native state, starting from random coils.
Let us finally mention that we also performed simulations of some random
sequences with the same length and composition as the three-helix sequence.
The random sequences did not form stable structures and collapsed more slowly
with decreasing temperature than the designed three-helix sequence.

1.4 Summary and Outlook
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Figure 1.7: (a) Q, Rg and (b) Q, Ehb scatter plots at the folding temperature
(kT = 0.658).

1.4

Summary and Outlook

We have studied a reduced protein model where the formation of native structure is driven by a competition between hydrogen bonds and effective hydrophobicity forces. Using this force field, we find that the three-helix-bundle protein
studied has the following properties:
• It does form a stable three-helix-bundle state, except for a 2-fold topological degeneracy.
• It undergoes an abrupt folding transition from an expanded state to the
native state.
• It forms more stable secondary structure than the corresponding one- and
two-helix segments.
An obvious question that remains to be addressed is what is needed to lift the
topological degeneracy. Not obvious, however, is whether this question should
be addressed at the present level of modeling, before including full side chains.
A first-order-like folding transition that takes the system directly from the unfolded state to the native one is what one expects for small fast-folding proteins.
For the model to show this behavior, careful tuning of the relative strength
of the hydrogen-bond and hydrophobicity terms, ²hb /²AA , is required. This
²hb /²AA dependence may at first glance seem unwanted but is not physically
unreasonable; ²hb can be thought of partly as a stiffness parameter, and chain
stiffness has important implications for the phase structure, as shown by recent
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work on homopolymers [26–29]. Note also that incorporation of full side chains
makes the chains intrinsically stiffer, which might lead to a weaker ²hb /²AA
dependence.
Our three-helix sequence has previously been studied by Takada et al. [18], who
used a more elaborate force field. It was suggested that it is essential to use
context-dependent hydrogen bonds for the three-helix-bundle protein to make
more stable secondary structure than its one-helix fragments. Our model shows
this behavior, although its hydrogen bonds are context-independent.
Let us finally stress that we find a first-order-like folding transition without
using the Gō approximation. Evidence for first-order-like folding transitions
has been found for proteins with similar lengths in some Cα models [5,14,17,33],
but these studies use this approximation.
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Anders Irbäck, Björn Samuelsson,
Fredrik Sjunnesson and Stefan Wallin
Complex Systems Division, Department of Theoretical Physics
Lund University, Sölvegatan 14A, SE-223 62 Lund, Sweden
http://www.thep.lu.se/complex/
In press: Biophysical Journal

Abstract:
An atomic protein model with a minimalistic potential is developed and then
tested on an α-helix and a β-hairpin, using exactly the same parameters for
both peptides. We find that melting curves for these sequences to a good
approximation can be described by a simple two-state model, with parameters
that are in reasonable quantitative agreement with experimental data. Despite
the apparent two-state character of the melting curves, the energy distributions
are found to lack a clear bimodal shape, which is discussed in some detail.
We also perform a Monte Carlo-based kinetic study and find, in accord with
experimental data, that the α-helix forms faster than the β-hairpin.
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Introduction

Simulating protein folding at atomic resolution is a challenge, but no longer
computationally impossible, as shown by recent studies [1, 2] of Gō-type [3]
models with a bias towards the native structure. Extending these calculations
to entirely sequence-based potentials remains, however, an open problem, due
to well-known uncertainties about the form and relevance of different terms of
the potential. In this situation, it is tempting to look into the properties of
atomic models that are sequence-based and yet as simple and transparent as
possible.
The development of models for protein folding is hampered by the fact that
short amino acid sequences with protein-like properties are rare, which makes
the calibration of potentials a non-trivial task. Breakthrough experiments in
the past ten years have, however, found examples of such sequences. Of particular importance was the discovery of a peptide making β-structure on its
own [4], the second β-hairpin from the protein G B1 domain, along with the
finding that this 16-amino acid chain, like many small proteins, show two-state
folding [5]. These experiments have stimulated many theoretical studies of the
folding properties of this sequence, including simulations of atomic models with
relatively detailed semi-empirical potentials [6–11]. Reproducing the melting
behavior of the β-hairpin has, however, proven non-trivial, as was recently
pointed out by Zhou et al. [11].
Here we develop and explore a simple sequence-based atomic model, which
is found to provide a surprisingly good description of the thermodynamic behavior of this peptide. The same model, with unchanged parameters, is also
applied to an α-helical peptide, the designed so-called Fs peptide with 21 amino
acids [12,13]. We find that this sequence indeed makes an α-helix in the model,
and our results for the stability of the helix agree reasonably well with experimental data [12–15]. Finally, we also study Monte Carlo-based kinetics for
both these peptides. Here we investigate the relaxation of ensemble averages
at the respective melting temperatures.

2.2 Model and Methods

2.2
2.2.1
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The Model

Recently, we developed a simple sequence-based model with 5–6 atoms per
amino acid for helical proteins [16–18]. Here we extend that model by incorporating all atoms. The interaction potential is deliberately kept simple. The
chain representation is, by contrast, detailed; in fact, it is more detailed than in
standard “all-atom” models as all hydrogens are explicitly included. The presence of the hydrogens has the advantage that local torsion potentials can be
avoided. All bond lengths, bond angles and peptide torsion angles (180◦ ) are
held fixed, which means that each amino acid has the Ramachandran torsion
angles φ, ψ and a number of side-chain torsion angles as its degrees of freedom
(for Pro, φ is held fixed at −65◦ ). The geometry parameters held constant are
derived by statistical analysis of Protein Data Bank (PDB) [19] structures. A
complete list of these parameters can be found as supplemental material.
The potential function
E = Eev + Ehb + Ehp

(2.1)

is composed of three terms, representing excluded-volume effects, hydrogen
bonds and effective hydrophobicity forces (no explicit water), respectively. The
remaining part of this section describes these different terms. Energy parameters are quoted in dimensionless units, in which the melting temperature Tm ,
defined as the specific heat maximum, is given by kTm = 0.4462 ± 0.0014 for
the β-hairpin. In the next section, the energy scale of the model is set by fixing
Tm for this peptide to the experimental midpoint temperature, Tm = 297 K [5].
The excluded-volume energy Eev is given by
X· λij (σi + σj ) ¸12
Eev = ²ev
,
r
ij
i<j

(2.2)

where ²ev = 0.10 and σi = 1.77, 1.71, 1.64, 1.42 and 1.00 Å for S, C, N, O
and H atoms, respectively. Our choice of σi values is guided by the analysis of
Tsai et al. [20]. The parameter λij in Eq. 2.2 reduces the repulsion between
non-local pairs; λij = 1 for all pairs connected by three covalent bonds and for
HH and OO pairs from adjacent peptide units, and λij = 0.75 otherwise. The
pairs for which λij = 1 strongly influence the shapes of Ramachandran maps
and rotamer potentials. The reason for using λij < 1 for the large majority of
all pairs is both computational efficiency and the restricted flexibility of chains
with only torsional degrees of freedom. To speed up the calculations, the sum
c
in Eq. 2.2 is evaluated using a pair dependent cutoff rij
= 4.3λij Å.
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The hydrogen-bond energy Ehb has the form
X
X
(1)
(2)
u(rij )v(αij , βij ) + ²hb
Ehb = ²hb
u(rij )v(αij , βij ) ,

(2.3)

j<i−2
or j>i+1

(1)

(2)

where ²hb = 3.1, ²hb = 2.0 and the functions u and v are given by
µ
µ
¶12
¶10
σhb
σhb
u(r) = 5
−6
r
r
½
(cos α cos β)1/2 if α, β > 90◦
v(α, β) =
0
otherwise

(2.4)
(2.5)

The first sum in Eq. 2.3 represents backbone-backbone hydrogen bonds. Term
ij in this sum is an interaction between the NH and C0 O groups of amino acids
i and j, respectively. rij denotes the HO distance, and αij and βij are the
NHO and HOC0 angles, respectively. The second sum in Eq. 2.3 is expressed
in a schematic way. It represents interactions between oppositely charged side
chains, and between charged side chains and the backbone. Both these types
of interaction are, for convenience, taken to have the same form as backbonebackbone hydrogen bonds. The side chain atoms that can act as “donors”
or “acceptors” in these interactions are the N atoms of Lys and Arg (donors)
and the O atoms of Asp and Glu (acceptors). The second sum in Eq. 2.3
has a relatively weak influence on the thermodynamic behavior of the systems
studied. The backbone-backbone hydrogen bonds are, by contrast, crucial and
(1)
their strength, ²hb , must be carefully chosen [17].
The functional form of the hydrogen-bond energy differs from that in our helix
model [16–18] in that the exponent of the cosines is 1/2 instead of 2. The
reason for this change is that the β-hairpin turned out to become too regular
when using the exponent 2; the exponent 1/2 gives a more permissive angular
dependence. The function u(r) in Eq. 2.4 is calculated using a cutoff rc = 4.5 Å
and σhb = 2.0 Å.
The last term of the potential, the hydrophobicity energy Ehp , assigns to each
amino acid pair an energy that depends on the amino acid types and the degree
of contact between the side chains. It can be written as
X
Ehp = ²hp
MIJ CIJ ,
(2.6)
where ²hp = 1.5, and the sum runs over all possible amino acid pairs IJ except
nearest neighbors along the chain. In the present study, the MIJ ’s (≤ 0) are
given by the contact energies of Miyazawa and Jernigan [21] shifted to zero
mean, provided that the amino acids I and J both are hydrophobic and that

2.2 Model and Methods

Ala
Val
Leu
Ile
Phe
Tyr
Trp
Met

Ala
0.00

Val
0.44
1.92

43
Leu
1.31
2.88
3.77

Ile
0.98
2.45
3.44
2.94

Phe
1.21
2.69
3.68
3.24
3.66

Tyr
0.00
1.02
2.07
1.65
2.06
0.57

Trp
0.22
1.58
2.54
2.18
2.56
1.06
1.46

Met
0.34
1.72
2.81
2.42
2.96
1.31
1.95
1.86

Table 2.1: The interaction matrix MIJ , based on the shifted contact-energy
matrix of Miyazawa and Jernigan [21]. The table shows absolute values (MIJ ≤
0).

the shifted contact energy is negative; otherwise, MIJ = 0. The statistical
Miyazawa-Jernigan energies contain, of course, other contributions too, but
receive a major contribution from hydrophobicity [22]. The matrix MIJ is
given in Table 2.1. Eight of the amino acids are classified as hydrophobic,
namely Ala, Val, Leu, Ile, Phe, Tyr, Trp and Met. The geometry factor CIJ in
Eq. 2.6 is a measure of the degree of contact between amino acids I and J. To
define CIJ , we use a predetermined set of NI atoms, denoted by AI , for each
amino acid I. For Phe, Tyr and Trp, the set AI consists of the C atoms of
the hexagonal ring. The other five hydrophobic amino acids each have an AI
containing all its non-hydrogen side-chain atoms. With these definitions, CIJ
can be written as
¸
·X
X
1
2
2
CIJ =
(2.7)
f ( min rij ) +
f (min rij ) ,
i∈AI
j∈AJ
NI + NJ
i∈AI

j∈AJ

where the function f (x) = 1 if x < A, f (x) = 0 if x > B, and f (x) =
(B − x)/(B − A) if A < x < B [A = (3.5 Å)2 and B = (4.5 Å)2 ]. Roughly
speaking, CIJ is a measure of the fraction of atoms in AI or AJ that are in
contact with some atom from the opposite side chain.

2.2.2

Numerical Methods

To study the thermodynamic behavior of this model, we use the simulatedtempering method [23–25], in which the temperature is a dynamical variable.
This method is chosen in order to speed up the calculations at low temperatures.
Our simulations are started from random configurations, and eight different
temperatures are studied, ranging from 273 K to 366 K.
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Both the temperature update and all side-chain updates are standard Metropolis steps [26]. For the backbone degrees of freedom, we use three different elementary moves: first, the pivot move [27] in which a single torsion angle is
turned; second, a semi-local method [28] that works with seven or eight adjacent torsion angles, which are turned in a coordinated way; and third, a
symmetry-based update of three randomly chosen backbone torsion angles. To
see how the third move works, consider the three bonds corresponding to the
randomly chosen torsion angles. The idea is then to reflect the mid bond in the
plane defined by the two others, keeping the directions of these two other bonds
fixed. Both this update and the pivot move are non-local. They are included
in our thermodynamic calculations in order to accelerate the evolution of the
system at high temperatures.
Our kinetic simulations are also Monte Carlo-based, and only meant to mimic
the time evolution of the system in a qualitative sense. They differ from our
thermodynamic simulations in two ways: first, the temperature is held constant; and second, the two non-local backbone updates are not used, but only
the semi-local method [28]. This restriction is needed in order to avoid large
unphysical deformations of the chain. For the side-chain degrees of freedom,
we use a Metropolis step in which the angle can change by any amount (same
as in the thermodynamic runs). Thus, it is assumed that the torsion angle
dynamics are much faster for the side chains than for the backbone.
In our thermodynamic analysis, statistical errors are obtained by analyzing data
from ten independent runs, each containing 109 elementary steps and several
folding/unfolding events. All errors quoted are 1σ errors. All fits of data
discussed in the next section are carried out by using a Levenberg-Marquardt
procedure [29].

