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Introduction
“The glory of him, who in motion sets all things,
seeps through the universe, and shines,
in one part more, and less elsewhere.”
Dante Alighieri

This thesis is divided into two main parts, the introduction and the collection
of papers I have been working on during my doctoral studies. The goal is
to simulate the folding and aggregation mechanisms of proteins using physical
potentials.
The diversity of functions displayed by proteins in living organisms suggests
how important the folding process is. A few examples of functions carried
out by proteins are: the expression of the genetic information by binding to
specific sequences of nucleic acids, the transmission of information between cells
or organs, and the antibody function in the immune system.
Proteins are polypeptide chains, which in their natural environment typically
fold to a particular three-dimensional structure. This structure provides the
unique environments and orientations of the functional groups that give proteins their many special properties. When a protein does not fold into the
correct structure its function is compromised. Furthermore, “misfolding” of
proteins have been linked to pathological conditions such as the Alzheimer’s
and the Parkinson’s diseases.
In the papers included in this thesis we study the mechanisms by which proteins fold and aggregate. The introduction is structured as follows: First, I will
introduce some basic concepts, then I will give an overview of various theoretical approaches to the folding problem, and finally I will briefly describe the
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computational methods used in our studies.

Basics
Like the DNA, proteins are chains built from a relatively small collection of
molecules that are repeated in different patterns (sequences). These molecules
are called amino acids and only twenty types of them occur in nature [1]. The
three-dimensional structure [2] that a certain protein assumes under biological
conditions (i.e. in vivo), is encoded in its sequence and is commonly referred
to as its native state.
The protein folding problem can then be seen as a complex decryption problem, a little like translating hieroglyphs. For proteins the encrypted text is the
sequence and the meaning of it is the three-dimensional structure. A big improvement in the understanding of hieroglyphs came about with the discovery
of the Rosetta Stone, which allowed linguists to compare the same text written
in different languages, one of which was known. A similar methodology is used
in the so called homology method [3]. Given the fact that the structure is
resistant to mutation (roughly 30% of sequence similarity indicates structural
identity), it is possible to check the similarity of a sequence with others whose
folded structure is known, to predict its native configuration. Although this
method leads to very good results in terms of structure prediction, when a homologous sequence can be found, it does not help to understand the mechanism
by which the protein folds.
Understanding this mechanism is the goal of ab initio methods [4]. One
starts from a model that, even if it does not match the full complexity of the
real protein architecture, captures a core aspect of the physical protein folding
problem. Within this model proteins are then simulated starting from the
unfolded state until it reaches the native one. The simulation is repeated several
times to gain the statistical confidence needed to reliably calculate observable
physical quantities.

Aggregation and Misfolding
Murphy’s Law of Thermodynamics:
“Things get worse under pressure”
Non-native conformations of proteins have recently attracted considerable attention. Bioinformatics studies of complete genomes suggest that a fairly large
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fraction, perhaps up to one third, of the proteins encoded by the DNA of different organisms may be unstructured in the cell, or “natively unfolded” [5].
Unfolded states of proteins are usually studied experimentally through the
addition of denaturants. The intra-chain non-covalent interactions that stabilize native structures of proteins become less favourable in the presence of
denaturing agents, such as urea or guanidine. It has been suggested that natively unfolded proteins may have been selected through evolution because of
their plasticity [6]. In order to function, these proteins should go through a
disorder-to-order transition, which could be advantageous in certain situations
as compared to more rigid ones. This property also gives them the ability to
bind to different targets, as is often required in signalling cascades [7, 8], and
a capability to overcome steric restrictions, enabling them to expose binding
surfaces in complexes larger than those achieved by native proteins.
Another important issue concerning partially folded states of proteins is that
they seem to be associated with “misfolding diseases”, such as Alzheimer’s,
type II diabetes and the transmissible encephalopathies [9]. These diseases are
characterised by highly organized amyloid aggregations. There is increasing
evidence that amyloid aggregation is a generic feature of polypeptide chains,
not just of the 20 or so proteins associated with pathological conditions. The
ability of diverse peptides to form amyloid fibrils may be a consequence of the
fact that the intermolecular bonds that stabilize the structure involve the peptide backbone. In addition, it suggests that the conformational properties of
the multiple states that are accessible to proteins should be considered in order
to provide an accurate description of their behaviour. When a mutation or a
change in the folding conditions reduce the stability of the native state of a protein, the population of non-native states grows, thus increasing the probability
of aggregation [10]. The study of unfolded states is thus interesting in order to
better understand the folding mechanism and the properties of the free-energy
landscape (i.e. variation of the free energy with protein configuration).

Physical Driving Forces
The non-covalent interactions of the protein chain with itself and with its environment (water) are the driving forces of protein folding. There are many
variations on the same theme, so it is important to understand their physical
nature. The interactions can essentially be divided into two groups: Short
range repulsion and electrostatic interactions. That atoms repel each other at
short distances is a consequence of the Pauli exclusion principle (two fermions
cannot have the same quantum numbers). The electron clouds of both atoms
occupy the lowest possible energy levels and if the clouds overlap then some
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electrons must be elevated into excited states using the kinetic energy of the
colliding atoms. Hence we observe a repulsive force at short distances [11].
All the other intramolecular interactions are thought to be essentially electrostatic in origin [1]; in other words attraction and repulsion of charges and
dipoles. The simplest of these forces is the Coulomb [12] interaction between
two charges:
1 q1 q2
Fc =
(1)
4π² r2
where the q’s are the charges, r the distance between them and ² the dielectric
constant of the medium. Atoms or molecules do not need to have a net charge to
participate in electrostatic interactions. The particle nature of electrons makes
an atom neutral only on average, effectively they can be described by rapidly
fluctuating dipoles. These dipoles can attract the electrons of a nearby atom or
molecule inducing another dipole. This interaction can be approximated with
an expansion of the Coulomb potential in powers of the inverse distance between
the charges, r−1 , using time-independent perturbation theory [13]. The first
non-zero contribution turns out to be proportional to r−6 and attractive, and
is commonly referred to as the van der Waals potential.
The non-covalent interactions are often represented by a potential as a function of distance r that includes both an attractive and a repulsive hard sphere
potential. The most common of these is the so-called Lennard-Jones potential [14]:
·³ ´
³ σ ´n ¸
σ 12
E(r) = ²
−2
(2)
r
r
where σ is the minimum of E(r) and E(σ) = −². The r−n dependence may
model the electrostatic attraction between molecules described above. The r−12
represents the impenetrability of atoms, and has this form for computational
efficiency. It is sometimes described by an exponential of 1/r instead, but there
is little practical difference between these two choices [1]. These interactions are
well understood in vacuum and in regular solids, but not in liquids. This lack
of understanding is a consequence of the complexity of the liquid state, with its
constantly changing interactions among many molecules in constant movement.
The complexities of liquids are especially relevant for proteins, because their
folded conformations usually occur only in a liquid-water environment.
In spite of its biological importance, water is not one of the best understood
liquids. The forces between molecules dissolved in water are often more due to
the properties of this solvent than to the intramolecular interactions themselves
[1]. A more detailed description of these non-covalent interactions will include
ionic bonds, hydrogen bonds and van der Waals bonds. Hydrogen bonds in
particular stabilise the secondary structure of the protein. Furthermore the
competition of hydrogen bonds between water molecules and the protein, with
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hydrogen bonds among water molecules, is at the basis of what is commonly
called the hydrophobic effect.Since both hydrogen bonds and hydrophobic interactions play central roles in our model, I will discuss them in some more
detail.

Hydrogen Bonds
A hydrogen bond occurs when two electronegative atoms, such as nitrogen and
oxygen, interact with the same hydrogen. The hydrogen is normally covalently
attached to one atom, the donor, but interacts electrostatically with the other,
the acceptor. This interaction is due to the dipole between the electronegative atoms and the proton. The covalent and electrostatic nature of the bond
tends to keep the three atoms collinear. Hydrogen bonds are formed between
different amino acids (residues), between amino acids and water and between
water molecules. Hydrogen bonds between different amino acids are of special
importance because they stabilise α-helices and β-sheets. The hydrogen bonds
stabilising an α-helix are local, connecting the backbone CO group of amino
acid i with backbone NH group of amino acid i + 4. The hydrogen bonds
stabilising β-sheets may, by contrast, connect groups with a large separation
along the sequence. Water has a strong propensity to form hydrogen bonds,
and each water molecule can participate in two such bonds as an acceptor and
two as a donor.

Hydrophobic effect
The hydrophobic effect is commonly considered to be the main physical driving
force of the folding [15]. For water molecules it is rather unfavourable to form
hydrogen bonds with non-polar (hydrophobic) molecules; they prefer to form
such bonds between them. This property causes water in proximity of nonpolar surfaces to adopt a particular configuration in order not to destroy the
hydrogen bond network. Because of the ordering of water the system suffers an
entropy loss. Trying to minimise this entropy loss ultimately causes the nonpolar molecules to cluster together and thereby minimise the surface of contact
with water. Another effect that leads to the minimisation of the hydrophobic
surface is the fact that in this way water reduces the number of non-formed
hydrogen bonds. Proteins might consist of both polar and non-polar amino
acids. The cores of globular proteins are, due to the effective hydrophobic
attraction, dominated by non-polar amino acids.
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Theoretical Aspects
Many aspects of protein folding are still subjects of debate, in particular the
amount of energetic frustration, the two-state character of the free-energy landscape and the mechanism of folding (nucleation vs diffusion collision).
In the following section I will describe these concepts and try to explain some
of the open questions.

Frustration
“Frustration arises when you buy a new boomerang
and you realize you can’t throw away the old one.”
thanks to P. Johansson
A fundamental property of the energy landscape of protein folding is frustration. In Giorgio Parisi’s words, “frustration refers to an inability to satisfy
simultaneously all the inclinations of all the microscopic entities” [16]. It arises
typically in optimization problems involving competing quantities. A simple
example is as follows. We have three players that we want to group into at
most two teams, according to their mutual feelings; say love and hate. If they
all hate each other, splitting them is obviously better even though two of them
must be together, leaving one constraint unsatisfied. The system is frustrated.
If they all love each other, we have the opposite situation where grouping them
in the same team is better and does not lead to any unsatisfied constraint.
In general frustrated optimization problems have many equivalent solutions:
solving our problem in different ways may lead to similar values of the quantity being optimised (e.g. energy). In the example with the three players, let
us assume that the “energy” of the system will decrease by one unit for each
satisfied constraint (pairing). In the love case, if all the players are equivalent,
all constraints can be satisfied and only one minimum (all in the same team)
is present. On the contrary, in the hate case, there are three equivalent configurations (i.e. the three ways to divide the players), that is three equivalent
energy minima.
For proteins we can have two types of frustration, energetic and topological [17].
Energetic frustration can arise when two amino acids which are not close in the
native structure form a stabilising contact (e.g. a hydrogen bond) as the chain
folds. It can also arise because two amino acids happen to be close in the native
structure although they do not interact favourably. Topological frustration is
due to excluded volume and chain connectivity. It occurs when two configura-
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tions similar in energy are not dynamically connected; that is, a transition from
one to the other requires at least partial unfolding. While energetic frustration
can be minimized by evolution (choosing particular sequences), the topological
one is unavoidable.

Energy Landscape Theory
A major contribution to folding theories is represented by the energy landscape
picture [17–19]. We call the variation of the energy with respect to protein configuration “energy landscape”. Rather than viewing the folding of a protein as
a sequence (pathway) of specific intermediates, the landscape theory views folding as a progression (diffusion) of ensembles. That is to say, this macroscopic
pathway is an ensemble of microscopic ones. According to this theory, the energy landscape of a folding protein resembles a partially rough funnel (native
contacts are stabilising). The local roughness of the funnel reflects transient
trapping of the protein configurations in local energy minima. The overall funnel shape of the landscape, superimposed on this roughness, arises because the
interactions present in the native structure of natural proteins conflict with
each other much less than expected if there were no constraints of evolutionary
design to achieve reliable and relatively fast folding: the frustration is minimised. This funnel shape is necessary to overcome the Levinthal paradox i.e.
the statistical improbability of finding a unique stable folded conformation of
proteins by random searches in a flat energy landscape.
The energy landscape picture is, nevertheless incomplete [4], as entropic effects
are ignored. The growth in the number of thermally occupied states as we move
away from the native structure favours disordered configurations. This represents a thermodynamic force opposing that derived form the energy landscape.
The net result of these two opposing effects is represented by the free-energy
landscape. The power of this theory lies in enabling us to project the high
dimensionality of the folding problem down to one or few reaction coordinates.
A good reaction coordinate describes how “close” a specific conformation is to
the native state in terms of folding kinetics. There are various ways to quantify
the similarity with the native state and some care is required in choosing one
of them because some of this measures do not discriminate between topologies
that are kinetically separated [20]. A typical example of two such topologies is
given by the two mirror images of a three-helix bundle [21, 22]. By looking at
the free-energy as a function of these reaction coordinates it is then possible to
describe the kinetic behaviour of the system. If the motion in the free-energy
landscape is assumed to be diffusive using Kramer’s analysis [23] we can predict the folding time (see section on the “two state picture”). However when
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projecting a high dimensional space into one or two reaction coordinates the
dynamics along these coordinates tend to become non diffusive on short time
scales. For many small proteins, the free-energy landscape is believed to have a
simple shape with two minima, corresponding to one folded and one unfolded
state. We define the folding temperature Tf , as the one where the unfolded
population Pu equals the folded one Pf . The two minima are separated by a
free-energy barrier, and the ensemble of states corresponding to this free-energy
maximum is referred to as the transition state ensemble (TSE).