2.3

Results and Discussion

Using the model described in the previous section, we first study the second
β-hairpin from the protein G B1 domain (amino acids 41–56). Blanco et al. [4]
analyzed this peptide in solution by NMR and found that the excised fragment
adopts a structure similar to that in the full protein, although the NMR restraints were insufficient to determine a unique structure. In our calculations,
in the absence of a complete structure for the isolated fragment, we monitor the
root-mean-square deviation (rmsd) from the native β-hairpin of the full protein (PDB code 1GB1, first model), as determined by NMR [30]. The native
β-hairpin contains a hydrophobic cluster consisting of Trp43, Tyr45, Phe52 and
Val54. There is experimental evidence [31] that this cluster as well as sequence-
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Figure 2.1: Free energy F (∆, E) = −kT ln P (∆, E) at T = 273 K for (a) the βhairpin and (b) the Fs peptide. E is energy and ∆ denotes rmsd from the native
β-hairpin and an ideal α-helix, respectively, calculated over all non-hydrogen
atoms (a backbone rmsd would be unable to distinguish the two possible βhairpin topologies).

specific hydrogen bonds in the turn are crucial for the stability of the isolated
β-hairpin.
Fig. 2.1a shows the free energy F (∆, E) as a function of rmsd from the native βhairpin, ∆, and energy, E, at the temperature T = 273 K. For a β-hairpin there
are two topologically distinct states with similar backbone folds but oppositely
oriented side chains. The global minimum of F (∆, E) is found at 2–4 Å in
∆ and corresponds to a β-hairpin with the native topology and the native
set of hydrogen bonds between the two strands. The main difference between
structures within this minimum lies in the shape of the turn. The precise shape
of the β-hairpin is, not unexpectedly, sensitive to details of the potential; in
particular, we find that the second term in Eq. 2.3 does influence the shape
of the turn, while having only a small effect on thermodynamic functions such
as Ehp . Therefore, it is not unlikely that a more detailed potential would
discriminate between different shapes of the turn, and thereby make the freeenergy minimum more narrow.
Besides its global minimum, F (∆, E) exhibits two local minima (see Fig. 2.1a),
one corresponding to a β-hairpin with the non-native topology (∆ ≈ 5 Å), and
the other to an α-helix (∆ ≈ 10 Å). A closer examination of structures from
the two β-hairpin minima reveals that the Cβ -Cβ distances for Tyr45-Phe52
and Trp43-Val54 tend to be smaller in the non-native topology than in the
native one. This is important because it makes it sterically difficult to achieve
a proper contact between the aromatic side chains of Tyr45 and Phe52 in the
non-native topology. As a result, this topology is hydrophobically disfavored.
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This is the main reason why the model indeed favors the native topology over
the non-native one.
We now turn to the melting behavior of the β-hairpin. By studying tryptophan fluorescence (Trp43), Muñoz et al. [5] found that the unfolding of this
peptide with increasing temperature shows two-state character, with parameters Tm = 297 K and ∆E = 11.6 kcal/mol, Tm and ∆E being the melting
temperature and energy change, respectively. To study the character of the
melting transition in our model, we monitor the hydrophobicity energy Ehp , a
simple observable we expect to be strongly correlated with Trp43 fluorescence.
Following Muñoz et al. [5], we fit our data for Ehp to a first-order two-state
model. To reduce the number of parameters of the fit, Tm is held fixed, at the
specific heat maximum (data not shown). The fit turns out not to be perfect,
with a χ2 /dof of 4.5. The deviations from the fitted curve are nevertheless
small, as can be seen from Fig. 2.2a; they can be detected only because the
statistical errors are very small (∼ 0.1 %) at the highest temperatures. To further illustrate this point, we assign each data point an artifical uncertainty of
1 %, an error size that is not uncommon for experimental data. With these
errors, the same type of fit yields a χ2 /dof of 0.3, which confirms that the data
indeed to a good approximation show two-state behavior. Our fitted value of
∆E is 9.3 ± 0.3 kcal/mol, which implies that the temperature dependence of
the model is comparable to experimental data [5].
Several groups have simulated the same β-hairpin using atomic models with
implicit [6, 7] or explicit [8–11] solvent. All these models have, in contrast to
ours, given a very weak dependence on temperature, compared to experimental data [11]. Another important difference between at least some of these
models [7, 9, 10] and ours, is that in our model there is no clear free-energy
minimum corresponding to a hydrophobically collapsed state with few or no
hydrogen bonds. A local free-energy minimum with helical content was found
in one of these studies [10], but not in the others. Such a minimum exists in
our model (see Fig. 2.1a), but the helix population is low.
In spite of its minimalistic potential, our model is able to make α-helices too.
To show this, we consider the α-helical so-called Fs peptide, which has been
extensively studied both experimentally [12–15] and theoretically [32]. This 21amino acid peptide is given by AAAAA(AAARA)3 A, where A is Ala and R is
Arg. Using exactly the same model as before, with unchanged parameters, we
find that the Fs sequence does make an α-helix. This can be seen from Fig. 2.1b,
which shows the free energy F (∆, E) at T = 273 K, ∆ this time denoting rmsd
from an ideal α-helix. F (∆, E) has only one significant minimum, which indeed
is helical. The melting behavior of this sequence is illustrated in Fig. 2.3a,
which shows the temperature dependence of the hydrogen-bond energy. Data
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Figure 2.2: Unfolding of the β-hairpin sequence. (a) Temperature dependence
of the hydrophobicity energy Ehp (see Eq. 2.6). The solid and dashed curves
(essentially coinciding) are fits of the data to the two-state expression Ehp =
u
f
(Ehp
+ KEhp
)/(1 + K) and the square-well model (see text), respectively. The
effective equilibrium constant K is assumed to have the first-order form K =
exp[(1/kT − 1/kTm )∆E]. Both fits have three free parameters, whereas Tm =
297 K is held fixed. (b) Free-energy profile F (E) = −kT ln P (E) at T = Tm ,
obtained by reweighting [33] the data at a simulated T close to Tm . The shaded
band is centered around the expected value and shows statistical 1σ errors. The
double-headed arrow indicates ∆E of the two-state fit. The dashed line shows
F (E) for the square-well fit.

are again quite well described by a first-order two-state model; the χ2 /dof
for the fit is 20.5 and would be 1.7 if the errors were 1 %. Our fitted value
of ∆E is 16.1 ± 0.9 kcal/mol for Fs , which may be compared to the result
∆E = 12 ± 2 kcal/mol obtained by a two-state fit of infrared (IR) spectroscopy
data [14]. As in the β-hairpin analysis, Tm is determined from the specific heat
maximum (data not shown). For Fs , we obtain Tm = 310 K, which may be
compared to the values Tm = 303, 308 K and Tm = 334 K obtained by circular
dichroism (CD) [13, 15] and IR spectroscopy [14], respectively. Let us stress
that Tm for Fs is a prediction of the model; the energy scale of the model is set
using Tm for the β-hairpin and then left unchanged in our study of Fs .
The two-state fits shown in Figs. 2.2a and 2.3a are based on a first-order expression for the free energies of the two coexisting phases. The fits look good
and can be improved by including higher order terms, which may give the impression that the behaviors of these systems can be fully understood in terms
of a two-state model. However, the two-state picture is far from perfect. This
can be seen from the free-energy profiles F (E) shown in Figs. 2.2b and 2.3b,
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Figure 2.3: Unfolding of the Fs sequence. (a) Temperature dependence of the
hydrogen-bond energy Ehb (see Eq. 2.3), with the same two types of fit as
in Fig. 2.2a (same symbols). (b) Free-energy profile F (E) = −kT ln P (E) at
T = Tm . Same symbols as in Fig. 2.2b.
which lack a clear bimodal shape. Clearly, this renders the parameters of a twostate model, such as ∆E, ambiguous. The analysis of these systems therefore
shows that the results of a two-state fit must be interpreted with care. Given
the actual shapes of F (E), it is instructive to perform an alternative fit of the
data in Figs. 2.2a and 2.3a, based on the assumptions that 1) F (E) has the
shape of a square well of width ∆Esw at T = Tm , and that 2) the observable
analyzed varies linearly with E.1 These square-well fits are shown in Figs. 2.2a
and 2.3a, and the corresponding free-energy profiles F (E) (at T = Tm ) are indicated in Figs. 2.2b and 2.3b. The square-well fits are somewhat better than
the two-state fits. However, the fitted curves are strikingly similar, given the
large difference between the underlying energy distributions. This shows that
it is very hard to draw conclusions about the free-energy profile F (E) from the
temperature dependence of a single observable.
From Figs. 2.2b and 2.3b it can also be seen that the energy change ∆E obtained from the two-state fit is considerably smaller than the width of the energy
distribution, which indicates that ∆E is smaller than the calorimetric energy
change ∆Ecal . Scholtz et al. [34] determined ∆Ecal experimentally for an Alabased helical peptide with 50 amino acids, and obtained a value of 1.3 kcal/mol
per amino acid. This value corresponds to a ∆Ecal of 27.3 kcal/mol for the
1 With

these two assumptions, one finds that the average value of
Áan arbitrary observable
R1 t
R1 u
u
f
O at temperature T is given by O(T ) = 0 (O (1 − t) + Of t)λt dt
0 λ dt = O + (O −
λ
Ou )( λ−1
− ln1λ ), where λ = exp[(1/kT − 1/kTm )∆Esw ] and Ou and Of are the values of O
at the respective edges of the square well.
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Fs peptide. Comparing model results for ∆Ecal with experimental data is not
straightforward, due to uncertainties about what the relevant baseline subtractions are [35–37]. If we ignore baseline subtractions and simply define ∆Ecal
as the energy change between the highest and lowest temperatures studied, we
obtain ∆Ecal = 45.6 ± 0.1 kcal/mol for Fs , which is larger than the value of
Scholtz et al. [34]. To get an idea of how much this result can be affected by
a baseline subtraction, a fit of our specific heat data is performed, to a twostate expression supplemented with a baseline linear in T . The fit function
is Cv = ∆Ecal (1 + K)−2 dK
dT + c0 + c1 (T − Tm ), where c0 and c1 are baseline
parameters and K = exp[(1/kT −1/kTm )∆E]. With ∆Ecal , ∆E, c0 , c1 and Tm
as free parameters, this fit gives ∆Ecal = 34.0 ± 1.0 kcal/mol (χ2 /dof = 5.2),
which is considerably closer to the value of Scholtz et al. [34]. It may be worth
noting that the corresponding fit without baseline subtraction is much poorer
(χ2 /dof ∼ 300). From these calculations, we conclude that the model may
overestimate ∆Ecal , but it is not evident that the deviation is statistically significant, due to theoretical as well as experimental uncertainties.
The melting behavior of helical peptides is often analyzed using the ZimmBragg [38] or Lifson-Roig [39] models, which for large chain lengths are very
different from the two-state model considered above. Our results for the Fs
peptide are, nevertheless, quite well described by these models too. In fact, a
fit of the helix content as a function of temperature to the Lifson-Roig model
gives a χ2 /dof similar to that for the two-state fit above.2 Our fitted LifsonRoig parameters are v = 0.016 ± 0.009 and w(T = 273 K) = 1.86 ± 0.25,
corresponding to the Zimm-Bragg parameters σ = 0.0003 ± 0.0003 and s(T =
273 K) = 1.83 ± 0.25 [40]. In this fit the temperature dependence of w is
given by a first-order two-state expression, whereas v is held constant. The
energy change ∆Ew has a fitted value of 1.33 ± 0.17 kcal/mol. The statistical
uncertainties on v and σ are large because the chain is small, which makes the
dependence on these parameters weak. Thompson et al. [15] performed a ZimmBragg analysis of CD data for Fs , using the single-sequence approximation.
Assuming a value of ∆Es = 1.3 kcal/mol for the energy change associated with
helix propagation, they obtained a σ of 0.0012.
Our kinetic simulations of the two peptides are performed at their respective melting temperatures, Tm . Starting from equilibrium conformations at
T = 366 K, we study the relaxation of ensemble averages under Monte Carlo
dynamics (see Section 2.2). The ensemble consists of 1500 independent runs for
each peptide. In Fig. 2.4, we show the “time” evolution of δO(t) = O(t) − hOi,
2 We

define helix content in the following way. Each amino acid, except the two at the
ends, is labeled h if −90◦ < φ < −30◦ and −77◦ < ψ < −17◦ , and c otherwise. j consecutive
h’s form a helical segment of length j − 2. The maximal number of amino acids in helical
segments is then N − 4 for a chain with N amino acids.
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Figure 2.4: Monte Carlo relaxation of ensemble averages at T = Tm for the βhairpin and the Fs peptide. The deviation δO(t) from the equilibrium average
(see text) is plotted against the number of elementary Monte Carlo steps, t.
Straight lines are χ2 fits of the data to a single exponential. Data for t > 15·106
are omitted for Fs due to large statistical errors.
where O(t) is an ensemble average after t Monte Carlo steps, hOi is the corresponding equilibrium average, and the observable O is Ehp for the β-hairpin
and Ehb for Fs (same observables as in the thermodynamic calculations). Ignoring a brief initial period of rapid change, we find that the data, for both
peptides, are fully consistent with single-exponential relaxation (χ2 /dof ∼ 1),
although the interval over which the signal δO(t) can be followed is small in
units of the relaxation time, especially for the β-hairpin. Nevertheless, assuming the single-exponential behavior to be correct, a statistically quite accurate
determination of the relaxation times can be obtained. The fitted relaxation
time is approximately a factor of 5 larger for the β-hairpin than for Fs . The
corresponding factor is around 30 for experimental data [5, 14, 15]. A closer
look at the β-hairpin data shows that the hydrophobic cluster and the hydrogen bonds, on average, form nearly simultaneously in our model. This is in
agreement with the results of Zhou et al. [11], and in disagreement with the
folding mechanism of Pande and Rokhsar [9] in which the collapse occurs before
the hydrogen bonds form.
The two peptides studied in this paper make unusually clear-cut α- and βstructure, respectively. It is clear that refinements of the interaction potential
will be required in order to obtain an equally good description of more general
sequences. One interesting refinement would be to make the strength of the
hydrogen bonds context-dependent, that is dependent on whether the hydrogen
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bond is internal or exposed. This is probably needed in order for the model
to capture, for example, the difference between the Ala-based Fs peptide and
pure polyalanine. In fact, it has been argued [32, 41] that a major reason why
Fs is a strong helix maker is that the Arg side chains shield the backbone from
water and thereby make the hydrogen bonds stronger. The hydrogen bonds
of a polyalanine helix lack this protection. In our model, the hydrogen bonds
are context-independent, which could make polyalanine too helical. Although
a direct comparison with experimental data is impossible due to its poor water
solubility, simulations of polyalanine with 21 amino acids, A21 , seem to confirm
this. For A21 , we obtain a helix content of about 80 % at T = 273 K, which is
what we find for Fs too. Using a modified version of the Cornell et al. force
field [42], Garcı́a and Sanbonmatsu [32] obtained a helix content of 34 % at
T = 275 K for A21 ; the unmodified force field was found [32] to give a value
similar to ours at this temperature (but very different from ours at higher
T ). Our estimate that Fs is ∼ 80 % helical at T = 273 K is consistent with
experimental data [12, 15].
We also looked at two other helical peptides. The first of these is the Alabased 16-amino acid peptide (AEAAK)3 A, where E is Glu and K is Lys. By
CD, Marqusee and Baldwin [43] found this peptide to be ∼ 50 % helical at
T = 274 K. In our model the corresponding value turns out to be ∼ 70 %. Our
last example is the 38–59-fragment of the B domain of staphylococcal protein A
(PDB code 1BDD). This is a more general, not Ala-based sequence, containing
three hydrophobic Leu. By CD, Bai et al. [44] obtained a helix content of
∼ 30 % at pH 5.2 and T = 278 K for this fragment. In our model we obtain
a helix content of ∼ 20 % at this temperature. So, the model predicts helix
contents that are in approximate agreement with experimental data for Fs ,
(AEAAK)3 A as well as the protein A fragment.

2.4

Summary and Outlook

We have developed and explored a protein model that combines an all-atom
representation of the amino acid chain with a minimalistic sequence-based potential. The strength of the model is the simplicity of the potential, which at
the same time, of course, means that there are many interesting features of real
proteins that the model is unable to capture. One advantage of the model is
that the calibration of parameters, which any model needs, becomes easier to
carry out with fewer parameters to tune.
When calibrating the model, our goal was to ensure that, without resorting to
parameter changes, our two sequences made a β-hairpin with the native topol-
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ogy and an α-helix, respectively, which was not an easy task. Once this goal
had been achieved, our thermodynamic and kinetic measurements were carried
out without any further fine-tuning of the potential. Therefore, it is hard to
believe that the generally quite good agreement between our thermodynamic
results and experimental data is accidental. A more plausible explanation of the
agreement is that the thermodynamics of these two sequences indeed are largely
governed by backbone hydrogen bonding and hydrophobic collapse forces, as
assumed by the model. The requirement that the two sequences make the desired structures is then sufficient to quite accurately determine the strengths of
these two terms.
The main results of our calculations can be summarized as follows.
• Our thermodynamic simulations show first of all that the two sequences
studied indeed make a β-hairpin with the native topology and an α-helix,
respectively. The main reason why the model favors the native topology
over the non-native one for the β-hairpin, is that the formation of the
hydrophobic cluster is sterically difficult to accomplish in the non-native
topology. The melting curves obtained for the two peptides are in reasonable agreement with experimental data, and can to a good approximation
be described by a simple two-state model.
• A two-state description of the thermodynamic behavior is, nevertheless,
found to be an oversimplification for both peptides, as can be seen from
the energy distributions. Given that the systems are small and fluctuations
therefore relatively large, this is maybe not surprising. What is striking is
how difficult it is to detect these deviations from two-state behavior when
studying the temperature dependence of a single observable.
• The results of our Monte Carlo-based kinetic runs at the respective melting temperatures are, for both peptides, consistent with single-exponential
relaxation, and the relaxation time is found to be larger for the β-hairpin
than for Fs .
Extending these calculations to larger chains will impose new conditions on the
interaction potential, and thereby make it possible (and necessary) to refine it.
Two interesting refinements would be to make the treatment of charged side
chains and side-chain hydrogen bonds less crude and to introduce a mechanism
for screening of hydrogen bonds [32, 41, 45, 46]. Computationally, there is room
for extending the calculations. In fact, simulating the thermodynamics of a
chain with about 20 amino acids, with high statistics, does not take more than
a few days on a standard desktop computer, in spite of the detailed geometry of
the model. This gives us hope to be able to look into the free-energy landscape
and two-state character of small proteins in a not too distant future.

2.4 Summary and Outlook

53

Acknowledgments
We thank Giorgio Favrin for stimulating discussions and help with computers. This work was in part supported by the Swedish Foundation for Strategic
Research and the Swedish Research Council.

54

Thermodynamics of α- and β-Structure Formation in Proteins

References
[1] Kussell, E., Shimada, J. & Shakhnovich, E.I. (2002) Proc. Natl. Acad. Sci.
USA 99, 5343–5348.
[2] Clementi, C., Garcı́a, A.E. & Onuchic, J.N. (2003) J. Mol. Biol. 326, 933–
954.
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Supplemental Material
Bond lengths (in Å)
------ BACKBONE ------N,CA
1.46
CA,C
1.52
C,N
1.33
CA,CB
1.53
C,O
1.23
N,H
0.98
CA,HA
1.08
CA,2HA
1.08
--------- VAL --------CB,CGX
1.52
--------- LEU --------CB,CG
1.53
CG,CDX
1.52
--------- ILE --------CB,CG1
1.53
CB,CG2
1.53
CG1,CD1
1.52
--------- SER --------CB,OG
1.42
--------- THR --------CB,OG1
1.43
CB,CG2
1.52
--------- CYS --------CB,SD
1.81
--------- MET --------CB,CG
1.52
CG,SD
1.81
SD,CE
1.79
--------- PRO --------CB,CG
1.51
CG,CD
1.51
--------- ASP --------CB,CG
1.52
CG,ODX
1.25
--------- ASN --------CB,CG
1.52
CG,OD1
1.23

only GLY
X=1,2

X=1,2

X=1,2

CG,ND2
--------CB,CG
CG,CD
CD,OEX
--------CB,CG
CG,CD
CD,OE1
CG,NE2
--------CB,CG
CG,CD
CD,CE
CE,NZ
--------CB,CG
CG,CD
CD,NE
NE,CZ
CZ,NHX
--------CB,CG
CG,ND1
--------CB,CG
CG,CD1
--------CB,CG
CG,CD1
CZ,OH
--------CB,CG
CG,CD1

1.33
GLU --------1.52
1.52
1.25
GLN --------1.52
1.52
1.23
1.33
LYS --------1.52
1.52
1.52
1.49
ARG --------1.52
1.52
1.46
1.33
1.33
HIS --------1.52
1.35
PHE --------1.52
1.39
TYR --------1.51
1.39
1.38
TRP --------1.50
1.39

X=1,2

X=1,2

*)

*)

*)

*)

All bonds between an H and a side-chain atom
have length 1.00 Å.
*) Rings are regular pentagons/hexagons.
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Bond angles (in degrees)
------ BACKBONE ------N,CA,C
111.0
CA,C,N
116.6
C,N,CA
121.7
N,CA,CB
110.0
CA,C,O
121.7
C,N,H
119.2
N,CA,HA
109.0
N,CA,2HA
109.0
--------- ALA --------CA,CB,XHB
109.5
--------- VAL --------CA,CB,CGX
110.7
CA,CB,HB
109.1
CB,CGY,XHGY
109.5
--------- LEU --------CA,CB,CG
117.1
CB,CG,CDX
110.1
CA,CB,XHB
107.0
CB,CG,HG
109.3
CG,CDY,XHDY
109.5
--------- ILE --------CA,CB,CG1
110.4
CA,CB,CG2
110.4
CB,CG1,CD1
113.6
CA,CB,HB
109.2
CB,CG1,XHG1
108.1
CB,CG2,XHG2
109.5
CG1,CD1,XHD1
109.5
--------- SER --------CA,CB,OG
110.6
CA,CB,XHB
109.1
CB,OG,HG
108.0
--------- THR --------CA,CB,OG1
108.6
CA,CB,CG2
111.5
CA,CB,HB
109.3
CB,OG1,HG1
108.0
CB,CG2,XHG2
109.5

only GLY
X=1,2,3
X=1,2
X=1,2,3; Y=1,2

X=1,2
X=1,2
X=1,2,3; Y=1,2

X=1,2
X=1,2,3
X=1,2,3

X=1,2

X=1,2,3

--------- CYS
CA,CB,SG
CA,CB,XHB
CB,SG,HG
--------- MET
CA,CB,CG
CB,CG,SD
CG,SD,CE
CA,CB,XHB
CB,CG,XHG
SD,CE,XHE
--------- PRO
CA,CB,CG
CB,CG,CD
CA,CB,XHB
CB,CG,XHG
CG,CD,XHD
--------- ASP
CA,CB,CG
CB,CG,ODX
CA,CB,XHB
--------- ASN
CA,CB,CG
CB,CG,OD1
CB,CG,ND2
CA,CB,XHB
CG,ND2,XHD2
--------- GLU
CA,CB,CG
CB,CG,CD
CG,CD,OEX
CA,CB,XHB
CB,CG,XHG
--------- GLN
CA,CB,CG
CB,CG,CD
CG,CD,OE1
CG,CD,NE2
CA,CB,XHB
CB,CG,XHG
CD,NE2,XHE2

--------113.4
108.1
108.0
--------113.5
111.9
100.5
108.1
108.7
109.5
--------103.3
110.8
111.6
109.0
110.7
--------113.2
118.6
108.2
--------112.6
120.9
117.0
108.4
120.0
--------114.1
113.2
118.5
108.0
108.2
--------113.7
112.6
121.0
116.9
108.1
108.4
120.0

X=1,2

X=1,2
X=1,2
X=1,2,3

X=1,2
X=1,2
X=1,2

X=1,2
X=1,2

X=1,2
X=1,2

X=1,2
X=1,2
X=1,2

X=1,2
X=1,2
X=1,2
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Bond angles cont.