Folding mechanisms: Nucleation vs Diffusion Collision
“Is this good, or does it just look good?”
P. Dhonte
The folding mechanism still remains an open problem, with two major theories
trying to explain it. One view, the diffusion collision [24] mechanism, wants
secondary structure elements to be formed before the hydrophobic collapse
occurs. In other words the folding kinetic is driven by secondary structure
(α-helix or β strand) formation. Another view, the nucleation mechanism [4],
argues that the tertiary structure is what drives the folding kinetic and the
secondary one plays only a minor role. According to this view, the protein in
the TSE forms a certain set of native interactions between specific residues, a
folding nucleus. Hence a conformation in the TSE may look like a distorted
native state with large unstructured loops. Some proteins, however, have a
nucleus with partially formed secondary structure [25]. The nucleation does
not require secondary structure elements to be formed before the transition
state is reached but in some cases it could be formed simultaneously with the
formation of the tertiary structure.
A number of theoretical and experimental studies [26–28] have found that the
nucleation mechanism better describes the folding, ruling out the necessary
kinetic role of secondary structure elements. Other studies [29] on the other
hand, support the diffusion collision mechanism. It is possible, however, that
there is not a single rule applying to all proteins and that both mechanisms
explain the folding behaviour but for different proteins and different conditions.
For a recent review of different folding mechanisms, see Ref. [30].

Two-state picture
Many small proteins behave in a two-state manner [31]. In the two-state picture, the free-energy landscape is formed out of two minima separated by a
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barrier in between. Within this view, a generic observable is given by:
X(T ) =

X u + K(T )X f
1 + K(T )

(3)

where X u and X f are the values of the observable in the unfolded and in the
folded state, respectively, and K(T ) is the ratio between the populations in the
folded and the unfolded states. Another prediction of the two state picture is
that the relaxation time of this observable, is a single exponential. Assuming
diffusive motion along each reaction coordinate, it is possible to model the
folding process with a Brownian motion in an external potential where the
probability distribution of a generic reaction coordinate is described by the
diffusion equation. With this assumption, the dependence of our observable X
on time t, X(t), can be written as a sum of exponentials:
X(t) = hXi +

∞
X

Ak e−t/τk

(4)

k=1

where τ1 > τ2 > τ3 > . . . and hXi denotes the equilibrium value of X. If
the barrier is high then τ1 is much bigger than the other τk , giving rise to
an effectively single-exponential relaxation. The time constant for this slowest
mode is then given by [23]
τ1 ∝ eβ∆F
(5)
where ∆F is the height of the barrier and β = 1/kB T , kB being Boltzmann’s
constant.
In Paper III we discuss the folding behaviour of proteins for which the barrier
is very small. In the absence of a clear barrier there is no reason to expect a
clear separation between τ1 and the other τk . Recent experimental studies [32]
on some very rapidly folding proteins (few µs) found indeed deviations from
single-exponential relaxation; the results could, however, be fitted to a sum of
two exponentials.

Potentials
“It’s simple physics. Calculate the velocity, v,
in relation to the trajectory, t, in which g, gravity,
of course remains a constant. It’s not complicated.”
G. Costanza
The shape of the free-energy landscape observed in simulations is partly determined by the potential used to study the folding. As I discussed before, for
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small proteins it is believed that the amount of energetic frustration is very
low. An obvious starting point for an effective potential is thus the class of
the Gō-like ones [33]. In the simplest form of Gō potentials, one ignores all
interactions between parts that are not in contact in the native structure. In
other words, the energetic frustration is completely removed and we are left
only with the geometric one. Even if at a first glance this approach seems
completely unphysical and oversimplified, it has two major advantages. First,
its ability to fold essentially any protein. Second, properties of the near-native
states might be well described, and in some cases [34] a good agreement with
experiments has been obtained. It has recently been shown that non-native
interactions may play a stabilising role along the normal folding pathways, in
particular in the unfolded and transition states [35]. How much Gō potentials
mimic true potentials is, however, still a subject of debate. Naturally, a clear
disadvantage of this class of potentials is the lack of predictive power and their
intrinsically unphysical nature.
Sequence-based potentials represent a completely different approach, in which
no prior information on the native state is required. In this case the potential
is formed out of many parts, each modelling a different physical driving force.
However, the precise forms of these forces are not known. One consequence of
this is that one has no control on the amount of energetic frustration. Indeed,
trapping in local minima typically increases the complexity of these simulations
compared to Gō calculations. It has to be noted, however, that the role and the
amount of energetic frustration in real proteins are not completely understood.
Today we are still far from having the “perfect” general potential that folds
every protein. It is of tremendous importance to have potentials able to fold
several, structurally different proteins without any fine-tuning of the parameters. Only in this way, a clear understanding of the physical interactions can
be achieved.

Computational Methods
“Before explaining how the computers
that I used for my simulations work,
I will give some insights on punch cards.”
M. Ringnér
Computer simulations of protein folding rely on methods for sampling the space
of all possible configurations. Monte Carlo and Molecular Dynamics are two
such methods. The ideas behind them are quite different. In Monte Carlo,
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one jumps stochastically between configurations. In Molecular Dynamics the
motion in the configuration space is calculated by integration of the equations
of motion. In the following section, I will give an overview of the basic concepts
behind these methods.

Thermal Average
In an experiment we typically measure a quantity (observable) over a macroscopic sample. In other words, the measured quantity is an average over many
microscopic entities. In a simulation we deal with a microscopic system, so we
need to calculate this average explicitly.
In equilibrium statistical mechanics one computes averages of a quantity A
from the Boltzmann distribution, i.e.
X eq
Pl Al ,
(6)
hAi =
l

where l denotes a state, Al is the value of A in that state, and Pleq is the
equilibrium (Boltzmann) distribution, i.e.
e−βEl
−βEm
me

Pleq = P

(7)

The number of states is exponentially large in the number of degrees of freedom,
N , which makes it quite impractical to perform the sum in Eq. (6) except if
N is really tiny. However, we are generally interested in large N . Rather than
summing over all the states in Eq.(6), it is possible to sample a small fraction
of these states. This leads to an estimate of the average, which will not be
exact but will have statistical errors. We use an iterative procedure which,
after some initial transient phase, generates states according to the Boltzmann
distribution. Hence the estimate of the average is
hAiest =

t0
1 X
A(t),
t0 t=1

(8)

where t is simulation “time”, A(t) is the value of A at that particular time, and
t0 is the number of measurements. The difference between the estimate hAiest
in Eq.(8) and the exact value hAi in Eq.(6) is proportional to n−1/2 where n is
the number of statistically independent measurements. The configurations generated by the algorithm will be correlated in general up to a certain relaxation
time τ , so n ∼ t0 /τ will be less than t0 .
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Monte Carlo
The Monte Carlo method provides a way to compute thermal averages. The
idea behind this approach is to sample the configuration space randomly. The
method is called after the city in the Monaco principality, because of the game
of roulette, a simple random number generator. A simple example of this
method could be as follows. Let us suppose that we have a lake inside a square
field (with side l) delimited by high walls. We want to measure the surface of
the lake. A possible way to do that, would be to throw stones inside the field
(randomly) and count how many of them end up on the lake (i.e. how many
splashes we hear) and how many on the ground (no splash). Since we know
the surface of the field (l2 ) the ratio between the two numbers (stones in the
lake/stones in the ground) will give us an estimate of the surface of the lake
that becomes more and more precise the more stones we throw.
A Monte Carlo simulation begins with the system in some state, say l0 . We
then generate stochastically a subsequent set of states (Markov chain), to which
we give a time label t = 0, 1, 2, 3 . . . At t = 0 the system is definitely in state l0
but at later times it can be in different states with non-zero probability Pl (t).
We desire that at long times Pl (t) approaches the equilibrium distribution Pleq ,
i.e.
lim Pl (t) = Pleq .
(9)
t→∞

In order to achieve this, the algorithm must be ergodic, i.e. starting from any
state, after a sufficiently long time, there should be a non-zero probability for
the system to be in any other state.
The initial distribution is made to converge to the equilibrium distribution
after a certain time by a judicious choice of the “transition rates” wl→m ,
where wl→m is the probability that, given that the system was in state l at
time t, it will be in state m at time t + 1. The evolution of the probabilities
Pl (t) follows the master equation
X
Pl (t + 1) − Pl (t) =
[Pm (t)wm→l − Pl (t)wl→m ]
(10)
m

Clearly, a necessary condition for the method to work is that the Boltzmann
distribution P eq , is a stationary distribution, i.e. if Pl (t) = Pleq for all l then
Pl (t + 1) = Pleq for all l, which according to Eq.(10) requires that
X eq
eq
(Pl wl→m − Pm
wm→l ) = 0
(11)
m

In practice, stationarity is usually accomplished by making each term in Eq.(11)
vanish, i.e.
eq
Pleq wl→m = Pm
wm→l
(12)
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which is known as the detailed balance condition. Because the equilibrium
distribution is given by Eq.(7), the detailed balance condition can be written
wl→m
P eq
= e−β(Em −El ) = e−β∆E
= m
wm→l
Pleq

(13)

A common way of implementing a Monte Carlo move is to first draw a “trial”
state m at time t + 1 from the proposal matrix Ul→m , given that the state at
time t was l. This matrix Ul→m is usually chosen to be symmetric. The state
m is then accepted as the state at t + 1 with some probability al→m . Otherwise
the state at t + 1 is the old state l. The transition matrix can be written as
wl→m = Ul→m al→m .

(14)

Assuming that Ul→m is symmetric, the detailed balance condition can be expressed as
al→m
= e−β∆E
(15)
am→l
The Metropolis algorithm [36] satisfies this equation by taking
al→m = min(e−β∆E , 1).

(16)

In other words, one always accepts the move if the energy decreases but only
accepts it with probability exp (−β∆E) if the energy increases.

Molecular Dynamics
The Molecular Dynamics method is based on integrating the equations of motion for all the particles of the system. This process is deterministic which
makes Molecular Dynamics very different from Monte Carlo. The system is
initialised with initial position and velocity for each particle. Then the forces
acting on all of the particles are calculated. Finally, the system is evolved
one step forward in time, using a suitable discretised form of the equations of
motion, e.g.
r(t + ∆t) ∼ 2r(t) − r(t − ∆t) +

f (t) 2
∆t + O(∆t4 )
m

(17)

where r is a coordinate, f is the force, and ∆t is the step size. This estimate
of the new position contains an error that is of order ∆t4 . To ensure numerical
stability one should use a ∆t smaller than the fastest time scale of the system.
The time scales of protein folding are very broad, ranging from atom oscillations
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at O(10−15 ) seconds to folding times at O(10−6 ) seconds and above. This large
spread of time scales makes Molecular Dynamics simulation of protein folding
typically very slow. The strength of this method relies on the possibility of
performing “physical” updates. In thermodynamic simulations, where one is
interested in the average behaviour of the system, it is much more efficient,
however, to use generalised-ensemble techniques such as simulated tempering.
In kinetic simulations, on the contrary one is interested in the evolution of the
system. Molecular Dynamics, with its physical updates seems then the natural
choice. However, whether the use of physical updates in a model without explicit solvent, models the real evolution of the system, still remains to be seen.
Furthermore, it was recently noticed [37], that if kinetic events are separated
by a large enough number of local Monte Carlo updates, and if they are observed in an ensemble of relaxation trajectories, they represent significant state
population shifts and reflect properties of the free-energy landscape.

Improved Monte Carlo Methods
Even for proteins with minimal amount of energetic frustration, the free-energy
landscape contains different local minima separated by barriers. From a computational point of view this means that the relaxation time of the system is
very long; a longer simulation time is required in order to obtain statistically
reliable results. A general way to overcome this problem is through the use
of umbrella sampling [38] or reweighting [39] techniques, which make it possible to replace the desired Boltzmann distribution with another distribution
that is easier to simulate. Suppose that there are two regions in the configuration space we want to sample, and the probability of visiting one of them
is very small. One can then build a new distribution where the two regions
are reweighted in order to make them equally probable. Two widely studied
approaches to the problem of building this new probability distribution are the
multicanonical [40, 41] and the simulated tempering [42, 43] methods. In the
multicanonical method the probability distribution is defined in such a way
that all energies are equally probable. This is achieved by dividing the energy
axis into sub-intervals and adding a piece-wise linear term, αE + βE E, to the
true energy E. In this way the Boltzmann factor PB ∝ exp (−β̂E) is replaced
by the distribution
PMcan ∝ exp {−αE − (β̂ + βE )E}

(18)

On each sub-interval this leads to a canonical weight factor with β = β̂ + βE .
The parameters βE and αE are chosen so as to make the energy distribution
as flat as possible.
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Since in our simulations we have used simulated tempering I will discuss this
method in some more detail.
Simulated Tempering
The idea of simulated tempering is to add a second Markov chain to the usual
one in order to make it easier for the system to move across free-energy barriers.
More accurately, we want to equilibrate our statistical system with respect to
the Boltzmann distribution Eq.(7) P (σ) where σ represents a configuration
of the system we want to study. We choose a new probability distribution,
with an enlarged number of variables, P̃ (σ, βα ), such that for fixed βα , P̃ is
proportional to the Boltzmann distribution at β = βα . In this way β becomes
a dynamical variable with a predetermined set of allowed values βα . The new
equilibrium probability distribution is
P eq (σ, βα ) ' e−βα E(σ)+gα

(19)

The gα are parameters which tune the relative probability of each β value; the
probability of finding a given value of α is
Pα = Zα egα ≡ egα −βα Fα

(20)

where Zα and Fα are respectively the partition function and the free energy at
βα . In order to have all β values equally probable (i.e. to visit all β with the
same frequency) we need to set
gα = βα Fα

(21)

It is possible to estimate gα from a test run in which one monitors the probabilities of visiting the different temperatures. For this method to work the
overlap of the probability distributions at adjacent temperatures has to be
non-negligible.
A method closely related to simulated tempering is parallel tempering [44–47].

Paper I
As we have seen before the Monte Carlo method allows large unphysical moves
which are extremely efficient to sample the configuration space at high temperatures when the chain is in an extended configuration. A modest change
in a dihedral angle in the middle of the chain can lead to large movements of
the atoms at the end. Near-native configurations of proteins are quite compact
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objects. In this case large moves that lead to major rearrangement of part of
the chain are inconvenient because they lead to steric clashes which reduce the
acceptance rate. In a compact configuration a local update that leaves the rest
of the chain fixed, is more efficient. In this paper we discuss a “quasi-local”
Monte Carlo update. The method involves a change in the torsional angles of
four consecutive amino acids, drawn from a Gaussian distribution that favours
approximately local deformations of the chain. A bias parameter is introduced
to control the degree of “locality” of the update. This method was successfully
used in [48], combined with a chain closure algorithm [15], to produce quasi
local pre-rotations.