Torsion angles (in degrees)

--------- LYS
CA,CB,CG
CB,CG,CD
CG,CD,CE
CD,CE,NZ
CA,CB,XHB
CB,CG,XHG
CG,CD,XHD
CD,CE,XHE
CE,NZ,XHZ
--------- ARG
CA,CB,CG
CB,CG,CD
CG,CD,NE
CD,NE,CZ
NE,CZ,NHX
CA,CB,XHB
CB,CG,XHG
CG,CD,XHD
CZ,NE,HE
CZ,NHY,XHHY
--------- HIS
CA,CB,CG
CB,CG,ND1
CA,CB,XHB
--------- PHE
CA,CB,CG
CB,CG,CD1
CA,CB,XHB
--------- TYR
CA,CB,CG
CB,CG,CD1
CE1,CZ,OH
CA,CB,XHB
CZ,OH,HH
--------- TRP
CA,CB,CG
CB,CG,CD1
CA,CB,XHB

------ BACKBONE ------CA,C,N,CA
180.0
C,N,CA,C - C,N,CA,CB
120.9
C,N,CA,C - C,N,CA,HA
-118.7
C,N,CA,C - C,N,CA,2HA
118.7

--------113.8
111.6
111.6
111.6
108.1
108.8
108.8
108.8
109.5
--------113.7
111.5
111.5
124.4
120.0
108.1
108.8
108.8
120.0
120.0
--------113.2
126.0
108.2
--------113.7
120.0
108.1
--------113.6
120.0
120.0
108.1
108.0
--------113.8
126.0
108.1

X=1,2
X=1,2
X=1,2
X=1,2
X=1,2,3

X=1,2
X=1,2
X=1,2
X=1,2
X=1,2; Y=1,2

X=1,2

X=1,2

X=1,2

X=1,2

The rings of HIS, PHE, TYR and TRP are
regular pentagons/hexagons with hydrogens
pointing in the radial direction.

only GLY

For side-chain branch points, we assume
exact 2-fold or 3-fold torsional symmetry.
The rings of PRO, HIS, PHE, TYR and TRP
as well as the atom group NE, CZ, NH1 and
NH2 of ARG are planar.

Number of side-chain DOFs (χi )
GLY
ALA
VAL
LEU
ILE
SER
THR
CYS
MET
PRO
ASP
ASN
GLU
GLN
LYS
ARG
HIS
PHE
TYR
TRP

0
1
3
4
4
2
3
2
4
0
2
3
3
4
5
4
2
2
3
2
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Abstract:
We study the folding thermodynamics of a β-hairpin and two three-stranded
β-sheet peptides using a simplified sequence-based all-atom model, in which
folding is driven mainly by backbone hydrogen bonding and effective hydrophobic attraction. The native populations obtained for these three sequences are
in good agreement with experimental data. We also show that the apparent
native population depends on which observable is studied; the hydrophobicity
energy and the number of native hydrogen bonds give different results. The
magnitude of this dependence matches well with the results obtained in two
different experiments on the β-hairpin.

64

Folding Thermodynamics of Three β-Sheet Peptides: A Model Study

3.1

Introduction

Peptide folding is currently attracting considerable attention. Recent advances
in this area include the de novo design of two monomeric three-stranded antiparallel β-sheet peptides, Betanova [1, 2] and Beta3s [3]. Peptides that have
the ability to fold on their own and are well characterized experimentally are
valuable not least as a testbed for theoretical models and methods for protein
folding. β-sheet peptides are particularly interesting in this respect, as β-sheet
formation is more challenging to model than α-helix formation. Therefore, it
is no surprise that both Betanova [4,5] and Beta3s [6] have become the subject
of computational studies. Simulations of peptide sequences that are somewhat
similar to these and occur in natural proteins, so-called WW domains, have
been reported, too [7]. For a recent review of computational studies of peptide
folding, see Ref. [8].
Here we present a study of the C-terminal β-hairpin from the protein G B1
domain and a triple mutant of Betanova called LLM [2]. The original Betanova,
which is less stable than the peptide LLM [2], is considered too. These different
sequences are studied using an all-atom model with a simplified interaction
potential. An earlier version of this model was tested on the same β-hairpin
and an α-helix, the designed so-called Fs [9, 10], with encouraging results [11].
The model was able to fold these sequences and the folded populations showed
a temperature dependence comparable with experimental data. It should be
pointed out that the interaction potential of this model, like that in Ref. [12] but
unlike many other simplified potentials for protein folding, is sequence-based.
The paper is organized as follows. In Sec. 2 we describe the model and the computational methods used. The results obtained for the three β-sheet peptides
are discussed in Sec. 3. A brief summary can be found in Sec. 4.

3.2

Model and Methods

The model we study is a revised version of that developed in Ref. [11]. It
contains all atoms of the polypeptide chain, including hydrogens, but no explicit
water molecules. All bond lengths, bond angles and peptide torsion angles
(180◦ ) are held fixed, so each amino acid has the Ramachandran torsion angles
φ, ψ and a number of side-chain torsion angles as its degrees of freedom (for
Pro, φ is held fixed at −65◦ ). Numerical values of all the geometry parameters
can be found in Ref. [11].
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The potential function
E = Eev + Eloc + Ehp + Ehb

(3.1)

is composed of four terms. The remaining part of this section describes these
different terms, with emphasis on what is new compared with Ref. [11]. Energy
parameters are quoted in dimensionless units. To set the energy scale of the
model, we use the midpoint temperature for the β-hairpin as determined by
Muñoz et al. [13], Tm = 297 K, which corresponds to kT ≈ 0.440 in the model
(see Sec. 3.1).
The first term in Eq. 3.1, Eev , represents excluded-volume effects and has the
form
X· λij (σi + σj ) ¸12
Eev = κev
,
(3.2)
rij
i<j
where κev = 0.10 and σi = 1.77, 1.75, 1.55, 1.42 and 1.00 Å for S, C, N, O and
H atoms, respectively. The role of the parameter λij is to reduce the repulsion
between non-local pairs; λij = 1 for all pairs connected by three covalent bonds
and λij = 0.75 otherwise. The reason for using λij < 1 for non-local pairs is
both computational efficiency and the restricted flexibility of chains with only
torsional degrees of freedom. To speed up the calculations, the sum in Eq. 3.2
c
= 4.3λij Å.
is evaluated using a cutoff of rij
The second interaction term, Eloc , is new compared with the earlier model.
By introducing this term and modifying σi for C and N, we slightly adjusted
the shape of the Ramachandran φ, ψ distribution. Eloc is a local electrostatic
energy given by
Ã
!
X
X qi qj
Eloc = κloc
ρI
,
(3.3)
(I)
r
/
Å
I
ij
where the outer sum runs over all non-Pro amino acids along the chain, and
the inner sum represents the interaction between the partial charges of the
backbone NH and C0 O groups within one amino acid (the sum has four terms:
NC0 , NO, HC0 and HO). The partial charges are qi = ±0.20 for H and N and
qi = ±0.42 for C0 and O [14]. We put κloc = 125, which corresponds to a
dielectric constant of ²r ≈ 2.0 if ρI = 1. The factor ρI reduces the interaction
strength for the two end amino acids and Gly, which can be viewed as a crude
form of context dependence; ρI = 0.25 for end amino acids, ρI = 0.5 for Gly,
and ρI = 1 otherwise. A similar factor is used for hydrogen bonds (see below).
The third term in Eq. 3.1, Ehp , is an effective attraction between hydrophobic
side chains that are not nearest or next-nearest neighbors along the chain. It
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I
II
III

Ala
Ile, Leu, Met, Val
Phe, Trp, Tyr

I
0.0

II
0.1
0.9

III
0.1
2.8
3.2

Table 3.1: The interaction matrix MIJ (see Eq. 3.4). All amino acid pairs not
occurring in the table have MIJ = 0.

has the pairwise additive form
Ehp = −

X

MIJ CIJ ,

(3.4)

where CIJ is a measure of the degree of contact between side chains I and J,
and MIJ sets the energy that a pair in contact gets. The contact measure CIJ is
a number between 0 and 1, defined as in Ref. [11]. The interaction matrix MIJ
is given in Table 3.1 and differs from that used in Ref. [11], which was based
on the Miyazawa-Jernigan contact energies [15]. With an all-atom representation, this cannot be expected to be a good choice for more general sequences,
since the Miyazawa-Jernigan contact energies were derived using a different,
reduced chain representation [15]. The new matrix MIJ (see Table 3.1) has a
simpler structure than the previous one in that the hydrophobic amino acids
are grouped into three classes. The MIJ values are taken to be large for the
aromatic class (Phe, Trp, Tyr), which in part is an attempt to compensate for
the fact that it is relatively difficult for these large side chains with few degrees
of freedom to make proper contacts.
The last term of the potential, the hydrogen-bond energy Ehb , is given by
X
X
(2)
(1)
ρij u(rij )v(αij , βij ) + ²hb
ρij u(rij )v(αij , βij ) ,
(3.5)
Ehb = ²hb
bb−bb

sc−bb

where the two terms represent backbone-backbone interactions and interactions
between the backbone and charged side chains, respectively. We do not include
any side chain-side chain interactions, as was done in Ref. [11]. Apart from
that, the only difference compared with the earlier model is the factor ρij ,
which like ρI in Eq. 3.3 can be seen as a simple form of context dependence.
We put ρij = 0.25 if any of the two amino acids involved is an end amino
acid, ρij = 0.5 if any of them is a Gly, and ρij = 1 otherwise. The constants
(1)
(2)
²hb = 3.1 and ²hb = 2.0 as well as the functions u and v are exactly the same
as in Ref. [11].
To study the thermodynamic behavior of this model, we use simulated tempering [16, 17], in which the temperature is a dynamical variable. Details on our
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Figure 3.1: Schematic illustration of the backbone-backbone hydrogen bonds
taken as native for (a) the C-terminal β-hairpin from the protein G B1 domain [13, 23], and (b) the mutant LLM of Betanova [2]. Diagram (b) is used
for the original Betanova, too (with L12 and M17 replaced by N12 and T17,
respectively).
implementation of this method can be found in Ref. [18]. For a review of simulated tempering and other generalized-ensemble techniques for protein folding,
see Ref. [19]. Eight different temperatures are studied, ranging from 284 K to
371 K. For the backbone degrees of freedom, we use three different elementary
moves: first, the pivot move [20] in which a single torsion angle is turned; second, a semi-local method [21] that works with seven or eight adjacent torsion
angles, which are turned in a coordinated way; and third, a symmetry-based
update of three randomly chosen backbone torsion angles [11]. For the sidechain degrees of freedom, we use simple Metropolis updates of individual angles.
All our simulations are started from random conformations and contain several folding/unfolding events. All statistical errors quoted are 1σ errors based
on the results from eight independent runs for each peptide. The fits of data
discussed in the next section are carried out by using a Levenberg-Marquardt
procedure [22].
For a given protein structure, there generally exist alternative structures with
similar secondary-structure content but different overall topologies. This holds
true even for a small β-hairpin, for which a flip of the side chains gives rise
to a topologically distinct structure. To make models discriminate between
different topologies is a delicate task. To assess whether or not a model is able
to do that, it is necessary to make a suitable choice of observables. In our
calculations, we monitor two variables that can be used for this purpose: first,
the root-mean-square deviation (rmsd) from the folded structure, ∆, calculated
over all non-H atoms (a backbone rmsd is much less informative); and second,
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Figure 3.2: Free energy F (∆, E) for Fs at T = 284 K, where ∆ denotes heavyatom rmsd from an ideal α-helix and E is energy. The contours are spaced at
intervals of 1 kT and dark tone corresponds to low free energy. Contours more
than 6 kT above the minimum free energy are not shown.

nat
the number of native backbone-backbone hydrogen bonds, Nhb
. Figure 3.1
illustrates which hydrogen bonds we take to be present in the native states of
the peptides studied. In our calculations, a hydrogen bond is considered formed
(1)
if the energy is less than −²hb /3 (see Eq. 3.5).

Clearly, this simplified potential is not expected to be able to fold arbitrary
sequences. For example, the pairwise additive ansatz for the hydrophobicity
potential is most likely insufficient for long chains. On the other hand, the
results obtained using the first version of the potential, for Fs and the βhairpin, were quite good, and by confronting the model with new sequences it
should be possible refine the potential.
Here, using the revised model described above, we investigate the folding thermodynamics of the β-hairpin from our earlier study and the three-stranded
β-sheet peptides LLM and Betanova. Before turning to these results, it should
be pointed out that the Fs sequence still makes an α-helix in the revised model,
as can be seen from the free energy F (∆, E) in Fig. 3.2. F (∆, E) has a pronounced, dominating minimum at ∆ ≈ 2–3.5 Å, which corresponds to α-helix.
In addition, there are weakly populated minima corresponding to β-sheet structures at ∆ ≈ 9 Å and ∆ ≈ 12 Å.
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Figure 3.3: The temperature dependence of (a) the hydrophobicity energy Ehp
nat
and (b) the number of native hydrogen bonds, Nhb
, for the β-hairpin. The
line in (a) is a first-order two-state fit.