Papers II and IV
In a recent paper [21], Irbäck, Sjunnesson and Wallin introduced an off-lattice
model with a simplified geometry. Their potential does not rely on the Gō prescription. That model includes three types of amino acids, hydrophobic, polar,
and glycine, the energy function is based on hydrogen bonds and hydrophobicity interactions. In paper (II) this model is extended through the introduction
of alanine and proline. Alanine is taken to be intermediate in hydrophobicity
between the hydrophobic and the polar amino acids, while proline has a special geometric representation in order to mimic its helix breaking properties.
The only degrees of freedom are the backbone torsional angles. The potential
is kept as simple as possible. It is composed of four terms, local, excluded
volume, hydrogen bonds, and hydrophobicity. The extreme simplicity of the
model is its strength because it focuses only on the essential ingredients needed
to fold a three helix bundle. In paper (II) the 10-55-amino acid fragment of
the B domain of staphylococcal protein A is studied with thermodynamic and
kinetic simulations. Energy minimisation, restricted to the thermodynamically
favoured topology, gives a configuration that has a root-mean-square deviation
of 1.8Å from the experimentally determined structure. From the kinetic simulations we found that collapse is at least as fast as helix formation, ruling
out the possibility of a diffusion collision pathway as suggested by Zhou and
Karplus [50].
In paper (IV) we study the 9-54-amino acid fragment of the Z domain of
staphylococcal protein A ZSPA-1 and its wild-type. ZSPA-1 was engineered from
the wild type adding 13 mutations. Both fragments are compared with recent
experimental data [51]. The model predicts that in ZSPA-1 the helix content is
lower and the melting behaviour is less cooperative as compared with the wild
type. In the wild type of the Z domain, as well as in the B domain studied
in paper (II), chain collapse and helix formation occur on similar time scales.
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However, in the mutated sequence ZSPA-1 , chain collapse is faster than helix
formation.

Paper III
In this paper we discussed what folding behaviour should be expected in case
the energy barrier between the unfolded and native state is small or absent.
The model and the protein studied are the same as in [21]. Thermodynamic
simulations are used to study the free-energy behaviour as a function of the
energy or as a function of the similarity to the native state. This free-energy
landscape lacks a clear bimodal shape normally associated with two state systems; but in spite of that, the melting curves show a two-state character and
the relaxation behaviour is close to a single exponential. Using a square-well
approximation we made predictions of the relaxation time that are found to
agree within a factor of two with the observed one. It is interesting to notice
that the second and third terms in Eq.(4), solved for square-well potential,
have time constants τ2 = τ1 /4 and τ3 = τ1 /9 at T = Tf , where τ1 is given by
Eq.(5). Due to statistical limitations, this could not be tested on our model
protein. The double exponential fit of recent experimental data [32] on fastfolding proteins, that was previously discussed, gave τ1 /τ2 ≈ 4. However the
lack of other studies showing this behaviour makes it impossible to draw any
definitive conclusion.

Paper V
Using an all atom model [29–31] with a sequence based potential, the aggregation of the Aβ16−22 fragment of the Alzheimer’s amyloid peptide is studied.
We explore the behaviour of different systems with one, three, and six peptides,
at constant peptide concentration. As indicated by experimental studies [18]
we find a strong propensity for antiparallel beta sheet formations. In addition
to the Aβ16−22 peptide, we study a few control sequences. Hydrophobicity is
found to be a major driving force of the aggregation of this peptide.
A recent study [56] on the same peptide also found propensity for antiparallel
beta-sheet formation. The authors suggested that this propensity is due to the
Coulomb interactions between the opposite charges present at the extremities of
the Aβ16−22 peptide. Since our potential Coulomb interactions are not included,
our results indicate that other mechanisms, such as the geometry of backbonebackbone hydrogen bonds, might play an important role in determining the
antiparallel orientation of Aβ16−22 peptides. We also simulate a system of three
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peptides where the hydrophobic amino acids are distributed asymmetrically. In
contrast to the Aβ16−22 peptide this system is able to form three parallel βstrands because of its hydrophobic moment. The hydrophobic moment was also
found to be important by Gordon et al. in Ref. [19] who studied experimentally
the Aβ16−22 peptide modified with the addition of octanoic acid, in order to
increase its amphiphilicity. The octanoyl-Aβ16−22 is found to form fibrils with
parallel β-strands.
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Abstract:
We develop a new elementary move for simulations of polymer chains in torsion
angle space. The method is flexible and easy to implement. Tentative updates
are drawn from a (conformation-dependent) Gaussian distribution that favors
approximately local deformations of the chain. The degree of bias is controlled
by a parameter b. The method is tested on a reduced model protein with
54 amino acids and the Ramachandran torsion angles as its only degrees of
freedom, for different b. Without excessive fine tuning, we find that the effective
step size can be increased by a factor of three compared to the unbiased b = 0
case. The method may be useful for kinetic studies, too.
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1.1

Biased Gaussian Steps in Torsional Space

Introduction

Kinetic simulations of protein folding are notoriously difficult. Thermodynamic
simulations may use unphysical moves and are therefore potentially easier, but
existing methods need improvement. Three properties that a successful thermodynamic algorithm must possess are as follows. First and foremost, it must
be able to alleviate the multiple-minima problem. Methods like the multicanonical algorithm [1, 2] and simulated tempering [33–35] try to do so by
the use of generalized ensembles. Second, it must provide an efficient evolution of large-scale properties of unfolded chains. The simple pivot method [6]
does remarkably well [7] in that respect. Third, it must be able to alter local
properties of folded chains without causing too drastic changes in their global
structure. This paper is concerned with the third problem, which is important
if the backbone potentials are stiff and especially if the mobility is restricted
to the biologically most relevant torsional degrees of freedom.
An update that rearranges a restricted section of the chain without affecting
the remainder is local. For chains with flexible or semiflexible backbones, there
exists a variety of local updates, ranging from simple single-site moves to more
elaborate methods [8–12] where inner sections are removed and then regrown
site by site in a configurational-bias manner [13, 14]. However, these methods
break down if bond lengths and bond angles are completely rigid.
The problem of generating local deformations of chains with only torsional
degrees of freedom was analyzed in a classic paper by Gō and Scheraga [15].
Based on this analysis, Dodd et al. [16] devised the first proper Monte Carlo
algorithm of this type, the concerted-rotation method. This method works
with seven adjacent torsion angles along the chain. One of these angles is
turned by a random amount. Possible values of the remaining six angles are
then determined by numerically solving a set of equations that guarantee that
the move is local. The new conformation is finally drawn from the set of all
possible solutions to this so-called rebridging problem. Variations and generalizations of this method have been discussed by several groups [17–19]. There
are also methods [20–24] that combine elements of the configurational-bias and
concerted-rotation approaches. One of these methods [23] uses an analytical
rebridging scheme, inspired by the solution for a similar problem in robotic
control [25].
The concerted-rotation approach is a powerful method that can generate large
local deformations by finding the discrete solutions to the rebridging problem.
However, the method is not easy to implement and large local deformations
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may be difficult to accomplish if, for example, the chain is folded and has
bulky side groups. Hence, there are situations where this method is not the
obvious choice.
In this paper, we discuss a different and less sophisticated type of Monte Carlo
move in torsion angle space. This algorithm is by nature a “small-step” algorithm so large local deformations cannot take place. Drastic global changes
would still occur if the steps were random. To avoid that, a biasing probability
is introduced. The method becomes approximately local if the bias is made
strong. Compared to a strictly local update, this method has the disadvantage
that a much smaller part of the energy function is left unchanged, so the CPU
time per update is larger. However, this problem is not too severe for moderate
chain lengths. Moreover, both our method and strictly local ones are typically
combined with some truly nonlocal update like pivot, and such an update is
not faster than ours.
The algorithm proceeds as follows. We consider n torsion angles φi , where
n = 8 in our calculations. To update these angles, we introduce a conformationdependent n×n matrix G such that δ φ̄T Gδ φ̄ ≈ 0 for changes δ φ̄ = (δφ1 , . . . , δφn )
that correspond to local deformations. The steps δ φ̄ are then drawn from the
Gaussian distribution
h a
i
P (δ φ̄) ∝ exp − δ φ̄T (1 + bG)δ φ̄ ,
(1.1)
2
where 1 denotes the n × n unit matrix and a and b are tunable parameters.
The parameter a controls the acceptance rate, whereas b sets the degree of bias.
The new conformation is finally subject to an accept/reject step. Important to
the implementation of the algorithm is that the matrix G is non-negative and
symmetric. Hence, it is possible to take the “square root” of 1 + bG, which
facilitates the calculations.
This method, which is quite general, is tested on a reduced model protein [26]
with 54 amino acids and the Ramachandran torsion angles as its only degrees of
freedom. This chain forms a three-helix bundle in its native state and exhibits
an abrupt collapse transition that coincides with its folding transition. The
performance of the method is studied both above and below the folding temperature, for different values of the parameters a and b. For a suitable choice
of b, we find that the effective step size can be increased by a factor of three in
the folded phase, compared to the unbiased b = 0 case. The optimal value of b
corresponds to a relatively strong bias, that is an approximately local update.

32

1.2

Biased Gaussian Steps in Torsional Space

The Model

In our calculations, we consider a reduced protein model [26] where each amino
acid is represented by five or six atoms. The three backbone atoms N, Cα and
C0 are all included, whereas the side chain is represented by a single atom, Cβ .
The Cβ atom can be hydrophobic, polar or absent, which means that there are
three different types of amino acids in the model. For a schematic illustration
of the chain representation, see Fig. 1.1.
All bond lengths, bond angles and peptide torsion angles (180◦ ) are held fixed,
which leaves us with two degrees of freedom per amino acid, the Ramachandran
torsion angles (see Fig. 1.1).
The energy function
E = Eloc + Esa + Ehb + EAA

(1.2)

is composed of four terms. The local potential Eloc has a standard form with
threefold symmetry,
²loc X
Eloc =
(1 + cos 3φi ) .
(1.3)
2 i
The self-avoidance term Esa is given by a hard-sphere potential of the form
X0 µ σij ¶12
Esa = ²sa
,
(1.4)
rij
i<j
where the sum runs over all possible atom pairs except those consisting of two
hydrophobic Cβ . The hydrogen-bond term Ehb is given by
X
Ehb = ²hb
u(rij )v(αij , βij ) ,
(1.5)
ij

where i and j represent H and O atoms (see Fig. 1.1), respectively, and
µ
¶12
µ
¶10
σhb
σhb
u(rij ) = 5
−6
(1.6)
rij
rij
½
cos2 αij cos2 βij αij , βij > 90◦
v(αij , βij ) =
(1.7)
0
otherwise
In these equations, rij denotes the HO distance, αij the NHO angle, and βij
the HOC0 angle. Finally, the hydrophobicity term EAA has the form
¶6 ¸
µ
X ·µ σAA ¶12
σAA
,
(1.8)
EAA = ²AA
−2
rij
rij
i<j
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where both i and j represent hydrophobic Cβ . In the following, kT is given
in dimensionless units, in which ²hb = 2.8 and ²AA = 2.2. Further details of
the model, including numerical values of all the parameters, can be found in
Ref. [26].
In this model, we study a designed three-helix-bundle protein with 54 amino
acids. In Ref. [26], it was demonstrated that this sequence indeed forms a stable
three-helix bundle, except for a twofold topological degeneracy, and that it has
a first-order-like folding transition that coincides with the collapse transition.
It should be noted that these properties are found without resorting to the
widely used but drastic Gō approximation [27], where interactions that do not
favor the desired structure are ignored.

1.3

The Algorithm

We now turn to the algorithm, which we describe assuming the particular chain
geometry defined in Sec. 2. That this scheme can be easily generalized to other
types of chains will be evident.
Consider a segment of four adjacent amino acids k, k + 1, k + 2 and k + 3
along the chain, and let the corresponding eight Ramachandran angles (see
Fig. 1.1) form a vector φ̄ = (φ1 , . . . , φn ), where n = 8. A change δ φ̄ of φ̄ will,
by construction, leave all amino acids k 0 < k, as well as the N, H and Cα atoms
of amino acid k, unaffected. For all amino acids k 0 > k +3 to remain unaffected
too, it is sufficient to require that the three atoms Cα , C0 and O of amino acid
k + 3 (see Fig. 1.1) do not move. If this condition is fulfilled, the deformation
of the chain is local.
Denote the position vectors of the Cα , C0 and O atoms of amino acid k + 3 by
rI , I = 1, 2, 3. A bias toward local deformations can be obtained by favoring
changes δ φ̄ that correspond to small values of the quantity
∆2 =

3
X

(δrI )2 ,

(1.9)

I=1

which for small δφi can be written as
∆2 ≈ δ φ̄T Gδ φ̄ =

n
X
i,j=1

δφi Gij δφj ,

(1.10)
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Figure 1.1: Update of the chain defined in Sec. 1.2. Eight torsion angles φi
are turned. Turns such that the three atoms in the box are left unaffected are
favored. Thick lines represent peptide bonds and the peptide torsion angles
are fixed.
where
Gij =

3
X
∂rI
I=1

∂φi

·

∂rI
.
∂φj

(1.11)

Note that the three vectors rI can be described in terms of six independent
parameters, since bond lengths and angles are fixed. This implies that the
n × n matrix G, which by construction is non-negative and symmetric, has
eigenvectors with eigenvalue zero for n = 8 > 6. A bias toward small ∆2
means that these soft modes are favored.
We can now define the update, which consists of the following two steps.
1. Draw a tentative new φ̄, φ̄0 , from the Gaussian distribution
W (φ̄ → φ̄0 ) =

£
¤
(det A)1/2
exp −(φ̄0 − φ̄)T A(φ̄0 − φ̄) ,
3
π

where the matrix

(1.12)

a
(1 + bG)
(1.13)
2
is a linear combination of the n×n unit matrix 1 and the matrix G defined
by Eq. 1.11. The shape of this distribution depends on the parameters
a > 0 and b ≥ 0. The parameter b sets the degree of bias toward small
∆2 . The bias is strong for large b and disappears in the limit b → 0.
The parameter a is a direction-independent scale factor that is needed
to control the acceptance rate. Larger a means higher acceptance rate,
for fixed b. If b = 0, then the components δφi are independent Gaussian
random numbers with zero mean and variance a−1 .
A=
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Note that W (φ̄ → φ̄0 ) 6= W (φ̄0 → φ̄) since the matrix G is conformation
dependent.
2. Accept/reject φ̄0 with probability
µ
¶
W (φ̄0 → φ̄)
0
Pacc = min 1,
exp[−(E − E)/kT ]
(1.14)
W (φ̄ → φ̄0 )
for acceptance. The factor W (φ̄0 → φ̄)/W (φ̄ → φ̄0 ) is needed for detailed
balance to be fulfilled, since W is asymmetric.
It should be stressed that this scheme is quite flexible. For example, it can be
immediately applied to chains with nonplanar peptide torsion angles. The use
of the concerted-rotation method for simulations of such chains has recently
been discussed [28].
A convenient and efficient implementation of the algorithm can be obtained if
one takes the “square root” of the matrix A, which can be done because A is
symmetric and positive definite. More precisely, it is possible to find a lower
triangular matrix L (with nonzero elements only on the diagonal and below)
such that
A = LLT .
(1.15)
An efficient routine for this so-called Cholesky decomposition can be found
in [29].