3.3
3.3.1

Results and Discussion
β-Hairpin

We now turn to our simulations of the 16-amino acid C-terminal β-hairpin
from the protein G B1 domain. In Ref. [11] this peptide was studied using the
first version of our model. An important quantity in that study was the hydrophobicity energy Ehp . This variable should be strongly correlated with Trp
fluorescence, which Muñoz et al. [13] used to characterize the melting behavior
of this peptide. The temperature dependence of Ehp was indeed in reasonable
agreement with the data of Muñoz et al. Several other groups have performed
atomic simulations of the same β-hairpin, with [24–27] or without [12, 28, 29]
explicit water. In contrast to ours, most models seem to require further calibration in order not to show a temperature dependence much weaker than that
of experimental data.
Figure 3.3a shows the temperature dependence of Ehp in the revised model. The
line is a fit of the data to a simple (first-order) two-state expression. The parameters of the fit are the midpoint temperature Tm , the energy difference ∆E, and
two baselines. We use the parameter Tm to set the energy scale of the model;
this parameter is taken as Tm = 297 K as determined by Muñoz et al. [13].
For the energy difference, we then obtain ∆E = 13.1 kcal/mol. These values
of the two-state parameters Tm and ∆E correspond to a native population of
74% at T = 284 K, which agrees well with the result of Muñoz et al., 72% at
T = 284 K [13]. The NMR analysis of Blanco et al. [23] gave, by contrast, a
lower native population, 42% at T = 278 K. A possible explanation of this dis-
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Figure 3.4: Histogram of the number of native hydrogen bonds, Nhb
, at T =
284 K (full line) and T = 306 K (dashed line) for the β-hairpin.

crepancy would be that this peptide does not show a clear two-state behavior;
the apparent native population may then very well depend on which quantity
is studied. At first glance, this explanation may seem unlikely, given that the
temperature dependence of the Trp fluorescence data to a good approximation
shows two-state character [13]. Let us therefore stress that this sequence does
not behave as a simple two-state system in our model, despite that the twostate fit in Fig. 3.3a looks quite good. This can be seen, for example, from
the energy distribution, which lacks a clear bimodal shape. This was shown in
Ref. [11], and holds in the revised model as well. For a detailed discussion of a
fast-folding model proteins without a clear free-energy barrier, which makes a
three-helix bundle, see Ref. [30].
In Fig. 3.3b we show the temperature dependence of the number of native
nat
hydrogen bonds, Nhb
, which we expect to be more strongly correlated than
nat
Ehp with the NMR measurements of Blanco et al. For Nhb
, a two-state fit is
not meaningful; for that, further data at lower temperatures would be needed.
However, it is possible to determine an apparent native population from the
nat
probability distribution of Nhb
. Figure 3.4 shows this distribution at T =
284 K and T = 306 K. At T = 284 K, it shows a clear bimodal character. If
we define conformations that lack at most two of the seven native hydrogen
nat
≥ 5, we obtain a native population
bonds (see Fig. 3.1a) as native, that is Nhb
of 39% at T = 284 K. This shows first of all that we do find different native
populations depending on which observable we study. Moreover, the result
nat
obtained using Nhb
is in fact close to the NMR-based estimate of Blanco et al.,
whereas that obtained using Ehp is close to the Trp fluorescence-based estimate
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Figure 3.5: Free energy F (∆, E) at T = 284 K for (a) the β-hairpin and (b) the
peptide LLM. E is energy and ∆ is a heavy-atom rmsd, calculated using all
the 16 amino acids for the β-hairpin and amino acids 3–18 for LLM. The first
two and last two amino acids of LLM do not take part in the β-sheet structure.
The contour levels are as in Fig. 3.2.

of Muñoz et al. At the second temperature studied in Fig. 3.4, T = 306 K, the
nat
fraction of conformations with Nhb
≥ 5 is down to 11%.
The two-state parameter ∆E extracted from our Ehp data is somewhat smaller
here, ∆E = 13.1 kcal/mol, than it was in our earlier study, ∆E = 16.1 kcal/mol [11].
The reason for this is not so much that the model has changed, but that the
fits were done in different ways. In our previous study, Tm was held fixed
at the specific heat maximum. Here, following the analysis of Muñoz et al.
more closely, we take Tm to be a parameter of the fit. The fitted value of Tm
turns out to lie slightly below (1–2%) the specific heat maximum. Our new
analysis improves the agreement with the result of Muñoz et al., which was
∆E = 11.6 kcal/mol [13].
Although the precise shape of the structures with lowest energy is sensitive to
the details of the model, it is also interesting to make an rmsd-based comparison
with experimental data. For this purpose, we use the NMR structure for the full
protein G B1 domain [31] (PDB code 1GB1, first model), as the NMR restraints
for the isolated β-hairpin were insufficient to determine a unique structure.
Figure 3.5a shows the free energy F (∆, E) at T = 284 K. Three distinct, highly
populated minima can be seen. The two minima with lowest E are found at
∆ ≈ 2.0Å and ∆ ≈ 3.1Å, respectively. Both these correspond to β-hairpin
nat
nat
structures with a high Nhb
. That Nhb
is high implies, in particular, that the
topology of the β-hairpin is the native one. The main difference between these
two minima lies in the shape of turn. The third minimum, at ∆ ≈ 4.0Å, is
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somewhat higher in E than the first two. This minimum is also dominated
by β-hairpin structures with the native topology and many hydrogen bonds,
nat
but the two strands tend to be out of register with each other, so Nhb
is low.
Largely, it is the existence of this third minimum that makes the apparent
nat
native population depend on which of the observables Ehp and Nhb
we use.
Finally, there are also two weakly populated free-energy minima corresponding
to β-sheet structures with the non-native topology (∆ ≈ 5.3 Å) and α-helix
(∆ ≈ 8–10 Å), respectively.

3.3.2

Three-Stranded β-Sheets

The de novo design of the 20-amino acid three-stranded antiparallel β-sheet
peptide Betanova was reported in 1998 [1]. Recently, mutants of this peptide
with higher stability were created by López de la Paz et al. [2]. Among the
most stable mutants found was the triple mutant LLM (Val5Leu, Asn12Leu,
Thr17Met). The peptide LLM and the original Betanova were estimated [2]
to have native populations of 36% and 9%, respectively, at T = 283 K, based
on NMR data. Melting curves have, as far as we know, not been reported for
these peptides.
Our simulations of LLM show first of all that this sequence does make a threestranded antiparallel β-sheet in this model. This can be seen from Fig. 3.5b,
which shows the free energy F (∆, E) at T = 284 K. The free energy has a
broad minimum at ∆ ≈ 3–5 Å, corresponding to β-sheet structures with the
nat
native topology and a high Nhb
. The shape of the β-sheet varies within the
minimum. At ∆ ≈ 3.4 Å, where the free energy is lowest, the β-sheet has
a bent shape, which enables the chain to make strong hydrophobic contacts.
At ∆ ≈ 4.5 Å, the β-sheet tends to be much flatter, which is hydrophobically
disfavored but makes it possible for the chain to form more perfect hydrogen
bonds. There is also a free-energy minimum at ∆ ≈ 6.5 Å, which corresponds
to three-stranded antiparallel β-sheet structures with the non-native topology.
However, the native topology is the thermodynamically favored one. Note that
the native and non-native topologies exhibit non-overlapping sets of backbonenat
is low at the ∆ ≈ 6.5 Å minimum.
backbone hydrogen bonds, so Nhb
The main reason why the model favors the native topology over the non-native
one lies in the side-chain orientations for the hydrophobic pairs Trp3-Leu12 and
Leu5-Tyr10. The Cα -Cβ vectors of these pairs point inwards in the non-native
topology, which makes it difficult to achieve proper contacts between the side
chains. This is much easier to accomplish in the native topology, where the
Cα -Cβ vectors point outwards. Interestingly, the situation is similar for the
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Figure 3.6: (a) Histogram of the number of native hydrogen bonds, Nhb
, at
T = 284 K for LLM (full line) and Betanova (dashed line). (b) The frequency of
occurrence for the eight native hydrogen bonds (labeled according to Fig. 3.1b)
for LLM (◦) and Betanova (2) at T = 284 K.

β-hairpin above [11]. The β-hairpin also has two pairs of hydrophobic side
chains that are ‘bow-legged’ in the native topology and ‘knock-kneed’ in the
non-native one.
Next we estimate the native population for LLM. As we want to compare with
nat
the NMR-based results of López de la Paz et al. [2], we consider Nhb
rather
nat
than Ehp . Figure 3.6a shows the Nhb distribution at T = 284 K. In addition
nat
to the native and non-native peaks at high and low Nhb
, respectively, this
nat
distribution exhibits a third peak at Nhb = 4. The typical conformation at
this peak contains only the first of the two native β-turns (see Fig. 3.1b). The
second β-turn is less stable, as will be discussed below. As before, we take
conformations as native if at most two native hydrogen bonds are missing, that
nat
is if Nhb
≥ 6. We then find a native population of 38% at T = 284 K. We
also performed simulations of the original Betanova, and Fig. 3.6a shows the
nat
Nhb
distribution for this sequence, too. From the figure it is evident that
nat
Betanova is less stable than LLM. The probability that Nhb
≥ 6 is 14% for
Betanova at T = 284 K. This means that the native populations obtained using
this criterion are similar to the NMR-based results of López de la Paz et al. [2]
for LLM as well as Betanova. Let us stress that the energy scale of the model
is set using melting data for the β-hairpin and is then held fixed in our study
of the other sequences.
Figure 3.6b shows the frequencies of occurrence for the different native hydrogen bonds (see Fig. 3.1b) for LLM and Betanova. For Betanova, there is a clear
difference between the hydrogen bonds involved in the first β-turn (1–4) and
those involved in the second β-turn (5–8). The latter four occur infrequently,
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Figure 3.7: The temperature dependence of (a) the hydrophobicity energy Ehp
nat
and (b) the number of native hydrogen bonds, Nhb
, for the LLM peptide. The
line in (a) is a first-order two-state fit.
showing that the second β-turn is quite unstable, which is in line with the
conclusions of López de la Paz et al. [2]. For LLM, the difference in stability
between the two β-turns is less pronounced. However, hydrogen bond 7, which
connects Met17 to Tyr10 (see Fig. 3.1b), is quite unstable. The reason for this
is that the side chain of Met17 can make better contacts with other hydrophobic side chains if the strand is slightly bent. This bend makes it difficult for
hydrogen bond 7 to form.
nat
Finally, in Fig. 3.7 we show the temperature dependence of Ehp and Nhb
for
LLM. As in the β-hairpin case, we find that a simple two-state fit provides a
good description of the data for Ehp . The fitted values of the parameters Tm
and ∆E are Tm = 303 K and ∆E = 13.0 kcal/mol, which means that the native
population obtained from this fit is significantly higher than that obtained from
nat
the Nhb
distribution (see Fig. 3.6a). So, the model predicts that the apparent
native population depends on which observable is used for this sequence, too.
We are not aware of any existing experimental data that support, or refute,
this conclusion for LLM.

3.4

Summary

Using a novel all-atom model with a simplified sequence-based potential, we
have investigated the equilibrium behavior as a function of temperature for
three β-sheet peptides. For each of these peptides, several independent Monte
Carlo simulations were performed, starting from different random conformations. After comparing the results from the different runs, we feel confident

3.4 Summary

β-hairpin
LLM
Betanova

75
Model, 284 K
nat
Nhb
Ehp
39% 74%
38%
14%

Experiment
NMR
Trp fluorescence
42%, 278 K [23] 72%, 284 K [13]
36%, 283 K [2]
9%, 283 K [2]

Table 3.2: Summary of apparent native populations obtained from simulations
and experimental data, respectively (see the text). The model results have
statistical errors of 1–4%.

that the Monte Carlo methods employed were capable of mapping out all relevant free-energy minima.
We determined native populations for these sequences in two ways, from the
nat
distribution of the number of native hydrogen bonds (Nhb
) and from the temperature dependence of the hydrophobicity energy (Ehp ). These estimates were
compared with experimental results based on NMR and Trp fluorescence, respectively. This comparison is summarized in Table 3.2. NMR-based native
nat
populations have been reported for all the three sequences, and our Nhb
-based
estimates are in good agreement with these results. For the β-hairpin, there is
also an experimental result based on Trp fluorescence, and this result is close
to what we find using data for Ehp . That we find different native populations
nat
depending on whether we use Nhb
or Ehp reflects the fact that the melting
transition is not a clear two-state transition for these sequences. It is worth
noting that the temperature dependence of a quantity such as Ehp is quite well
described by a simple two-state expression, despite that the two-state picture
is an oversimplification.
The results obtained for these three sequences, including the dependence on
temperature, are encouraging, especially since they were achieved while keeping
the interaction potential relatively simple. In order to extend these calculations
to more general sequences, it is clear that refinement of the potential will be
required. To what extent this goal can be accomplished remains to be seen.
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[30] Favrin, G., Irbäck, A., Samuelsson, B. & Wallin, S. (2003) in press: Biophys. J.
[31] Gronenborn, A.M., Filpula, D.R., Essig, N.Z., Achari, A., Whitlow, M.,
Wingfield, P.T. & Clore, G.M. (1991) Science 253, 657–661.