1.3.1

Implementing step 1

Given the Cholesky decomposition of the matrix A, the first step of the algorithm can be implemented as follows.
• Draw a ψ̄ = (ψ1 , . . . , ψn ) from the distribution P (ψ̄) ∝ exp(−ψ̄ T ψ̄). The
components ψi are independent Gaussian random numbers and can be
generated, for example, by using the Box-Muller method
ψi = (− ln R1 )1/2 cos 2πR2 ,

(1.16)

where R1 and R2 are uniformly distributed random numbers between 0
and 1.
• Given ψ̄, solve the triangular system of equations
LT δ φ̄ = ψ̄

(1.17)
0

for δ φ̄. It can be readily verified that the δ φ̄ = φ̄ − φ̄ obtained this way
has the desired distribution Eq. 1.12.
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Implementing step 2

The Cholesky decomposition is also useful when calculating the acceptance
probability in the second step of the algorithm. The factor W (φ̄ → φ̄0 ) can be
easily computed by using that
(det A)1/2 =

n
Y

Lii

(1.18)

i=1

and that exp[−(φ̄0 − φ̄)T A(φ̄0 − φ̄)] = exp(−ψ̄ T ψ̄). The reverse probability
W (φ̄0 → φ̄) depends on A(φ̄0 ) and can be obtained in a similar way, if one
makes a Cholesky decomposition of that matrix, too.

1.3.3

Pivot update

Previous simulations [26] of the model protein defined in Sec. 1.2 were carried
out by using simulated tempering with pivot moves as the elementary conformation update. With this algorithm, the system was successfully studied
down to temperatures just below the folding transition. However, the performance of the pivot update, where a single angle φi is turned, deteriorates in the
folded phase. What we hope is that the exploration of this phase can be made
more efficient by alternating the pivot moves with moves of the type described
previously.

1.4

Results

The character of the proposed update depends strongly on the bias parameter
b. The suggested steps have a random direction if b = 0. The distribution
W (φ̄ → φ̄0 ) in Eq. 1.12 is, by contrast, highly asymmetric in the limit b → ∞,
with nonzero width only in directions corresponding to eigenvalue zero of the
matrix G. In particular, this implies that the reverse probability W (φ̄0 → φ̄)
in the acceptance criterion Eq. 1.14 tends to be small for large b.
For the acceptance rate to be reasonable, it is necessary to use a very small step
size if b is small or large. The question is whether the step size can be increased
by a better choice of b. To find that out, we performed a set of simulations
of the three-helix-bundle protein defined in Sec. 1.2 for different a and b. Two
different temperatures were studied, kT = 0.6 and 0.7, one on either side of
the folding temperature kTf ≈ 0.66 [26].
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Figure 1.2: Average step size, hSi, against average acceptance rate, hPacc i, for
different updates at (a) kT = 0.7 and (b) kT = 0.6. Shown are results for the
b = bmax (full lines), b = 0 (dashed lines) and pivot (dotted lines) updates.

In these runs, we monitored the step size S, where
"
S = |δ φ̄| =

n
X

#1/2
2

(δφi )

(1.19)

i=1

for accepted moves and S = 0 for rejected ones. Measurements were taken only
when the n = 8 angles all were in the segment that makes the middle helix of
the three. We focus on this segment because it is the most demanding part to
update.
The average step size, hSi, depends strongly on b. A rough optimization of
b was carried out by maximizing hSi as a function of a for different fixed
b = 10k (k integer). The best values found were bmax = 10 (rad/Å)2 and
bmax = 0.1 (rad/Å)2 at kT = 0.6 and kT = 0.7, respectively. Note that the
preferred degree of bias is higher in the folded phase.
In Fig. 1.2, we show hSi against the average acceptance rate, hPacc i, for b = 0
and b = bmax at the two temperatures; hPacc i is an increasing function of a for
fixed b and T . Also shown are the corresponding results for the pivot update,
where only one angle φi is turned (S = |δφi | if the change is accepted). At
the higher temperature, we find that the b = bmax and b = 0 updates show
similar behaviors. The pivot update is somewhat better and has its maximum
hSi at low hPacc i, where the proposed change δφi is drawn from the uniform
distribution between 0 and 2π. This is consistent with the finding [7] that the
pivot update is a very efficient method for self-avoiding walks, in spite of a low
acceptance rate. The situation is different at the lower temperature, which is
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Figure 1.3: Distributions of ∆2 (see Eq. 1.9) for the b = bmax (thick line) and
b = 0 (thin line) updates at kT = 0.6. The values used for the parameter a
correspond to maximum hSi.

much harder to simulate. Here, the b = bmax update is the best. The maximum
hSi is approximately three times higher for this method than for the other two.
This shows that the biasing probability Eq. 1.12 is indeed useful in the folded
phase.
The b = 0 update can be compared with the moves used by Shimada et al. [30]
in a recent all-atom study of kinetics and thermodynamics for the protein
crambin with 46 amino acids. These authors updated sets of two, four or six
backbone torsion angles, using independent Gaussian steps with a standard
deviation of 2◦ . Our b = 0 update has maximum hSi at a ≈ 6400 (rad)−2 for
kT = 0.6, which corresponds to a standard deviation of 0.7◦ . This value is in
line with that used by Shimada et al., since we turn eight angles.
How local is the method for b = bmax ? To get an idea of that, we calculated
the distribution of ∆2 (see Eq. 1.9) for accepted moves, for b = bmax and b = 0
at kT = 0.6. As was previously the case, we restricted ourselves to angles in
the middle helix. The two distributions are shown in Fig. 1.3 and we see that
the one corresponding to b = bmax is sharply peaked near ∆2 = 0. This shows
that the b = bmax update is much more local than the unbiased b = 0 update,
although the average step size, hSi, is considerably larger for b = bmax .
So far, we have discussed static (one-step) properties of the updates. We also
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Figure 1.4: The autocorrelation function C(t) (see the text) at kT = 0.6 for
the b = bmax (2), b = 0 (◦) and pivot (3) updates. Step-size parameters
correspond to maximum hSi.

estimated the dynamic autocorrelation function
Ci (t) =

hcos φi (t) cos φi (0)i − hcos φi (0)i2
hcos2 φi (0)i − hcos φi (0)i2

(1.20)

for different φi . This measurement is statistically very difficult at low temperatures. However, the sixteen most central angles φi in the sequence, all
belonging to the middle helix, were found to be effectively frozen at kT = 0.6,
and the time scale for the small fluctuations of these angles about their mean
values was possible to estimate. In Fig. 1.4, we show the average Ci (t) for
these sixteen angles, denoted by C(t), against Monte Carlo time t, for the
b = 0, b = bmax and pivot updates. One time unit corresponds to one elementary move, accepted or rejected, at a random position along the chain. We see
that C(t) decays most rapidly for the b = bmax update. So, the larger step
size of this update does make the exploration of these degrees of freedom more
efficient.
Let us finally comment on our choice to work with n = 8 angles. This number
can be easily altered and some calculations were done with n = 6 and n = 7,
too. For n = 6, the performance was worse, which is not unexpected because
there are no soft modes available; there are not more variables than constraints.
The results obtained for n = 7 were, by contrast, comparable to or slightly
better than the n = 8 results.
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Discussion

Straightforward Monte Carlo updates of torsional degrees of freedom tend to
cause large changes in the global structure of the chains unless the step size is
made very small, which is a problem in simulations of dense polymer systems.
The strictly local concerted-rotation approach provides a solution to this problem but is rather complicated to implement. In this paper, we have discussed
a method that may be less powerful but is much easier to implement, which
suppresses rather than eliminates nonlocal deformations.
The method is flexible and not much harder to implement than simple unbiased
updates. However, compared to such updates, it has two distinct advantages:
the step size can be increased and the update becomes more local, as shown
by our simulations of the three-helix-bundle protein in its folded phase.
Making the update more local is important in order to be able to increase the
step size and thereby improve the efficiency. At the same time, it makes the
dynamics more realistic; the proposed method is, in contrast to the other methods mentioned, tailored to avoid drastic deformations both locally and globally.
Therefore, although this paper was focused on thermodynamic simulations, it
should be noted that this method may be useful for kinetic studies, too.
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Abstract:
A reduced protein model with five to six atoms per amino acid and five amino
acid types is developed and tested on a three-helix-bundle protein, a 46-amino
acid fragment from staphylococcal protein A. The model does not rely on the
widely used Gō approximation where non-native interactions are ignored. We
find that the collapse transition is considerably more abrupt for the protein A
sequence than for random sequences with the same composition. The chain
collapse is found to be at least as fast as helix formation. Energy minimization
restricted to the thermodynamically favored topology gives a structure that has
a root-mean-square deviation of 1.8 Å from the native structure. The sequencedependent part of our potential is pairwise additive. Our calculations suggest
that fine-tuning this potential by parameter optimization is of limited use.
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2.1

Folding of a Small Helical Protein

Introduction

In recent years, several important insights have been gained into the physical
principles of protein folding [1–6]. Still, in terms of quantitative predictions,
it is clear that it would be extremely useful to be able to perform more realistic folding simulations than what is currently possible. In fact, most models
that have been used so far for statistical-mechanical simulations of folding rely
on one or both of two quite drastic approximations, the lattice and Gō [7]
approximations.
The reason that lattice models have been used to study basics of protein folding
is partly computational, but also physical — on the lattice, it is known what
potential to use in order for stable and fast-folding sequences to exist (a simple contact potential is sufficient). How to satisfy these criteria for off-lattice
chains is, by contrast, largely unknown, and therefore many current off-lattice
models [5, 8–14] use Gō-type potentials [7] where non-native interactions are
ignored. The use of the Gō approximation has some support from the finding
that the native structure is a determinant for folding kinetics [15,16]. However,
it is an uncontrolled approximation, and it is, of course, useless when it comes
to structure prediction, as it requires prior knowledge of the native structure.
In this paper, we discuss an off-lattice model that does not follow the Gō
prescription. Using this model, we perform extensive folding simulations for
a small helical protein. The force field of the model is simple and based on
hydrogen bonds and effective hydrophobicity forces (no explicit water). There
exist other non Gō-like models with more elaborate force fields that have been
used for structure prediction with some success [17–19]. However, it is unclear
what the dynamical properties of these models are.
The original version of our model was presented in Ref. [20] and has three types
of amino acids: hydrophobic, polar and glycine. This version was applied to
a designed three-helix-bundle protein with 54 amino acids [20]. For a suitable
relative strength of the hydrogen bonds and hydrophobicity forces, it was found
that this sequence does form a stable three-helix bundle, except for a twofold
topological degeneracy, and that its folding transition is first-order-like and
coincides with the collapse transition (the parameter σ of Ref. [4] is zero).
Here, we extend this model from three to five amino acid types, by taking alanine to be intermediate in hydrophobicity between the previous two hydrophobic and polar classes, and by introducing a special geometric representation for
proline, which is needed to be able to mimic the helix-breaking property of this
amino acid. Otherwise, the model is the same as before. The modified model
is tested on a real three-helix-bundle protein, the 10–55-amino acid fragment

2.2 Materials and Methods
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Figure 2.1: (a) Schematic figure showing the common geometric representation
for all amino acids except glycine and proline. (b) The representation of proline.
The Cδ atom is assumed to lie in the plane of the N, Cα and Cβ atoms. The
N-Cδ bond vector w̄ is given by w̄ = −0.596ū + 0.910v̄, where the vectors ū and
v̄ are defined in the figure. The numerical factors were obtained by an analysis
of structures from the Protein Data Bank (PDB) [27].
of the B domain of staphylococcal protein A. The structure of this protein
has been determined by NMR [21], and an energy-based structure prediction
method has been tested on the sequence [17]. The folding properties have been
studied too, both experimentally [22, 23] and theoretically [8, 10, 11, 24–26]. In
particular, this means that we can compare the behavior of previous Gō-like
models to that of our more realistic model.

2.2
2.2.1

Materials and Methods
Geometry

Our model is an extension of that introduced in Ref. [20]. It uses three different
amino acid representations: one for glycine, one for proline and one for the rest.
The non-glycine, non-proline representation is illustrated in Fig. 2.1a, and is
identical to that of hydrophobic and polar amino acids in the original model.
The three backbone atoms N, Cα and C0 are all included, whereas the side
chain is represented by a single atom, a large Cβ . The remaining two atoms,
H and O, are used to define hydrogen bonds. The representation of glycine is
the same except that Cβ is missing.
The representation of proline is new compared to the original model. The side
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chain of proline is attached to the backbone not only at Cα , but also at N. A
well-known consequence of this is that proline can act as a helix breaker. For
the model to be able to capture this important property, we introduce a special
representation for proline, which is illustrated in Fig. 2.1b. It differs from that
in Fig. 2.1a in two ways: first, the Ramachandran angle φ is held constant,
at −65◦ ; and second, the H atom is replaced by a side-chain atom, Cδ . This
more realistic representation of proline is needed when studying the protein A
fragment which has one proline at each of the two turns.
All amino acids except proline have the Ramachandran torsion angles φ and
ψ (see Fig. 2.1a) as their degrees of freedom, whereas ψ is the only degree of
freedom for proline. All bond lengths, bond angles and peptide torsion angles
(180◦ ) are held fixed. Numerical values of the bond lengths and bond angles
can be found in Ref. [20] and Fig. 2.1b.
The helix-breaking property of proline manifests itself clearly in the shape of the
ψ distribution for amino acids that are followed by a proline in the sequence
(with the proline on their C0 side). Helical values of ψ are suppressed for
such amino acids. This is illustrated in Fig. 2.2a, where the peak on the left
corresponds to α-helix. From Fig. 2.2b, it can be seen that the model shows a
qualitatively similar behavior.