Monte Carlo Update for Chain
Molecules: Biased Gaussian
Steps in Torsional Space

Paper IV

81

Monte Carlo Update for Chain Molecules:
Biased Gaussian Steps in Torsional Space
Giorgio Favrin, Anders Irbäck and Fredrik Sjunnesson
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Abstract:
We develop a new elementary move for simulations of polymer chains in torsion
angle space. The method is flexible and easy to implement. Tentative updates
are drawn from a (conformation-dependent) Gaussian distribution that favors
approximately local deformations of the chain. The degree of bias is controlled
by a parameter b. The method is tested on a reduced model protein with
54 amino acids and the Ramachandran torsion angles as its only degrees of
freedom, for different b. Without excessive fine tuning, we find that the effective
step size can be increased by a factor of three compared to the unbiased b = 0
case. The method may be useful for kinetic studies, too.
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4.1

Biased Gaussian Steps in Torsional Space

Introduction

Kinetic simulations of protein folding are notoriously difficult. Thermodynamic
simulations may use unphysical moves and are therefore potentially easier, but
existing methods need improvement. Three properties that a successful thermodynamic algorithm must possess are as follows. First and foremost, it must be
able to alleviate the multiple-minima problem. Methods like the multicanonical
algorithm [1, 2] and simulated tempering [3–5] try to do so by the use of generalized ensembles. Second, it must provide an efficient evolution of large-scale
properties of unfolded chains. The simple pivot method [6] does remarkably
well [7] in that respect. Third, it must be able to alter local properties of folded
chains without causing too drastic changes in their global structure. This paper is concerned with the third problem, which is important if the backbone
potentials are stiff and especially if the mobility is restricted to the biologically
most relevant torsional degrees of freedom.
An update that rearranges a restricted section of the chain without affecting
the remainder is local. For chains with flexible or semiflexible backbones, there
exists a variety of local updates, ranging from simple single-site moves to more
elaborate methods [8–12] where inner sections are removed and then regrown
site by site in a configurational-bias manner [13, 14]. However, these methods
break down if bond lengths and bond angles are completely rigid.
The problem of generating local deformations of chains with only torsional
degrees of freedom was analyzed in a classic paper by Gō and Scheraga [15].
Based on this analysis, Dodd et al. [16] devised the first proper Monte Carlo
algorithm of this type, the concerted-rotation method. This method works
with seven adjacent torsion angles along the chain. One of these angles is
turned by a random amount. Possible values of the remaining six angles are
then determined by numerically solving a set of equations that guarantee that
the move is local. The new conformation is finally drawn from the set of all
possible solutions to this so-called rebridging problem. Variations and generalizations of this method have been discussed by several groups [17–19]. There
are also methods [20–24] that combine elements of the configurational-bias and
concerted-rotation approaches. One of these methods [23] uses an analytical
rebridging scheme, inspired by the solution for a similar problem in robotic
control [25].
The concerted-rotation approach is a powerful method that can generate large
local deformations by finding the discrete solutions to the rebridging problem.
However, the method is not easy to implement and large local deformations
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may be difficult to accomplish if, for example, the chain is folded and has
bulky side groups. Hence, there are situations where this method is not the
obvious choice.
In this paper, we discuss a different and less sophisticated type of Monte Carlo
move in torsion angle space. This algorithm is by nature a “small-step” algorithm so large local deformations cannot take place. Drastic global changes
would still occur if the steps were random. To avoid that, a biasing probability
is introduced. The method becomes approximately local if the bias is made
strong. Compared to a strictly local update, this method has the disadvantage
that a much smaller part of the energy function is left unchanged, so the CPU
time per update is larger. However, this problem is not too severe for moderate
chain lengths. Moreover, both our method and strictly local ones are typically
combined with some truly nonlocal update like pivot, and such an update is
not faster than ours.
The algorithm proceeds as follows. We consider n torsion angles φi , where
n = 8 in our calculations. To update these angles, we introduce a conformationdependent n×n matrix G such that δ φ̄T Gδ φ̄ ≈ 0 for changes δ φ̄ = (δφ1 , . . . , δφn )
that correspond to local deformations. The steps δ φ̄ are then drawn from the
Gaussian distribution
h a
i
T
P (δ φ̄) ∝ exp − δ φ̄ (1 + bG)δ φ̄ ,
(4.1)
2
where 1 denotes the n × n unit matrix and a and b are tunable parameters.
The parameter a controls the acceptance rate, whereas b sets the degree of bias.
The new conformation is finally subject to an accept/reject step. Important
to the implementation of the algorithm is that the matrix G is non-negative
and symmetric. Hence, it is possible to take the “square root” of 1 + bG, which
facilitates the calculations.
This method, which is quite general, is tested on a reduced model protein [26]
with 54 amino acids and the Ramachandran torsion angles as its only degrees of
freedom. This chain forms a three-helix bundle in its native state and exhibits
an abrupt collapse transition that coincides with its folding transition. The
performance of the method is studied both above and below the folding temperature, for different values of the parameters a and b. For a suitable choice
of b, we find that the effective step size can be increased by a factor of three in
the folded phase, compared to the unbiased b = 0 case. The optimal value of b
corresponds to a relatively strong bias, that is an approximately local update.
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The Model

In our calculations, we consider a reduced protein model [26] where each amino
acid is represented by five or six atoms. The three backbone atoms N, Cα and
C0 are all included, whereas the side chain is represented by a single atom, Cβ .
The Cβ atom can be hydrophobic, polar or absent, which means that there are
three different types of amino acids in the model. For a schematic illustration
of the chain representation, see Fig. 4.1.
All bond lengths, bond angles and peptide torsion angles (180◦ ) are held fixed,
which leaves us with two degrees of freedom per amino acid, the Ramachandran
torsion angles (see Fig. 4.1).
The energy function
E = Eloc + Esa + Ehb + EAA

(4.2)

is composed of four terms. The local potential Eloc has a standard form with
threefold symmetry,
²loc X
Eloc =
(1 + cos 3φi ) .
(4.3)
2 i
The self-avoidance term Esa is given by a hard-sphere potential of the form
X0 µ σij ¶12
Esa = ²sa
,
(4.4)
r
ij
i<j
where the sum runs over all possible atom pairs except those consisting of two
hydrophobic Cβ . The hydrogen-bond term Ehb is given by
X
Ehb = ²hb
u(rij )v(αij , βij ) ,
(4.5)
ij

where i and j represent H and O atoms (see Fig. 4.1), respectively, and
¶12
µ
¶10
µ
σhb
σhb
−6
(4.6)
u(rij ) = 5
rij
rij
½
cos2 αij cos2 βij αij , βij > 90◦
v(αij , βij ) =
(4.7)
0
otherwise
In these equations, rij denotes the HO distance, αij the NHO angle, and βij
the HOC0 angle. Finally, the hydrophobicity term EAA has the form
¶6 ¸
µ
X ·µ σAA ¶12
σAA
,
(4.8)
EAA = ²AA
−2
rij
rij
i<j
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where both i and j represent hydrophobic Cβ . In the following, kT is given
in dimensionless units, in which ²hb = 2.8 and ²AA = 2.2. Further details of
the model, including numerical values of all the parameters, can be found in
Ref. [26].
In this model, we study a designed three-helix-bundle protein with 54 amino
acids. In Ref. [26], it was demonstrated that this sequence indeed forms a stable
three-helix bundle, except for a twofold topological degeneracy, and that it has
a first-order-like folding transition that coincides with the collapse transition.
It should be noted that these properties are found without resorting to the
widely used but drastic Gō approximation [27], where interactions that do not
favor the desired structure are ignored.

4.3

The Algorithm

We now turn to the algorithm, which we describe assuming the particular chain
geometry defined in Sec. 2. That this scheme can be easily generalized to other
types of chains will be evident.
Consider a segment of four adjacent amino acids k, k + 1, k + 2 and k + 3
along the chain, and let the corresponding eight Ramachandran angles (see
Fig. 4.1) form a vector φ̄ = (φ1 , . . . , φn ), where n = 8. A change δ φ̄ of φ̄ will,
by construction, leave all amino acids k 0 < k, as well as the N, H and Cα atoms
of amino acid k, unaffected. For all amino acids k 0 > k +3 to remain unaffected
too, it is sufficient to require that the three atoms Cα , C0 and O of amino acid
k + 3 (see Fig. 4.1) do not move. If this condition is fulfilled, the deformation
of the chain is local.
Denote the position vectors of the Cα , C0 and O atoms of amino acid k + 3 by
rI , I = 1, 2, 3. A bias toward local deformations can be obtained by favoring
changes δ φ̄ that correspond to small values of the quantity
2

∆ =

3
X

(δrI )2 ,

(4.9)

I=1

which for small δφi can be written as
2

T

∆ ≈ δ φ̄ Gδ φ̄ =

n
X
i,j=1

δφi Gij δφj ,

(4.10)

86

Biased Gaussian Steps in Torsional Space

φ1
N

H

Cβ

H

Cα

N

φ2

C’

O

O

φ4
φ3

φ5

C’

Cα

N

Cβ

H

Cβ

H

Cα

N

φ6

C’

O

φ8
φ7

O

C’

Cα

Cβ

Figure 4.1: Update of the chain defined in Sec. 4.2. Eight torsion angles φi
are turned. Turns such that the three atoms in the box are left unaffected are
favored. Thick lines represent peptide bonds and the peptide torsion angles are
fixed.
where
Gij =

3
X
∂rI
I=1

∂φi

·

∂rI
.
∂φj

(4.11)

Note that the three vectors rI can be described in terms of six independent
parameters, since bond lengths and angles are fixed. This implies that the
n × n matrix G, which by construction is non-negative and symmetric, has
eigenvectors with eigenvalue zero for n = 8 > 6. A bias toward small ∆2 means
that these soft modes are favored.
We can now define the update, which consists of the following two steps.
1. Draw a tentative new φ̄, φ̄0 , from the Gaussian distribution
W (φ̄ → φ̄0 ) =

£
¤
(det A)1/2
0
T
0
exp
−(
φ̄
−
φ̄)
A(
φ̄
−
φ̄)
,
π3

where the matrix
A=

a
(1 + bG)
2

(4.12)

(4.13)

is a linear combination of the n × n unit matrix 1 and the matrix G defined
by Eq. 4.11. The shape of this distribution depends on the parameters a > 0
and b ≥ 0. The parameter b sets the degree of bias toward small ∆2 . The bias
is strong for large b and disappears in the limit b → 0. The parameter a is
a direction-independent scale factor that is needed to control the acceptance
rate. Larger a means higher acceptance rate, for fixed b. If b = 0, then the
components δφi are independent Gaussian random numbers with zero mean
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and variance a−1 . Note that W (φ̄ → φ̄0 ) 6= W (φ̄0 → φ̄) since the matrix G
is conformation dependent.
2. Accept/reject φ̄0 with probability
µ
¶
W (φ̄0 → φ̄)
0
Pacc = min 1,
exp[−(E − E)/kT ]
W (φ̄ → φ̄0 )

(4.14)

for acceptance. The factor W (φ̄0 → φ̄)/W (φ̄ → φ̄0 ) is needed for detailed
balance to be fulfilled, since W is asymmetric.
It should be stressed that this scheme is quite flexible. For example, it can be
immediately applied to chains with nonplanar peptide torsion angles. The use
of the concerted-rotation method for simulations of such chains has recently
been discussed [28].
A convenient and efficient implementation of the algorithm can be obtained if
one takes the “square root” of the matrix A, which can be done because A is
symmetric and positive definite. More precisely, it is possible to find a lower
triangular matrix L (with nonzero elements only on the diagonal and below)
such that
A = LLT .
(4.15)
An efficient routine for this so-called Cholesky decomposition can be found
in [29].