2.2.2

Force Field

Our energy function
E = Eloc + Esa + Ehb + Ecol

(2.1)

is composed of four terms. The first two terms Eloc and Esa are local φ, ψ and
self-avoidance potentials, respectively (see Ref. [20]). The third term is the
hydrogen-bond energy Ehb , which is given by
Ehb

= ²hb
½

v(αij , βij )

=

X
ij

" µ
¶12
µ
¶10 #
σhb
σhb
5
−6
v(αij , βij )
rij
rij

cos2 αij cos2 βij
0

αij , βij > 90◦
otherwise

(2.2)
(2.3)

where i and j represent H and O atoms, respectively, and where rij denotes
the HO distance, αij the NHO angle, and βij the HOC0 angle.
The last term in Eq. (2.1), the hydrophobicity or collapse energy Ecol , has the
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Figure 2.2: (a) Distributions of the Ramachandran angle ψ, based on PDB
data. The full (dashed) line represents non-glycine, non-proline amino acids
that are followed by a non-proline (proline) in the sequence. (b) The corresponding histograms for the model, as obtained by simulations of Gly-X-X
(full line) and Gly-X-Pro (dashed line) at kT = 0.55, where X denotes polar
amino acids (shown is the ψ distribution for the middle of the three amino
acids).
form
Ecol = ²col

X
i<j

"µ
∆(si , sj )

σcol
rij

¶12

µ
−2

σcol
rij

¶6 #
,

(2.4)

where the sum runs over all possible Cβ Cβ pairs and si denotes amino acid type.
To define ∆(si , sj ), we divide the amino acids into three classes: hydrophobic
(H; Leu, Ile, Phe), alanine (A; Ala) and polar (P; Arg, Asn, Asp, Gln, Glu,
His, Lys, Pro, Ser, Tyr).1 There are then six kinds of Cβ Cβ pairs, and the
corresponding ∆(si , sj ) values are taken to be
½
1 for HH and HA pairs
∆(si , sj ) =
(2.5)
0 for HP, AA, AP and PP pairs
The main change in the force field compared to Ref. [20] is that alanine forms
its own hydrophobicity class, besides the previous two hydrophobic and polar
classes. Alanine is taken as intermediate in hydrophobicity, meaning that there
is a hydrophobic interaction between HA pairs but not between AA pairs. In
1 Cys,

Met, Thr, Trp and Val do not occur in the sequence studied.
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addition, the interaction strength ²col is increased slightly, from 2.2 to 2.3.2
Finally, in the self-avoidance potential, the Cδ atom of proline is assigned the
same size as Cβ atoms. Otherwise, the entire force field, including parameter
values, is exactly the same as in Ref. [20].
With these changes in geometry and force field, we end up with five different
amino acid types in the new model. First, we have hydrophobic, alanine and
polar which share the same geometric representation but differ in hydrophobicity, and then glycine and proline with their special geometries.
In this paper, we test this model on the 10–55-amino acid fragment of the B
domain of staphylococcal protein A. Calculated structures are compared to the
minimized average NMR structure [21] with PDB code 1bdd. Throughout the
paper, this structure is referred to as the native structure.
As a first test of our model, two different fits to the native structure were
made. The first fit is purely geometrical. Here, we simply minimized the rootmean-square deviation (rmsd) from the native structure, δ (calculated over all
backbone atoms). This was done by using simulated annealing, and the best
result was δ = 0.14 Å. In the second fit, we took into account the limitations
imposed by the first three terms of the potential, by minimizing the function
X
(ri − r0i )2 ,
(2.6)
Ẽ = Eloc + Esa + Ehb + κ
i

where κ = 1 Å−2 and {r0i } denotes the structure obtained from the first fit. The
minimum-Ẽ structure had δ = 0.32 Å. These results show that our model, in
spite of relatively few degrees of freedom, permits a quite accurate description
of the real structure.

2.2.3

Numerical Methods

To simulate the thermodynamic behavior of this model, we use simulated tempering [28–30], which means that the temperature is a dynamical variable (for
details, see Refs. [28–30]). The temperature update is a standard Metropolis
step. Our conformation updates are of two different types: the simple non-local
pivot move where a single torsion angle is turned, and the semi-local biased
Gaussian step proposed in Ref. [31]. The latter method works with the Ramachandran angles of four adjacent amino acids. These are turned with a bias
toward local rearrangements of the chain. The degree of bias is governed by
2 The energy unit is dimensionless and such that kT = 0.62, T being the collapse temc
c
perature (see Sec. 2.3).

2.2 Materials and Methods

51

Figure 2.3: Monte Carlo evolution of the energy in a simulated-tempering run.

a parameter b. In our thermodynamic simulations, we take b = 10 (rad/Å)2 ,
which gives a strong bias toward deformations that are approximately local [31].
Figure 2.3 shows the evolution of the energy in a simulated-tempering run that
took about two weeks on an 800 MHz processor. Data corresponding to all the
different temperatures are shown (eight temperatures, ranging from kT = 0.54
to kT = 0.90). We see that there are many independent visits to low-energy
states, which is necessary in order to get a reliable estimate of the relative
populations of the folded and unfolded states. To test the usefulness of the
semi-local update, we repeated the same calculation using pivot moves only.
The difference in performance was not quantified, but it was clear that the
sampling of low energies was less efficient in the run relying solely on pivot
moves.
For our kinetic simulations, we do not use the pivot update but only the semilocal method. The parameter b is taken to be 1 (rad/Å)2 in the kinetic runs,
which turned out to give an average change in the end-to-end vector squared
of about 0.5 Å2 .
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Figure 2.4: The radius of gyration (in Å) against temperature. Full and dashed
lines represent the protein A sequence and the three random sequences (see the
text), respectively.

2.3
2.3.1

Results and Discussion
Thermodynamics

We begin our study of the model defined in Sec. 2.2 by locating the collapse
transition. In Fig. 2.4, we show the radius of gyration (calculated over all
backbone atoms) against temperature for both the protein A sequence and
three random sequences with the same length and composition. The random
sequences were generated keeping the two prolines of the protein A sequence
fixed at their positions, one at each turn. The remaining 44 amino acids were
randomly reshuffled.
Naively, one may expect these sequences to show similar collapse behaviors,
since the composition is the same. However, the protein A sequence turns out
to collapse much more efficiently than the random sequences (see Fig. 2.4).
The native structure has a radius of gyration of 9.25 Å, which is significantly
smaller than one finds for the random sequences in this temperature range.
The specific heat (data not shown) has a pronounced peak in the region where
the collapse occurs. Taking the maximum as the collapse temperature Tc , we
obtain kTc = 0.62 for the protein A sequence.
The chain collapse is not as abrupt for the protein A sequence as for the de-
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Figure 2.5: (a) Free-energy profile F (Q) = −kT ln P (Q) at kT = 0.54 (full
line), where P (Q) is the probability distribution of Q. Also shown (dashed
line) is the result for one of the random sequences at kT = 0.50. (b) Q, E
scatter plot for quenched conformations with low energy.
signed sequence studied in Ref. [20]. This is not surprising, as that sequence
has a hydrophobicity pattern that fits its native structure perfectly. The protein A sequence does not have a fully perfect hydrophobicity pattern, but still
the collapse behavior is highly cooperative, as can be seen from the comparison
with the random sequences.
Next, we turn to the structure of the collapsed state. As a measure of similarity
with the native structure, we use
2

Q = exp(−δ 2 /100 Å ) ,

(2.7)

where δ, as before, denotes rmsd. An alternative would be to base the similarity measure on the number of native contacts present, rather than rmsd. The
problem with such a definition is that it does not provide an efficient discrimination between the two possible topologies of a three-helix bundle [32] — the
third helix can be either in front of or behind the U formed by the first two
helices. This problem is avoided by using rmsd.
In Fig. 2.5a, we show the free-energy profile F (Q) in the collapsed phase at
kT = 0.54. We see that there is a broad minimum at Q ≈ 0.8–0.9, with two
distinct local minima at Q = 0.78 and Q = 0.90, respectively. Both these
minima correspond to the native overall topology. There is also a minimum at
Q = 0.50, which corresponds to the wrong topology. The Q = 0.50 minimum
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is more narrow and slightly higher, so the native topology is the favored one.
However, it should be stressed that it is difficult to discriminate between the
two topologies using a pairwise additive potential (see Sec. 2.3.4). To be able
to do that in a proper way, it is likely that one has to include multibody terms
and/or more side-chain atoms in the model.
The main difference between the two minima at Q = 0.78 and Q = 0.90 lies in
the shape and orientation of helix III, which comprises amino acids 41–55 in
the native structure. At the Q = 0.78 minimum, there tends to be a sharp bend
in this segment, and the amino acids before the bend, 41–44, are disordered
rather than helical. The remaining amino acids, 45–55, tend to make a helix,
but its orientation differs from that in the native structure. Relative to the
Q = 0.90 minimum, where helix III is much more native-like, we find that the
Q = 0.78 minimum is entropically favored but energetically disfavored. The
separation in energy between these minima is probably underestimated by our
model. There is, for example, a stabilizing electrostatic interaction between
helices I and III in the native structure (Glu16-Lys50), which should favor the
Q = 0.90 minimum but is missing in our model.
Also shown in Fig. 2.5a is the result for one of the random sequences. The
probability of finding this sequence in the vicinity of the native structure is,
not unexpectedly, very low. The same holds true for the other two random
sequences too (data not shown).
To extract representative conformations for the collapsed state, we used simulated annealing followed by a conjugate-gradient minimization. Using this
procedure, a large set of low-temperature Monte Carlo conformations were
quenched to zero temperature. In Fig. 2.5b, we show the quenched conformations with lowest energy in a Q, E scatter plot. Our minimum-energy structure
is found at Q = 0.44, corresponding to δ = 9.1 Å. However, our thermodynamic calculations show that this conformation is not very relevant, in spite
of its low energy. If we restrict ourselves to conformations with the native-like
and thermodynamically most relevant topology, then the lowest energy is at
Q = 0.97, corresponding to δ = 1.8 Å. This conformation is shown in Fig. 2.6
along with the native structure. It is worth noting that the Q = 0.44 and
Q = 0.97 minima both were revisited in independent runs.
These results can be compared with those of Scheraga and coworkers [17], who
tested an energy-based structure prediction method on the same sequence.
With their energy function, the global minimum was found to have an rmsd of
3.8 Å from the native structure (calculated over Cα atoms).
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Figure 2.6: Schematic illustrations of the native structure (left) and our
minimum-energy structure for the native topology (right). Drawn with RasMol [33].
Segment
I
II
III

Sequence
QQNAFYEILHL
NEEQRNGFIQSLKDD
QSANLLAEAKKLNDA

Amino acids
10–20
24–38
41–55

Table 2.1: The one-helix fragments studied.

2.3.2

Helix Stability

Having discussed the overall thermodynamic behavior, we now take a closer
look at the stability of the secondary structure and how it varies along the
chain. To this end, we monitored the hydrogen-bond energy between the CO
group of amino acid i and the NH group of amino acid i + 4 [see Eqs. (2.2,2.3)],
ehb (i), as a function of i. This was done not only for the protein A sequence,
but also for the corresponding three one-helix segments, which are listed in
Table 2.1. An experimental study [23] of essentially the same three segments
found segment III to be the only one that shows some stability on its own.
The results of our calculations are shown in Fig. 2.7, from which we see that
the difference between the full sequence and the one-helix segments is not large
in the model. However, the segments I and II definitely make less stable helices
on their own than as interacting parts of the full system; they are stabilized
by interhelical interactions. Furthermore, among the three one-helix segments,
the model correctly predicts segment III to be the most stable one. That this
segment does not get more stable as part of the full system is probably related

56

Folding of a Small Helical Protein

0

〈ehb(i)〉 ⁄ εhb

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6
10

15

20

25

30

35

40

45

50

Amino acid number i
Figure 2.7: Hydrogen-bond profile showing the normalized average energy of
α-helical hydrogen bonds, hehb (i)i/²hb , against amino acid number i, at kT =
0.58. The full line represents the protein A sequence, whereas the dashed lines
represent the corresponding three one-helix segments (see Table 2.1). The thick
horizontal lines indicate hydrogen bonds present in the native structure.

to the observation above that helix III is distorted at the Q = 0.78 minimum.
A striking detail in Fig. 2.7 is that the beginning of segment II is quite unstable.
This can be easily understood. This segment has a flexible glycine at position
30, and the amino acids before the glycine, 24–29, are all polar, so there are no
hydrophobic interactions that can help to stabilize this part.

2.3.3

Kinetics

Using the semi-local update [31], we performed a set of 30 kinetic simulations at
kT = 0.54. The runs were started from random coils. There are big differences
between these runs, partly because the system, as it should, sometimes spent a
significant amount of time in the wrong topology. Nevertheless, the data show
one stable and interesting trend, namely, that the formation of helices was
never faster than the collapse. This is illustrated in Fig. 2.8, which shows the
evolution of the similarity parameter Q0 , the hydrogen-bond energy Ehb and
the radius of gyration, Rg , in one of the runs. Q0 is defined as Q in Eq. (2.7),
except that it measures similarity to the optimized model structure in Fig. 2.6
rather than the native structure. In Fig. 2.8, we see that Ehb converges slowly,
whereas the collapse occurs relatively early.
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Figure 2.8: Monte Carlo evolution of the similarity parameter Q0 (top), the
hydrogen-bond energy Ehb (middle) and the radius of gyration Rg (bottom) in
a kinetic simulation at kT = 0.54.
Now, at a first glance, it may seem easy to make the helix formation faster
by simply increasing the strength of the hydrogen bonds. Therefore, it is
important to note that the hydrogen bonds cannot be made much stronger
without making the ground state non-compact and thus destroying the threehelix bundle [34]. This means that the conclusion that the collapse is at least
as fast as helix formation holds for any reasonable choice of parameters in this
model.
It is interesting to compare these results to those of Zhou and Karplus [10], who
studied the same protein using a Gō-type potential and observed fast folding
when the Gō forces were strong. Under these conditions, the helix formation
was found to be fast, whereas the collapse was the rate-limiting step.
However, a Gō-like model ignores a large fraction of the interactions that drive
the collapse, which can make the collapse artificially slow. In a recent Gō
model study [14], this problem was addressed by eliminating backbone terms
from the potential until a reasonable helix stability was achieved. No such
calibration was carried out in Ref. [10]. This may explain why these authors
find a behavior that our model cannot reproduce.

58

Folding of a Small Helical Protein

Let us finally mention that we also performed the same type of kinetic simulations for the designed sequence studied in Ref. [20] which, as discussed earlier,
has a very abrupt collapse transition. It turns out that Ehb and Rg evolve in
a strongly correlated manner in this case. So, the helix formation and collapse
occur simultaneously for this sequence.

2.3.4

Fine-Tuning?

In Sec. 2.3.1, we discussed the relative weights of the two possible overall topologies, which is a delicate issue. What changes are needed in order for the model
to more strongly suppress the wrong topology? Is it necessary to change the
form of the energy function, or would it be sufficient to fine-tune the interaction
matrix ∆(si , sj ) in Eq. (2.4)?
One way to do such a fine-tuning of ∆(si , sj ) would be to maximize hQi0 ,
where Q is the similarity parameter and h·i0 denotes a thermodynamic average
restricted to compact conformations (Rg < 10 Å say). This is essentially the
overlap method of Ref. [35]. The gradient of the quantity hQi0 can be written
as
∂hQi0
²col
=−
(hQXi0 − hQi0 hXi0 ) ,
(2.8)
∂∆(si , sj )
kT
where X is a sum of Lennard-Jones terms, (σcol /rij )12 − 2(σcol /rij )6 , over all
possible Cβ Cβ pairs of type si , sj .
We calculated the Q, X correlation in Eq. (2.8) for all pairs si , sj with ∆(si , sj ) =
1 at kT = 0.54, and found that |∂hQi0 /∂∆(si , sj )| was small (≤ 0.15) for all
these pairs. Hence, there is no sign that a significant increase in hQi0 can be
achieved by fine-tuning ∆(si , sj ); the contact patterns seem to be too similar in
the two topologies. To include more side-chain atoms and/or multibody terms
in the model is likely to be a more fruitful approach.

2.4

Conclusion

We have explored a five-letter protein model with five to six atoms per amino
acid, where the formation of native structure is driven by hydrogen bonding
and effective hydrophobicity forces. This model, which does not follow the
Gō prescription, was tested on a small but real sequence, a three-helix-bundle
fragment from protein A.
Using this model, the protein A sequence was found to collapse much more
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efficiently than random sequences with the same composition. In the collapsed
phase, we found that the native topology dominates, although the suppression
of the wrong three-helix-bundle topology is not strong. Energy minimization
constrained to the thermodynamically favored topology gave a structure with
an rmsd of 1.8 Å from the native structure.
In our kinetic simulations, the collapse was always at least as fast as helix
formation, which is in sharp contrast with previous results for the same protein
that were obtained using a Gō-like Cα model [10]. A possible explanation for
the conflicting conclusions is that the Gō approximation makes the collapse
artificially slow by ignoring a large fraction of the interactions driving the
collapse. In our model, the conclusion that the helix formation is not faster
than collapse seems unavoidable; if one tries to speed up the helix formation
by increasing the strength of the hydrogen bonds, then the chain does not fold
into a compact helical bundle.
The force field of our model was deliberately kept simple. In particular, the
hydrophobicity potential was taken to be pairwise additive, with a simple structure for the interaction matrix ∆(si , sj ) [see Eq. (2.5)]. In the future, it would
be very interesting to look into the behavior of the model in the presence of
multibody terms. A simpler alternative is to stick to the pairwise additive
potential and fine-tune the parameters ∆(si , sj ). However, the calculations
in this paper give no indication that there is much to be gained from such a
fine-tuning.
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Abstract:
We present a Monte Carlo study of a model protein with 54 amino acids that
folds directly to its native three-helix-bundle state without forming any welldefined intermediate state. The free-energy barrier separating the native and
unfolded states of this protein is found to be weak, even at the folding temperature. Nevertheless, we find that melting curves to a good approximation
can be described in terms of a simple two-state system, and that the relaxation
behavior is close to single exponential. The motion along individual reaction
coordinates is roughly diffusive on timescales beyond the reconfiguration time
for an individual helix. A simple estimate based on diffusion in a square-well
potential predicts the relaxation time within a factor of two.

66

3.1

Two-State Folding

Introduction

In a landmark paper in 1991, Jackson and Fersht [1] demonstrated that chymotrypsin inhibitor 2 folds without significantly populating any meta-stable
intermediate state. Since then, it has become clear that this protein is far from
unique; the same behavior has been observed for many small single-domain proteins [2]. It is tempting to interpret the apparent two-state behavior of these
proteins in terms of a simple free-energy landscape with two minima separated
by a single barrier, where the minima represent the native and unfolded states,
respectively. If the barrier is high, this picture provides an explanation of why
the folding kinetics are single exponential, and why the folding thermodynamics
show two-state character.
However, it is well-known that the free-energy barrier, ∆F , is not high for
all these proteins. In fact, assuming the folding time τf to be given by τf =
τ0 exp(∆F/kT ) with τ0 ∼ 1 µs [3], it is easy to find examples of proteins with
∆F values of a few kT [2] (k is Boltzmann’s constant and T the temperature).
It should also be mentioned that Garcia-Mira et al. [4] recently found a protein
that appears to fold without crossing any free-energy barrier.
Suppose the native and unfolded states coexist at the folding temperature and
that there is no well-defined intermediate state, but that a clear free-energy
barrier is missing. What type of folding behavior should one then expect? In
particular, would such a protein, due to the lack of a clear free-energy barrier,
show easily detectable deviations from two-state thermodynamics and singleexponential kinetics? Here we investigate this question based on Monte Carlo
simulations of a designed three-helix-bundle protein [5–7].
Our study consists of three parts. First, we investigate whether or not melting
curves for this model protein show two-state character. Second, we ask whether
the relaxation behavior is single exponential or not, based on ensemble kinetics
at the folding temperature. Third, inspired by energy-landscape theory (for
a recent review, see Refs. [8, 9]), we try to interpret the folding dynamics of
this system in terms of simple diffusive motion in a low-dimensional free-energy
landscape.

3.2 Model and Methods

3.2
3.2.1
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The Model

Simulating atomic models for protein folding remains a challenge, although
progress is currently being made in this area [10–16]. Here, for computational
efficiency, we consider a reduced model with 5–6 atoms per amino acid [5], in
which the side chains are replaced by large Cβ atoms. Using this model, we
study a designed three-helix-bundle protein with 54 amino acids.
The model has the Ramachandran torsion angles φi , ψi as its degrees of freedom, and is sequence-based with three amino acid types: hydrophobic (H),
polar (P) and glycine (G). The sequence studied consists of three identical H/P
segments with 16 amino acids each (PPHPPHHPPHPPHHPP), separated by
two short GGG segments [17, 18]. The H/P segment is such that it can make
an α-helix with all the hydrophobic amino acids on the same side.
The interaction potential
E = Eloc + Eev + Ehb + Ehp

(3.1)

is composed of four terms. The local potential Eloc has a standard form with
threefold symmetry,
²φ X
²ψ X
Eloc =
(1 + cos 3φi ) +
(1 + cos 3ψi ) .
(3.2)
2 i
2 i
The excluded-volume term Eev is given by a hard-sphere potential of the form
X0 µ σij ¶12
Eev = ²ev
,
(3.3)
rij
i<j
where the sum runs over all possible atom pairs except those consisting of two
hydrophobic Cβ . The parameter σij is given by σij = σi + σj + ∆σij , where
∆σij = 0.625 Å for Cβ C0 , Cβ N and Cβ O pairs that are connected by a sequence
of three covalent bonds, and ∆σij = 0 Å otherwise. The introduction of the
parameter ∆σij can be thought of as a change of the local potential.
The hydrogen-bond term Ehb has the form
X
Ehb = ²hb
u(rij )v(αij , βij ) ,

(3.4)

ij

where the functions u(r) and v(α, β) are given by
µ
¶12
¶10
µ
σhb
σhb
u(r) = 5
−6
r
r

(3.5)
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½
v(α, β) =

cos2 α cos2 β
0

α, β > 90◦
otherwise

(3.6)

The sum in Eq. 3.4 runs over all possible HO pairs, and rij denotes the HO
distance, αij the NHO angle, and βij the HOC0 angle. The last term of the
potential, the hydrophobicity term Ehp , is given by
Ehp = ²hp

X ·µ σhp ¶12
i<j

rij

µ

σhp
−2
rij

¶6 ¸
,

(3.7)

where the sum runs over all pairs of hydrophobic Cβ .
To speed up the calculations, a cutoff radius rc is used, which is taken to be
4.5 Å for Eev and Ehb , and 8 Å for Ehp . Numerical values of all energy and
geometry parameters can be found elsewhere [5].
The thermodynamic behavior of this three-helix-bundle protein has been studied before [5, 6]. These studies demonstrated that this model protein has the
following properties:
• It does form a stable three-helix bundle, except for a twofold topological degeneracy. These two topologically distinct states both contain three
right-handed helices. They differ in how the helices are arranged. If we let
the first two helices form a U, then the third helix is in front of the U in
one case (FU), and behind the U in the other case (BU). The reason that
the model is unable to discriminate between these two states is that their
contact maps are effectively very similar [19].
• It makes more stable helices than the corresponding one- and two-helix
sequences, which is in accord with the experimental fact that tertiary interactions generally are needed for secondary structure to become stable.
• It undergoes a first-order-like folding transition directly from an expanded
state to the three-helix-bundle state, without any detectable intermediate
state. At the folding temperature Tf , there is a pronounced peak in the
specific heat.
Here we analyze the folding dynamics of this protein in more detail, through
an extended study of both thermodynamics and kinetics.
As a measure of structural similarity with the native state, we monitor a parameter Q that we call nativeness. To calculate Q, we use representative conformations for the FU and BU topologies, respectively, obtained by energy
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minimization. For a given conformation, we compute the root-mean-square deviations δFU and δBU from these two representative conformations (calculated
over all backbone atoms). The nativeness Q is then obtained as
£
¡ 2
¢
¡ 2
¢¤
Q = max exp −δFU
/(10Å)2 , exp −δBU
/(10Å)2 ,

(3.8)

which makes Q a dimensionless number between 0 and 1.
Energies are quoted in units of kTf , with the folding temperature Tf defined
as the specific heat maximum. In the dimensionless energy unit used in our
previous study [5], this temperature is given by kTf = 0.6585 ± 0.0006.

3.2.2

Monte Carlo Methods

To simulate the thermodynamic behavior of this model, we use simulated tempering [20–22], in which the temperature is a dynamic variable. This method is
chosen in order to speed up the calculations at low temperatures. Our simulations are started from random configurations. The temperatures studied range
from 0.95 Tf to 1.37 Tf .
The temperature update is a standard Metropolis step. In conformation space
we use two different elementary moves: first, the pivot move in which a single torsion angle is turned; and second, a semi-local method [23] that works
with seven or eight adjacent torsion angles, which are turned in a coordinated
manner. The non-local pivot move is included in our calculations in order to
accelerate the evolution of the system at high temperatures.
Our kinetic simulations are also Monte Carlo-based, and only meant to mimic
the time evolution of the system in a qualitative sense. They differ from our
thermodynamic simulations in two ways: first, the temperature is held constant; and second, the non-local pivot update is not used, but only the semilocal method [23]. This restriction is needed in order to avoid large unphysical
deformations of the chain.
Statistical errors on thermodynamic results are obtained by jackknife analysis [24] of results from ten or more independent runs, each containing several
folding/unfolding events. All errors quoted are 1σ errors. The fits of data discussed below are carried out by using a Levenberg-Marquardt procedure [25].
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Analysis

Melting curves for proteins are often described in terms of a two-state picture.
In the two-state approximation, the average of a quantity X at temperature T
is given by
Xu + Xn K(T )
X(T ) =
,
(3.9)
1 + K(T )
where K(T ) = Pn (T )/Pu (T ), Pn (T ) and Pu (T ) being the populations of the
native and unfolded states, respectively. Likewise, Xn and Xu denote the respective values of X in the native and unfolded states. The effective equilibrium
constant K(T ) is to leading order given by K(T ) = exp[(1/kT − 1/kTm )∆E],
where Tm is the midpoint temperature and ∆E the energy difference between
the two states. With this K(T ), a fit to Eq. 3.9 has four parameters: ∆E, Tm
and the two baselines Xu and Xn .
A simple but powerful method for quantitative analysis of the folding dynamics
is obtained by assuming the motion along different reaction coordinates to
be diffusive [26, 27]. The folding process is then modeled as one-dimensional
Brownian motion in an external potential given by the free energy F (r) =
−kT ln Peq (r), where Peq (r) denotes the equilibrium distribution of r. Thus,
it is assumed that the probability distribution of r at time t, P (r, t), obeys
Smoluchowski’s diffusion equation
·
µ
¶¸
∂P (r, t)
∂
∂P (r, t) P (r, t) ∂F (r)
=
D(r)
+
,
(3.10)
∂t
∂r
∂r
kT
∂r
where D(r) is the diffusion coefficient.
This picture is not expected to hold on short timescales, due to the projection
onto a single coordinate r, but may still be useful provided that the diffusive
behavior sets in on a timescale that is small compared to the relaxation time.
By estimating D(r) and F (r), it is then possible to predict the relaxation time
from Eq. 3.10. Such an analysis has been successfully carried through for a
lattice protein [27].
The relaxation behavior predicted by Eq. 3.10 is well understood when F (r)
has the shape of a double well with a clear barrier. In this situation, the
relaxation is single exponential with a rate constant given by Kramers’ wellknown result [28]. However, this result cannot be applied to our model, in
which the free-energy barrier is small or absent, depending on which reaction
coordinate is used. Therefore, we perform a detailed study of Eq. 3.10 for
some relevant choices of D(r) and F (r), using analytical as well as numerical
methods.
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E
Ehb
Ehp
Rg
Q

∆E/kTf
40.1 ± 3.3
41.0 ± 2.6
45.4 ± 3.3
45.7 ± 3.8
53.6 ± 2.1

Tm /Tf
1.0050 ± 0.0020
1.0024 ± 0.0017
1.0056 ± 0.0017
1.0099 ± 0.0018
0.9989 ± 0.0008

Table 3.1: Parameters ∆E and Tm obtained by fitting results from our thermodynamic simulations to the two-state expression in Eq. 3.9. This is done
individually for each of the quantities in the first column; the energy E, the
hydrogen-bond energy Ehb , the hydrophobicity energy Ehp , the radius of gyration Rg (calculated over all backbone atoms), and the nativeness Q (see
Eq. 3.8). The fits are performed using seven data points in the temperature
interval 0.95 Tf ≤ T ≤ 1.11 Tf .