4.3.1

Implementing step 1

Given the Cholesky decomposition of the matrix A, the first step of the algorithm can be implemented as follows.
• Draw a ψ̄ = (ψ1 , . . . , ψn ) from the distribution P (ψ̄) ∝ exp(−ψ̄ T ψ̄). The
components ψi are independent Gaussian random numbers and can be generated, for example, by using the Box-Muller method
ψi = (− ln R1 )1/2 cos 2πR2 ,

(4.16)

where R1 and R2 are uniformly distributed random numbers between 0 and
1.
• Given ψ̄, solve the triangular system of equations
LT δ φ̄ = ψ̄

(4.17)

for δ φ̄. It can be readily verified that the δ φ̄ = φ̄0 − φ̄ obtained this way has
the desired distribution Eq. 4.12.
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Implementing step 2

The Cholesky decomposition is also useful when calculating the acceptance
probability in the second step of the algorithm. The factor W (φ̄ → φ̄0 ) can be
easily computed by using that
1/2

(det A)

=

n
Y

Lii

(4.18)

i=1

and that exp[−(φ̄0 − φ̄)T A(φ̄0 − φ̄)] = exp(−ψ̄ T ψ̄). The reverse probability
W (φ̄0 → φ̄) depends on A(φ̄0 ) and can be obtained in a similar way, if one
makes a Cholesky decomposition of that matrix, too.

4.3.3

Pivot update

Previous simulations [26] of the model protein defined in Sec. 4.2 were carried
out by using simulated tempering with pivot moves as the elementary conformation update. With this algorithm, the system was successfully studied
down to temperatures just below the folding transition. However, the performance of the pivot update, where a single angle φi is turned, deteriorates in the
folded phase. What we hope is that the exploration of this phase can be made
more efficient by alternating the pivot moves with moves of the type described
previously.

4.4

Results

The character of the proposed update depends strongly on the bias parameter
b. The suggested steps have a random direction if b = 0. The distribution
W (φ̄ → φ̄0 ) in Eq. 4.12 is, by contrast, highly asymmetric in the limit b → ∞,
with nonzero width only in directions corresponding to eigenvalue zero of the
matrix G. In particular, this implies that the reverse probability W (φ̄0 → φ̄)
in the acceptance criterion Eq. 4.14 tends to be small for large b.
For the acceptance rate to be reasonable, it is necessary to use a very small step
size if b is small or large. The question is whether the step size can be increased
by a better choice of b. To find that out, we performed a set of simulations
of the three-helix-bundle protein defined in Sec. 4.2 for different a and b. Two
different temperatures were studied, kT = 0.6 and 0.7, one on either side of
the folding temperature kTf ≈ 0.66 [26].
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Figure 4.2: Average step size, hSi, against average acceptance rate, hPacc i, for
different updates at (a) kT = 0.7 and (b) kT = 0.6. Shown are results for the
b = bmax (full lines), b = 0 (dashed lines) and pivot (dotted lines) updates.

In these runs, we monitored the step size S, where
#1/2
" n
X
(δφi )2
S = |δ φ̄| =

(4.19)

i=1

for accepted moves and S = 0 for rejected ones. Measurements were taken only
when the n = 8 angles all were in the segment that makes the middle helix of
the three. We focus on this segment because it is the most demanding part to
update.
The average step size, hSi, depends strongly on b. A rough optimization of
b was carried out by maximizing hSi as a function of a for different fixed
b = 10k (k integer). The best values found were bmax = 10 (rad/Å)2 and
bmax = 0.1 (rad/Å)2 at kT = 0.6 and kT = 0.7, respectively. Note that the
preferred degree of bias is higher in the folded phase.
In Fig. 4.2, we show hSi against the average acceptance rate, hPacc i, for b = 0
and b = bmax at the two temperatures; hPacc i is an increasing function of a for
fixed b and T . Also shown are the corresponding results for the pivot update,
where only one angle φi is turned (S = |δφi | if the change is accepted). At
the higher temperature, we find that the b = bmax and b = 0 updates show
similar behaviors. The pivot update is somewhat better and has its maximum
hSi at low hPacc i, where the proposed change δφi is drawn from the uniform
distribution between 0 and 2π. This is consistent with the finding [7] that the
pivot update is a very efficient method for self-avoiding walks, in spite of a low
acceptance rate. The situation is different at the lower temperature, which is
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Figure 4.3: Distributions of ∆2 (see Eq. 4.9) for the b = bmax (thick line) and
b = 0 (thin line) updates at kT = 0.6. The values used for the parameter a
correspond to maximum hSi.

much harder to simulate. Here, the b = bmax update is the best. The maximum
hSi is approximately three times higher for this method than for the other two.
This shows that the biasing probability Eq. 4.12 is indeed useful in the folded
phase.
The b = 0 update can be compared with the moves used by Shimada et al. [30] in
a recent all-atom study of kinetics and thermodynamics for the protein crambin
with 46 amino acids. These authors updated sets of two, four or six backbone
torsion angles, using independent Gaussian steps with a standard deviation of
2◦ . Our b = 0 update has maximum hSi at a ≈ 6400 (rad)−2 for kT = 0.6,
which corresponds to a standard deviation of 0.7◦ . This value is in line with
that used by Shimada et al., since we turn eight angles.
How local is the method for b = bmax ? To get an idea of that, we calculated
the distribution of ∆2 (see Eq. 4.9) for accepted moves, for b = bmax and b = 0
at kT = 0.6. As was previously the case, we restricted ourselves to angles in
the middle helix. The two distributions are shown in Fig. 4.3 and we see that
the one corresponding to b = bmax is sharply peaked near ∆2 = 0. This shows
that the b = bmax update is much more local than the unbiased b = 0 update,
although the average step size, hSi, is considerably larger for b = bmax .
So far, we have discussed static (one-step) properties of the updates. We also
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Figure 4.4: The autocorrelation function C(t) (see the text) at kT = 0.6 for
the b = bmax (2), b = 0 (◦) and pivot (3) updates. Step-size parameters
correspond to maximum hSi.

estimated the dynamic autocorrelation function

Ci (t) =

hcos φi (t) cos φi (0)i − hcos φi (0)i2
hcos2 φi (0)i − hcos φi (0)i2

(4.20)

for different φi . This measurement is statistically very difficult at low temperatures. However, the sixteen most central angles φi in the sequence, all belonging
to the middle helix, were found to be effectively frozen at kT = 0.6, and the
time scale for the small fluctuations of these angles about their mean values was
possible to estimate. In Fig. 4.4, we show the average Ci (t) for these sixteen
angles, denoted by C(t), against Monte Carlo time t, for the b = 0, b = bmax
and pivot updates. One time unit corresponds to one elementary move, accepted or rejected, at a random position along the chain. We see that C(t)
decays most rapidly for the b = bmax update. So, the larger step size of this
update does make the exploration of these degrees of freedom more efficient.
Let us finally comment on our choice to work with n = 8 angles. This number
can be easily altered and some calculations were done with n = 6 and n = 7,
too. For n = 6, the performance was worse, which is not unexpected because
there are no soft modes available; there are not more variables than constraints.
The results obtained for n = 7 were, by contrast, comparable to or slightly
better than the n = 8 results.
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Discussion

Straightforward Monte Carlo updates of torsional degrees of freedom tend to
cause large changes in the global structure of the chains unless the step size is
made very small, which is a problem in simulations of dense polymer systems.
The strictly local concerted-rotation approach provides a solution to this problem but is rather complicated to implement. In this paper, we have discussed
a method that may be less powerful but is much easier to implement, which
suppresses rather than eliminates nonlocal deformations.
The method is flexible and not much harder to implement than simple unbiased
updates. However, compared to such updates, it has two distinct advantages:
the step size can be increased and the update becomes more local, as shown by
our simulations of the three-helix-bundle protein in its folded phase.
Making the update more local is important in order to be able to increase the
step size and thereby improve the efficiency. At the same time, it makes the
dynamics more realistic; the proposed method is, in contrast to the other methods mentioned, tailored to avoid drastic deformations both locally and globally.
Therefore, although this paper was focused on thermodynamic simulations, it
should be noted that this method may be useful for kinetic studies, too.
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Abstract:
Random Boolean networks, the Kauffman model, are revisited by means of a
novel decimation algorithm, which removes variables that cannot be relevant to
the asymptotic dynamics of the system. The major part of the removed variables have the same fixed state in all limit cycles. These variables are denoted
the stable core of the network and their number grows approximately linearly
with N , the number of variables in the original network. The sensitivity of the
attractors to perturbations is investigated. We find that reduced networks lack
the well known insensitivity observed in full Kauffman networks. We conclude
that, somewhat counter-intuitive, this remarkable property of full Kauffman
networks is generated by the dynamics of their stable core. The decimation
method is also used to simulate large critical Kauffman networks. For networks up to N = 32 we perform full enumeration studies. Strong evidence is
provided for that the number of limit cycles
grows linearly with N . This result
√
is in sharp contrast to the often cited N behavior.
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Introduction

Boolean networks were introduced by Kauffman [1,2] as simplified models of the
complex interaction in the regulatory networks of living cells. The binary variable σi encodes the activity of the effective “gene” i; expressed or not expressed.
Depending upon the initial state, the system evolves to one of possibly several
limit cycles. In the biological picture, the different limit cycles are interpreted
as different cell types. One of Kauffman’s motivations for investigating these
networks was the idea that the structure of genetic networks present in nature
is not only determined by selection. Rather, a good fraction of the network
functionality is inherent in the ensemble of regulatory networks as such. In
fact, he found an ensemble of critical Boolean networks “on the edge of chaos”
that captures some features observed in nature. These Boolean networks show
a remarkable stability; in most cases small perturbations of the state of the network do not change the trajectory to a different limit cycle. This is desirable
in the biological interpretation since stability of genetic regulatory networks
against small fluctuations is a crucial property. Another striking observation
is that the number of limit cycles for the critical Boolean networks grows as
a square-root of the system size [1, 2]. This is an analogy to multicellular organisms, where it is found empirically that the number of cell-types also grows
approximately as the square-root of the genome-size.
The model also exhibits analogies [3] with infinite range spin glasses [4]. In the
framework of an annealed approximation [5], some of the previous numerical
observations concerning a phase transition between a frozen and a chaotic phase
in the model could be understood. The average limit Hamming distance dh , the
number of bit-wise differences between two random configurations, was used as
an order parameter. In the frozen phase one has dh = 0 for infinite systems
whereas in the chaotic phase one has dh 6= 0. The parameter driving the
transition is the probability that two different inputs to a Boolean variable σi
give raise to different values. In [6] the annealed approximation was extended
to provide distributions for the number and the length of the limit cycles. Also,
good agreement between the results from the annealed approximation and the
numerical calculations was demonstrated in the chaotic phase. An alternative
order parameter s, the fraction of variables that are stable, i.e. evolve to the
same fixed state independently of the initial state, was introduced in [7]. These
stable variables are said to constitute the stable core of the network. In the
infinite size limit one has s = 1 in the frozen phase, whereas s 6= 1 in the chaotic
phase. In [8] the concept of relevant variables was introduced. A variable σi
is not relevant, if it is stable and/or no variable’s state depends on σi . The
relevant variables are of interest since they contain all information about the
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asymptotic dynamics of the network, i.e. the number of limit cycles and their
cycle lengths.
In this work we focus on the stability of the Kauffman model and how this
property is related to the stable core of the network. The probability that
inversion of a single variable will make the system end up in a different limit
cycle is known to be small and approaches zero for large networks. However,
we find that if the network is reduced to its relevant variables, this probability
is drastically raised and increases slightly with the system size.
To facilitate this study we introduce a decimation method that removes variables that cannot be relevant by inspection of transition functions and network
connectivity. The resulting reduced network contains all relevant variables
and possibly some irrelevant ones. Since all relevant variables are included it
will have exactly the same asymptotic dynamics as the original network even
though the total number of variables is drastically reduced. We find that resulting number of variables is close to the true number of relevant variables.
This indicates that properties of the stable core can mostly be understood by
the comparatively trivial interactions detected in the decimation procedure.
The decimation procedure can also be used to reduce the bias in the estimate
of some observables like for example the
√ number nc of limit cycles. Different
from earlier works we do not observe a N scaling, but rather a linear growth
of nc with the system size.