3.3
3.3.1

Results
Thermodynamics

In our thermodynamic analysis, we study the five different quantities listed
in Table 3.1. The first question we ask is to what extent the temperature
dependence of these quantities can be described in terms of a first-order twostate system (see Eq. 3.9).
Fits of our data to this equation show that the simple two-state picture is not
perfect (χ2 /dof ∼ 10), but this can be detected only because the statistical
errors are very small at high temperatures (< 0.1%). In fact, if we assign
artifical statistical errors of 1% to our data points, an error size that is not
uncommon for experimental data, then the fits become perfect with a χ2 /dof
close to unity. Fig. 3.1 shows the temperature dependence of the hydrogenbond energy Ehb and the radius of gyration Rg , along with our two-state fits.
Table 3.1 gives a summary of our two-state fits. In particular, we see that
the fitted values of both the energy change ∆E and the midpoint temperature
Tm are similar for the different quantities. It is also worth noting that the Tm
values fall close to the folding temperature Tf , defined as the maximum of the
specific heat. The difference between the highest and lowest values of Tm is
less than 1%. There is a somewhat larger spread in ∆E, but this parameter
has a larger statistical error.
So, the melting curves show two-state character, and the fitted parameters ∆E
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Figure 3.1: Temperature dependence of (a) the hydrogen-bond energy Ehb and
(b) the radius of gyration Rg . The lines are fits to Eq. 3.9.
and Tm are similar for different quantities. From this it may be tempting to
conclude that the thermodynamic behavior of this protein can be fully understood in terms of a two-state system. The two-state picture is, nevertheless,
an oversimplification, as can be seen from the shapes of the free-energy profiles
F (E) and F (Q). Fig. 3.2 shows these profiles at T = Tf . First of all, these
profiles show that the native and unfolded states coexist at T = Tf , so the folding transition is first-order-like. However, there is no clear free-energy barrier
separating the two states; F (Q) exhibits a very weak barrier, < 1 kT , whereas
F (E) shows no barrier at all. In fact, F (E) has the shape of a square well
rather than a double well.

3.3.2

Kinetics

Our kinetic study is performed at T = Tf . Using Monte Carlo dynamics (see
Model and Methods), we study the relaxation of ensemble averages of various
quantities. For this purpose, we performed a set of 3000 folding simulations,
starting from equilibrium conformations at temperature T0 ≈ 1.06 Tf . At this
temperature, the chain is extended and has a relatively low secondary-structure
content (see Fig. 3.1).
In the absence of a clear free-energy barrier (see Fig. 3.2), it is not obvious
whether or not the relaxation should be single exponential. To get an idea of
what to expect for a system like this, we consider the relaxation of the energy
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Figure 3.2: Free-energy profiles at T = Tf for (a) the energy E and (b) the
nativeness Q (dark bands). The light-grey bands show free energies Fb for
block averages (see Eq. 3.12), using a block size of τb = 106 MC steps. Each
band is centered around the expected value and shows statistical 1σ errors.

E in a potential F (E) that has the form of a perfect square well at T = Tf . For
this idealized F (E), it is possible to solve Eq. 3.10 analytically for relaxation
at an arbitrary temperature T . This solution is given in Appendix A, for the
initial condition that P (E, t = 0) is the equilibrium distribution at temperature
T0 . Using this result, the deviation from single-exponential behavior can be
mapped out as a function of T0 and T , as is illustrated in Fig. 3.3. The size
of the deviation depends on both T0 and T , but is found to be small for a
wide range of T0 , T values. This clearly demonstrates that the existence of a
free-energy barrier is not a prerequisite to observe single-exponential relaxation.
Let us now turn to the results of our simulations. Fig. 3.4 shows the relaxation
of the average energy E and the average nativeness Q in Monte Carlo (MC)
time. In both cases, the large-time data can be fitted to a single exponential,
which gives relaxation times of τ ≈ 1.7 · 107 and τ ≈ 1.8 · 107 for E and
Q, respectively, in units of elementary MC steps. The corresponding fits for
the radius of gyration and the hydrogen-bond energy (data not shown) give
relaxation times of τ ≈ 2.1 · 107 and τ ≈ 1.8 · 107 , respectively. The fit for the
radius of gyration has a larger uncertainty than the others, because the data
points have larger errors in this case.
The differences between our four fitted τ values are small and most probably
due to limited statistics for the large-time behavior. Averaging over the four
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Figure 3.3: Level diagram showing the deviation (in %) from a single exponential for diffusion in energy in a square well, based on the exact solution in
Appendix A. The system relaxes at temperature T , starting from the equilibrium distribution at temperature T0 . p is defined as p = (hEi − En )/∆Esw ,
where hEi is the average energy at temperature T , and En and ∆Esw denote
the lower edge and the width, respectively, of the square well. p can be viewed
as a measure of the unfolded population at temperature T , and is 0.5 if T = Tf .
p0 is the the corresponding quantity at temperature T0 . As a measure of the
deviation from a single exponential, we take δmax /δE(t0 ), where δmax is the
maximum deviation from a fitted exponential and δE(t0 ) = E(t0 ) − hEi, E(t0 )
being the mean at the smallest time included in the fit, t0 . Data at times
shorter than 1% of the relaxation time were excluded from the fit.

different variables, we obtain a relaxation time of τ ≈ 1.8·107 MC steps for this
protein. The fact that the relaxation times for the hydrogen-bond energy and
the radius of gyration are approximately the same shows that helix formation
and chain collapse proceed in parallel for this protein. This finding is in nice
agreement with recent experimental results for small helical proteins [29].
For Q, it is necessary to go to very short times in order to see any significant
deviation from a single exponential (see Fig. 3.4). For E, we find that the singleexponential behavior sets in at roughly τ /3, which means that the deviation
from this behavior is larger than in the analytical calculation above. On the
other hand, for comparisons with experimental data, we expect the behavior
of Q to be more relevant than that of E. The simulations confirm that the
relaxation can be approximately single exponential even if there is no clear
free-energy barrier.
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Figure 3.4: Relaxation behavior of the three-helix-bundle protein at the folding
temperature Tf , starting from the equilibrium ensemble at T0 ≈ 1.06Tf . (a)
δE(t) = E(t) − hEi against simulation time t, where E(t) is the average E
after t MC steps (3000 runs) and hEi denotes the equilibrium average (at Tf ).
(b) Same plot for the nativeness Q.

To translate the relaxation time for this protein into physical units, we compare
with the reconfiguration time for the corresponding one-helix segment. To
that end, we performed a kinetic simulation of this 16-amino acid segment
at the same temperature, T = Tf . This temperature is above the midpoint
temperature for the one-helix segment, which is 0.95 Tf [5]. So, the isolated
one-helix segment is unstable at T = Tf , but makes frequent visits to helical
states with low hydrogen-bond energy, Ehb . To obtain the reconfiguration time,
we fitted the large-time behavior of the autocorrelation function for Ehb ,
Chb (t) = hEhb (t)Ehb (0)i − hEhb (0)i2 ,

(3.11)

to an exponential. The exponential autocorrelation time, which can be viewed
as a reconfiguration time, turned out to be τh ≈ 1.0 · 106 MC steps. This
is roughly a factor 20 shorter than the relaxation time τ for the full threehelix bundle. Assuming the reconfiguration time for an individual helix to be
∼ 0.2 µs [30, 31], we obtain relaxation and folding times of ∼ 4 µs and ∼ 8 µs,
respectively, for the three-helix bundle. This is fast but not inconceivable for a
small helical protein [2]. In fact, the B domain of staphylococcal protein A is a
three-helix-bundle protein that has been found to fold in < 10 µs, at 37◦ C [32].
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Relaxation-Time Predictions

We now turn to the question of whether the observed relaxation time can be
predicted based on the diffusion equation, Eq. 3.10. For that purpose, we need
to know not only the free energy F (r), but also the diffusion coefficient D(r).
Socci et al. [27] successfully performed this analysis for a lattice protein that
exhibited a relatively clear free-energy barrier. Their estimate of D(r) involved
an autocorrelation time for the unfolded state. The absence of a clear barrier
separating the native and unfolded states makes it necessary to take a different
approach in our case.
The one-dimensional diffusion picture is not expected to hold on short timescales,
but only after coarse-graining in time. A computationally convenient way to
implement this coarse-graining in time is to study block averages b(t) defined
by
X
1
b(t) =
r(s)
t = 0, τb , 2τb , . . .
(3.12)
τb
t≤s<t+τb

where τb is the block size and r is the reaction coordinate considered. The
diffusion coefficient can then be estimated using Db (r) = h(δb)2 i/2τb , where
the numerator is the mean-square difference between two consecutive block
averages, given that the first of them has the value r.
In our calculations, we use a block size of τb = 106 MC step, corresponding
to the reconfiguration time τh for an individual helix. We do not expect the
dynamics to be diffusive on timescales shorter than this, due to steric traps
that can occur in the formation of a helix. In order for the dynamics to be
diffusive, the timescale should be such that the system can escape from these
traps.
Using this block size, we first make rough estimates of the relaxation times for E
and Q based on the result in Appendix A for a square-well potential and a con2
stant diffusion coefficient. These estimates are given by τpred,0 = ∆rsw
/Db π 2 ,
where ∆rsw is the width of the potential and Db is the average diffusion coefficient. 1 Our estimates of ∆rsw and Db can be found in Table 3.2, along with
the resulting predictions τpred,0 . We find that these simple predictions agree
with the observed relaxation times τ within a factor of two.
We also did the same calculation for smaller block sizes, τb = 100 , 101 , . . ., 105
MC steps. This gave τpred,0 values smaller or much smaller than the observed
τ , signaling non-diffusive dynamics. This confirms that for b(t) to show diffu1 Eq. 3.15 in Appendix A can be applied to other observables than E. The predicted
relaxation time τpred,0 is given by τ1 .
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E:
Q:

∆rsw
140kTf
1.0
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Db
(9.3 ± 0.2) · 10−5 (kTf )2
(1.00 ± 0.02) · 10−8

τpred,0
2.1 · 107
1.0 · 107

τpred
1.9 · 107
0.8 · 107

τ
1.7 · 107
1.8 · 107

Table 3.2: The predictions τpred,0 and τpred (see text) along with the observed
relaxation time τ , as obtained from the data in Fig. 3.4, for the energy E and
the nativeness Q. ∆rsw is the width of the square-well potential and Db is the
average diffusion coefficient.

sive dynamics, τb should not be smaller than the reconfiguration time for an
individual helix.
Having seen the quite good results obtained by this simple calculation, we now
turn to a more detailed analysis, illustrated in Fig. 3.5a. The block size is the
same as before, τb = 106 MC steps, but the space dependence of the diffusion
coefficient Db (r) is now taken into account, and the potential, Fb (r), reflects the
actual distribution of block averages. This potential is similar but not identical
to that for the unblocked variables, as can be seen from Fig. 3.2. Fig. 3.5b
shows the diffusion coefficient Db (E), which is largest at intermediate values
between the native and unfolded states. The behavior of Db (Q) (not shown)
is the same in this respect. Hence, there is no sign of a kinetic bottleneck to
folding for this protein.
Given Db (r) and Fb (r), we solve Eq. 3.10 for P (r, t) by using the finitedifference scheme in Appendix B. The initial distribution P (r, t = 0) is taken
to be the same as in the kinetic simulations. We find that the mean of P (r, t)
shows single-exponential relaxation to a good approximation. An exponential
fit of these data gives us a new prediction, τpred , for the relaxation time.
From Table 3.2 it can be seen that the predictions obtained through this more
elaborate calculation, τpred , are not better than the previous ones, τpred,0 . This
shows that the underlying diffusion picture is not perfect, although the relaxation time can be predicted within a factor of two.
It might be possible to obtain better predictions by simply increasing the block
size. However, for the calculation to be useful, the block size must remain small
compared to the relaxation time. A more interesting possibility is to refine
the simple diffusion picture used here, in which, in particular, non-Markovian
effects are ignored. Such effects may indeed affect folding times [9, 33].
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Figure 3.5: (a) Numerical solution of Eq. 3.10 with the energy as reaction
coordinate. The distribution P (E, t) is shown for t = 0, τ /3, τ and 2τ (full
lines), where τ is the relaxation time. The dashed line is the equilibrium
distribution. The diffusion coefficient Db (E) and the potential Fb (E) (lightgray band in Fig. 3.2a) were both determined from numerical simulations, using
a block size of τb = 106 MC steps (see Eq. 3.12). (b) The space dependence
of the diffusion coefficient Db (E). The band is centered around the expected
value and shows the statistical 1σ error.