5.2

The Kauffman Model

A random Boolean network is essentially a cellular automaton with N binary
state variables σi . These evolve synchronously according to the transition functions fi ({σ}), which are chosen randomly at time t = 0 and are then kept fixed.
In the Kauffman model fi are constrained to depend on at most K different
randomly chosen input variables:
σi (t) = fi [σvi1 (t − 1), . . . , σviK (t − 1)],

(5.1)

for every variable σi . The integers {vi1 , . . . , viK } define the input connections
to variable σi .
The transition function fi maps each possible combination of input signals to
Boolean output values. These output values are independently set to true or
f alse with probabilities p and 1 − p respectively. This makes some functions
independent of some or all of its K input variables. Furthermore, depending
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on K and p, a finite fraction of the state variables σi are not used by any of
the transition functions.
The random Boolean network is a deterministic system. Given the state variables at some time, the future trajectory of the σi is known. The volume of the
state space is finite, therefore all trajectories must posses a limit cycle. Besides
the stability of the system the number of limit cycles, the length distribution
of the cycles and transient trajectories are well established observables for this
model. In numerical simulations it is in general not possible to probe the models whole state space, except for very small systems. The volume of the {σ}
state space grows exponentially and the number of graphs {fi } even superexponentially. The commonly used strategy for exploring this model therefore
contains two approximations.
1. A small fraction of all possible networks is used as a representative ensemble.
2. For each network only a subset of the state space is probed.
Point 2 introduces a systematic bias to the number of limit cycles since not
all of them will be found. In the results section we will re-analyze the number
of cycles after decimation of irrelevant nodes. This allows full enumeration of
state space for up to N = 32. In this way we get an improved estimate for the
scaling of the respective observables with the system size.

5.3

The Decimation Procedure

It is well known that some variables in a Kauffman network evolve to the same
steady state independently of the initial configuration. These stable variables
are clearly irrelevant for the asymptotic behavior of the network. The same
holds for those variables that do not regulate any other variable, i.e. no transition functions is dependent on them. In fact, as pointed out in [8], for a variable
to be relevant it has to be unstable and regulate some unstable variables that
in turn regulate others and so on.
By definition, in the frozen phase the fraction of stable variables goes to unity
as N goes to infinity. Therefore, a large fraction of the variables are likely to
be stable even for finite N . Since the irrelevant variables includes all stable
variables, a considerable part of a network does not affect the asymptotic dynamics at all. The process of identifying the irrelevant variables can be divided
into two separate steps. Firstly, the stable variables are identified. Secondly,
the variables that do not regulate any unstable variables are identified.
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Identifying stable variables is in principal easy, but computationally demanding.
In [8] this was done by performing simulations of the dynamics of the system
and monitoring which variables were in the same state in all probed limit cycles.
However, finding all limit cycles essentially means that all 2N possible states
have to be probed, which is possible only for very small networks. Since a
variable that is stable within the probed limit cycles may change state within
some of the unprobed limit cycles, searching a fraction of state space will in
some cases overestimate number of stable variables.
Here we introduce an alternative method, which by pure inspection of the connectivity and the transition functions of a network identifies variables that must
be stable. The basis for our approach is that transition functions dependent
on no input variables give a constant output, i.e. the corresponding variable is
stable.
As stated above, some transition functions are independent of all their input
variables, i.e. they are constants. This means that the corresponding variables
will be stable (after the initial time step) and a transition function that is
dependent on such variable will receive a constant signal. By replacing the
stable input variable with the corresponding constant value, the number of
input variables is reduced. For each replaced input variable to a transition
function, that functions input state space is reduced by a factor 1/2 and within
this subspace it may be independent of yet other input variables. If in the end
even this rule become a constant, the corresponding variable is stable (after
a transient time), and can be replaced by a constant. Therefore, we have to
repeat this procedure until no more stable variables are found. We summerize
the method as follows:
1. For every transition function, fi , remove all inputs it does not depend upon.
2. For those fi with no inputs, clamp the variable σi to the corresponding
constant value.
3. For every fi , replace clamped inputs with the corresponding constants.
4. If any variable has been clamped, repeat from step 1.
It is clear that our method sometimes does not find all stable variables. We
see an example of such a situation in Fig. 5.1. Here the inputs to a function
are coupled logically and hereby confined to a subspace of possibilities. Within
this subspace the otherwise unstable variable is stable. The figure illustrates
just one of the possible couplings between inputs.
Once the stable variables are identified and removed from the network the nonregulating variables can be removed iteratively. Since our method keeps all
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A

f

C

xor

B

f
Figure 5.1: A and B have arbitrary but identical transition functions and C
implements xor. Since A and B also have the same inputs their outputs will
be identical. Thus, C will always output f alse, i.e. C is stable and can be
removed. A and B are now non-regulating and can be removed too.
relevant variables the resulting network will have exactly the same asymptotic
dynamics as the original network.

5.4

Results

Let us start by analyzing the size of the stable core as a function of the system
size N . In Fig. 5.2 the the size of the stable core N ∗ , identified by the decimation procedure described above, is shown. Each data point is averaged over 104
instances of networks. For comparison the size of the stable core N + as estimated by the method used in [8] is also plotted. The latter procedure is based
on observations of the dynamics of the full network and identification of nodes
acquiring the same constant value independently of the start-configuration.
Since only a small part of the state space can be probed in practice, the number N + is biased to overestimate the true size η of the stable core. On the other
hand, our decimation procedure underestimates η because some configurations,
like the one depicted in Fig. 5.1, which may lead to stable variables are not
identified. Therefore, we have N + ≤ η ≤ N ∗ .
It is somewhat surprising to observe N + ≈ N ∗ , which indicates that properties of the stable core, at least for K = 2, mostly can be understood by the
comparatively trivial interactions detected in the decimation procedure. The
probability s for a node to belong to the stable core can be estimated by using
Eq. (2) in [7]
µ ¶
K
X
K
s(t + 1) =
s(t)K−k (1 − s(t))k
pk ,
(5.2)
k
k=0
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Figure 5.2: The size of the stable core – the number of variables going to the
same constant value independently of the start-configuration – as a function
of the network size for K = 2. The number of relevant variables estimated
with our decimation procedure (circles), the observation of the dynamics [8]
(squares) and Eq. (5.2) and (5.3) (full line) are in very good agreement.
where pk is the probability that a transition function for given values of K −k of
its input variables is independent of its other k inputs. This equation describes
the growth of the stable core with the time. At t = 0 only nodes which happen
to have a constant transition function are stable. At later times non-constant
transition functions, which receive inputs from stable nodes, can acquire a
constant value. In [7] Eq. (5.2) was used as a self-consistency equation for
infinite systems, i.e. letting t → ∞. In a finite system, the iteration has to
stop at some time T , which reflects a characteristic length in the network, the
maximal distance a signal can flow before it reaches all nodes. The length
scale is set by the average distance (in number of links) a signal can travel.
The signal pathway in a sparse directed random graph with only a few loops
is approximately a branched polymer, where it is known (see e.g. [9]) that
the average distance grows algebraically, i.e. T ∼ cN γ . We have fitted the
constants c and γ numerically to our data for K = 2 and find γ = 0.32(3).
After removing the s(T ) stable variables, the decimation procedure eliminates
the leaves of the network, i.e. those nodes with out-degree q(t = 0) = 0. This
changes the out-degree of the remaining variables. Therefore, this procedure is
repeated until no more variables with q(t) = 0 are found. The fraction Pl of
leafs, direct and indirect, can be estimated by the self consistent equation
Pl =

∞
X

P (q|Ñ , K̃)Plq ,

(5.3)

q=1

where Ñ = N (1 − s) is the number of variables after removing the η stable
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Figure 5.3: The probability to be pushed out from a limit cycle by the inversion
of a randomly chosen variable. For the (full) Kauffman-network (dashed line)
the error probability scales to zero for large lattices. This behavior is not
changed if one does only a geometric reduction of leafs (dotted line). If the
network is reduced to its relevant variables (full line) the tolerance against
small fluctuations in the state space is completely lost.

ones, K̃ is the average in-degree, an P (q|Ñ , K̃) the distribution of the outdegree q given in Appendix B. We solved Eq. (5.2) and (5.3) numerically, the
resulting graph is also shown in Fig. 5.2, which is in very good agreement with
our numerical results.
One of the important features of Kauffman’s model is the intrinsic stability of
critical Boolean networks. How does decimation affect this behavior? While
the network decimation does not change the number and the length of limit
cycles, the size of the basins of attraction has to be reduced because the state
space is shrunken by orders of magnitude. To get a quantitative picture, we
analyze the network stability with respect to the inversion of one randomly
chosen variable, after the state trajectory has reached a limit cycle. The errorprobability, i.e. the probability to end up in a different limit cycle compared
to the undisturbed system, is shown in Fig. 5.3. If a limit cycle has not been
found within 105 steps the network is discarded. For the full network we observe the well known stability, the probability to end up in a a different limit
cycle asymptotically approaches zero for large lattices. By contrast, for the
reduced network the error-probability grows slowly with the network size and
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Figure 5.4: The number of limit cycles as a function of the network size for
critical Boolean networks with K = 2, 3, 4 inputs. The solid lines connecting the
2
data points are linear
1.6 (K =
√ interpolations with χ /D.O.F = 1.5 (K = 2),
2
3), 1.4 (K = 4). A N behavior fits the data much worse with χ /D.O.F =
11.5
√ (K = 2), 8.6 (K = 3), 8.5 (K = 4). The dotted line represents the the best
N fit for K = 2.

the stability is essentially lost. This means, the tolerance against perturbations
observed for Kauffman networks is mostly generated by the stable core: in most
cases the perturbed signal is “lost” in the stable core and the full network remains unaffected. It has recently been argued [10] that the in-homogeneous, for
example scale-free, geometry of real world networks is underlying the stability
of these systems. Here we find the opposite: stability is primarily generated
dynamically by the propagation (Eq. 5.2) of the stable core in the network
logic. The homogeneous geometry plays only a secondary role: if just a geometric reduction of the network is performed, i.e. the leafs are removed (see the
discussion of of Eq. (5.3)), the error-sensitivity is almost unchanged compared
to the full network.
The decimation of constant variables from the network enables us to probe a
much larger fraction of the state space for a given network. Therefore one may
expect to get an better estimate for the number of limit cycles nc , which with
the commonly used method tends to be underestimated, because some limit
cycles may have been missed due to the huge state space. By decimating the
networks we can fully enumerate the state space for N ≤ 32 and hereby get
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an unbiased estimate. For larger systems we use the standard method with
1000 restarts on each of the reduced networks. Not unexpectedly we observe
a small discontinuity in the curve at the point were the simulation scheme is
changed. In Fig. 5.4 we plot
√ nc as a function of the network size N . We do not
find the quite often cited N behavior for this observable. Rather, we find a
linear growth with N . A possible explanation for the different results obtained
in some earlier works may be the bias introduced by the standard method in
combination with lower computational power.

5.5

Summary

The source of the remarkable error tolerance of critical Kauffman model is
identified as the “dynamics of the stable core”. While this seems to be a contradiction in terms, it quite nicely describes the percolation-like process, which
underlies the propagation of the “stability” signal. Starting from the relatively
few nodes with transition functions which do not at all depend on their inputs,
the islands of frozen states grow in time by the interaction with the already
stable nodes. This process is only limited by the finite size of the system. A
small fluctuation in the state of the system will most probably not propagate
through the stable core and therefore in most cases has no effect. We demonstrate this by studying reduced networks , where most of the stable, irrelevant
variables have been removed. The stability against small fluctuations for these
networks is reduced by orders of magnitude and will probably go to zero for infinite networks. It is interesting to observe that these effects are mostly driven
by the network logic and not by the network geometry.
For the identification of the relevant variables we have developed a decimation
procedure, which is based on inspection of the networks connectivity and logic.
The relatively simple procedure works surprisingly well. The results for the
size of the stable core are in very good agreement with the values obtained by
observing the dynamics of state-space trajectories in the full network [8].
As a by-product we use the reduced networks to get an improved estimate for
the number of limit cycles as a function of the network size. We find that the
number of limit cycles grows linearly with N , which is in sharp contrast
to the
√
square-root behavior reported by other groups. Even though this N behavior
was
√ an interesting analogy with multi-cellular organisms (with approximately
N different cell types for genomes with genome size N ), our result does in
no way reduce the importance of Kauffman networks as an example of selforganized order.

5.A In- and Out-degree distribution
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5.A

In- and Out-degree distribution

The reduced number K̃ of inputs after the decimation described in Eq. (5.2)
is the expectation value of the in-degree for the number of inputs from a nonstable variable. For two inputs in the original network we get:
1(1 − s(T )) + 2(1 − s(T ))2
K̃ =
= 1 + 2(1 − s(T )).
1 − s(T )

(5.4)

The out-degree distribution for a node in the random network can be understood by enumerating the number of ways the N K links can be distributed
over this node and the N − 1 remaining nodes, weighted by the corresponding
probabilities to choose the nodes:
µ
P (q|N, K) =

1
N

¶q µ

N −1
N

¶N K−q µ
¶
NK
.
q

(5.5)
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