3.4

Summary and Discussion

We have analyzed the thermodynamics and kinetics of a designed three-helixbundle protein, based on Monte Carlo calculations. We found that this model
protein shows two-state behavior, in the sense that melting curves to a good
approximation can be described by a simple two-state system and that the
relaxation behavior is close to single exponential. A simple two-state picture
is, nevertheless, an oversimplification, as the free-energy barrier separating the
native and unfolded states is weak (. 1kT ). The weakness of the barrier implies
that a fitted two-state parameter such as ∆E has no clear physical meaning,
despite that the two-state fits look good.
Reduced [18, 34–37] and all-atom [10, 11, 14, 38–40] models for small helical
proteins have been studied by many other groups. However, we are not aware
of any other model that exhibits a first-order-like folding transition without
resorting to the so-called Gō prescription [41]; our model is sequence-based.
Using an extended version of this model that includes all atoms, we recently
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found similar results for two peptides, an α-helix and a β-hairpin [16]. Here the
calculated melting curves could be directly compared with experimental data,
and a reasonable quantitative agreement was found.
The smallness of the free-energy barrier prompted us to perform an analytical
study of diffusion in a square-well potential. Here we studied the relaxation
behavior at temperature T , starting from the equilibrium distribution at temperature T0 , for arbitrary T and T0 . We found that this system shows a relaxation behavior that is close to single exponential for a wide range of T0 , T
values, despite the absence of a free-energy barrier. We also made relaxationtime predictions based on this square-well approximation. Here we took the
diffusion coefficient to be constant. It was determined assuming the dynamics
to be diffusive on timescales beyond the reconfiguration time for an individual
helix. The predictions obtained this way were found to agree within a factor
of two with observed relaxation times, as obtained from the kinetic simulations. So, this calculation, based on the two simplifying assumptions that the
potential is a square well and that the diffusion coefficient is constant, gave
quite good results. A more detailed calculation, in which these two additional
assumptions were removed, did not give better results. This shows that the
underlying diffusion picture leaves room for improvement.
Our kinetic study focused on the behavior at the folding temperature Tf , where
the native and unfolded states, although not separated by a clear barrier, are
very different. This makes the folding mechanism transparent. We found that
this model protein folds without the formation of any obligatory intermediate state and that helix formation and chain collapse occur in parallel, which
is in accord with experimental data by Krantz et al. [29]. The difference between the native and unfolded states is much smaller at the lowest temperature
we studied, 0.95Tf , because the unfolded state is much more native-like here.
Mayor et al. [42] recently reported experimental results on a three-helix-bundle
protein, the engrailed homeodomain [43], including a characterization of its
unfolded state. In particular, the unfolded state was found to have a high helix
content. This study was performed at a temperature below 0.95Tf . In our
model, there is a significant decrease in helix content of the unfolded state as
the temperature increases from 0.95Tf to Tf . It would be very interesting to
see what the unfolded state of this protein looks like near Tf .
It is instructive to compare our results with those of Zhou and Karplus [35],
who discussed two folding scenarios for helical proteins, based on a Gō-type Cα
model. In their first scenario, folding is fast, without any obligatory intermediate, and helix formation occurs before chain collapse. In the second scenario,
folding is slow with an obligatory intermediate on the folding pathway, and
helix formation and chain collapse occur simultaneously. The behavior of our
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model does not match any of these two scenarios, in spite of a recent statement
to the contrary [40]. Our model shows fast folding despite that helix formation
and chain collapse cannot be separated.
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Appendix A: Diffusion in a square well
Here we discuss Eq. 3.10 in the situation when the reaction coordinate r is the
energy E, and the potential F (E) is a square well of width ∆Esw at T = Tf .
This means that the equilibrium distribution is given by Peq (E) ∝ exp(−δβE)
if E is in the square well and Peq (E) = 0 otherwise, where δβ = 1/kT − 1/kTf .
Eq. 3.10 then becomes
· µ
¶¸
∂P (E, t)
∂
∂P (E, t)
=
D
+ δβP (E, t)
.
(3.13)
∂t
∂E
∂E
For simplicity, the diffusion coefficient is assumed to be constant, D(E) = D.
The initial distribution P (E, t = 0) is taken to be the equilibrium distribution
at some temperature T0 , and we put δβ0 = 1/kT0 − 1/kTf .
By separation of variables, it is possible to solve Eq. 3.13 with this initial
condition analytically for arbitrary values of the initial and final temperatures
T0 and T , respectively. In particular, this solution gives us the relaxation
behavior of the average energy. The average energy at time t, E(t), can be
expressed in the form
E(t) = hEi +

∞
X

Ak e−t/τk ,

(3.14)

k=1

where hEi denotes the equilibrium average at temperature T . A straightforward calculation shows that the decay constants in this equation are given
by
¢
D ¡ 2 2 1 2
2
1/τk =
π k + 4 δβ ∆Esw
(3.15)
2
∆Esw
and the expansion coefficients by
Ak = Bk ∆Esw ¡
where
Bk =

π 2 k 2 (δβ − δβ0 ) ∆Esw
¢¡
¢ ,
2
2 2
π 2 k 2 + (δβ0 − 12 δβ)2 ∆Esw
π 2 k 2 + 14 δβ 2 ∆Esw

¢
¡
½
4δβ0 ∆Esw
cosh ¡ 12 (δβ0 − 21 δβ)∆Esw¢ cosh 41 δβ∆Esw
×
sinh 12 (δβ0 − 12 δβ)∆Esw sinh 14 δβ∆Esw
sinh 12 δβ0 ∆Esw

(3.16)

if k odd
if k even
(3.17)

Finally, the equilibrium average is
hEi =

1
∆Esw
En + Eu
+
−
coth 12 δβ∆Esw ,
2
δβ
2

(3.18)

where En and Eu are the lower and upper edges of the square well, respectively.
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It is instructive to consider the behavior of this solution when |δβ − δβ0 | ¿
1/∆Esw . The expression for the expansion coefficients can then be simplified
to
π 2 k 2 (δβ − δβ0 )∆Esw
Ak ≈ Bk ∆Esw ¡
(3.19)
¢
2 3
π 2 k 2 + 14 δβ 2 ∆Esw
with
4δβ0 ∆Esw
Bk ≈
×
sinh 12 δβ0 ∆Esw

½

cosh2 14 δβ∆Esw
sinh2 14 δβ∆Esw

if k odd
if k even

(3.20)

1
1
Note that Ak scales as k 2 if k ¿ 2π
|δβ|∆Esw , and as 1/k 4 if k À 2π
|δβ|∆Esw .
Note also that the last factor in Bk suppresses Ak for even k if T is close to Tf .
From these two facts it follows that |A1 | is much larger than the other |Ak | if
T is near Tf . This makes the deviation from a single exponential small.

Appendix B: Numerical solution of the diffusion equation
To solve Eq. 3.10 numerically for arbitrary D(r) and F (r), we choose a finitedifference scheme of Crank-Nicolson type with good stability properties. To
obtain this scheme we first discretize r. Put rj = j∆r, Dj = D(rj ) and
Fj = F (rj ), and let p(t) be the vector with components pj (t) = P (rj , t).
Approximating the RHS of Eq. 3.10 with suitable finite differences, we obtain
dp
= Ap(t) ,
dt

(3.21)

where A is a tridiagonal matrix given by
(Ap(t))j

=
+

¤
1 £
Dj+1/2 (pj+1 (t) − pj (t)) − Dj−1/2 (pj (t) − pj−1 (t))
2
∆r
1
[Dj+1 pj+1 (t)(Fj+2 − Fj ) − Dj−1 pj−1 (t)(Fj − Fj−2 )]
4kT ∆r2
(3.22)

Let now pn = p(tn ), where tn = n∆t. By applying the trapezoidal rule for
integration to Eq. 3.21, we obtain
pn+1 − pn =

¢
∆t ¡
Apn + Apn+1 .
2

(3.23)

This equation can be used to calculate how P (r, t) evolves with time. It can
be readily solved for pn+1 because the matrix A is tridiagonal.
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Abstract:
ZSPA−1 is an engineered protein that binds to its parent, the three-helix-bundle
Z domain of staphylococcal protein A. Uncomplexed ZSPA−1 shows a reduced
helix content and a melting behavior that is less cooperative, compared with
the wild-type Z domain. Here we show that the difference in folding behavior
between these two sequences can be partly understood in terms of a minimalistic model, in which folding is driven by backbone hydrogen bonding and
effective hydrophobic attraction.
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Sequence-Based Study of Two Related Proteins

Introduction

It is becoming increasingly clear that unstructured proteins play an important
biological role [1, 2]. In many cases, such proteins adopt a specific structure
upon binding to their biological targets. Recently, it was demonstrated that the
in vitro evolved ZSPA−1 protein [3] exhibits coupled folding and binding [4, 5].
ZSPA−1 is derived from the Z domain of staphylococcal protein A, a 58-amino
acid, well characterized [6] three-helix-bundle protein. ZSPA−1 was engineered [3]
by randomizing 13 amino acid positions and selecting for binding to the Z domain itself. Subsequently, the structure of the Z:ZSPA−1 complex was determined both in solution [4] and by crystallography [5]. In the complex, both
ZSPA−1 and the Z domain adopt structures similar to the solution structure
of the Z domain. However, in solution, ZSPA−1 does not behave as the Z domain; Wahlberg et al. [4] found that uncomplexed ZSPA−1 lacks a well-defined
structure, and that its melting behavior is less cooperative than that of the
wild-type sequence.
The Z domain is a close analog of the B domain of protein A, a chain that is
known to show two-state folding without any meta-stable intermediate state [7,
8]. The folding behavior of the B domain has also been studied theoretically
by many different groups, including ourselves, using both all-atom [9–12] and
reduced [13–17] models. In many cases, it was possible to fold this chain, but
to achieve that most models rely on the so-called Gō prescription [18]. Our
model [17] folds this chain in a cooperative, approximately two-state manner
without resorting to this prescription. Our model is thus entirely sequencebased. This makes it possible for us to study both ZSPA−1 and the wild-type
Z domain and compare their behaviors, using one and the same model.
The purpose of this note is twofold. First, we check whether our model can
explain the difference in melting behavior between ZSPA−1 and the wild-type
sequence. Second, using this model, we study the structural properties of
ZSPA−1 .

4.2 Materials and Methods

4.2
4.2.1
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Model

The model we study [17] is an extension of a model with three amino acids [19–
21] to a five-letter alphabet. The five amino acid types are hydrophobic (Hyd),
polar (Pol), Ala, Pro and Gly. Hyd, Pol and Ala share the same geometric representation but differ in hydrophobicity. Pro and Gly have their own geometric
representations.
The Hyd, Pol and Ala representation contains six atoms. The three backbone
atoms N, Cα and C0 and the H and O atoms of the peptide unit are all included.
The H and O atoms are used to define hydrogen bonds. The sixth atom is a
large Cβ that represents the side chain. The representation of Gly is the same
except that Cβ is missing. The representation of Pro differs from that of Hyd,
Pol and Ala in that the H atom is replaced by a side-chain atom, Cδ , and that
the Ramachandran angle ψ is held fixed at −65◦ .
The degrees of freedom of our model are the Ramachandran torsion angles φ
and ψ, with the exception that ψ is held fixed for Pro. All bond lengths, bond
angles and peptide torsion angles (180◦ ) are held fixed.
The interaction potential
E = Eloc + Eev + Ehb + Ehp

(4.1)

is composed of four terms. The first term is a local φ, ψ potential. The other
three terms represent excluded volume, backbone hydrogen bonds and effective
hydrophobic attraction, respectively (no explicit water). For simplicity, the
hydrophobicity potential is taken to be pairwise additive. Only Hyd-Hyd and
Hyd-Ala Cβ pairs experience this type of interaction. In particular, this means
that Ala is intermediate in hydrophobicity between Hyd and Pol. The amino
acids in the Hyd class are Val, Leu, Ile, Phe, Trp and Met, whereas those
in the Pol class are Arg, Asn, Asp, Cys, Gln, Glu, His, Lys, Ser, Thr and
Tyr. A complete description of the model, including numerical values of all the
parameters, can be found in our earlier study [17].
Following previous calculations for the B domain of protein A [9–17], we consider the 9–54-amino acid fragments of ZSPA−1 and the wild-type Z domain
(corresponding to the 10–55-amino acid fragment of the B domain), rather
than the full sequences. ZSPA−1 differs from the wild-type sequence at 13 positions, all of which are found in the section 9–35. Table 4.1 shows this part of
the sequences.
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ZSPA−1
wild-type

QQN
LSV

AFY
AGR

EIL
EIV

HLP
TLP

NLN
NLN

EEQ
DPQ

RNA
KKA

FIQ
FIF

SLK
SLW

Table 4.1: Amino acids 9 to 35 for ZSPA−1 and the wild-type Z domain.

4.2.2

Numerical Methods

To simulate the thermodynamic behavior of this model, we use simulated tempering [22–24], in which the temperature is a dynamic variable. This method
is chosen in order to speed up the calculations at low temperature. The temperature update is a standard Metropolis step. In conformation space we use
two different elementary moves: first, the pivot move in which a single torsion
angle is turned; and second, a semi-local method [25] that works with seven or
eight adjacent torsion angles, which are turned in a coordinated manner. The
non-local pivot move is included in our calculations in order to accelerate the
evolution of the system at high temperature, whereas the semi-local method
improves the performance at low temperature.
Our simulations are started from random configurations. All statistical errors
quoted are 1σ errors obtained by analyzing data from eight independent runs.
The temperatures studied range from 0.87 Tm to 1.43 Tm , Tm being the melting
temperature for the wild-type Z domain. The experimental value of this temperature is Tm = 75◦ C [4]. Hence, the lowest and highest temperatures studied
correspond to 31◦ C and 225◦ C, respectively. In the dimensionless energy unit
used in our earlier study [17], Tm is given by kTm = 0.630 ± 0.001 (k is Boltzmann’s constant). In the model we define Tm as the maximum of the specific
heat.

4.3

Results and Discussion

Using the model described in the previous section, we study the 9–54-amino
acid fragments of ZSPA−1 and the wild-type Z domain. Both calculations are
carried out using exactly the same parameters as in our earlier study of the B
domain [17].
The most striking conclusions reached by Wahlberg et al. [4] in their study of
the solution behavior of ZSPA−1 concern the helix content and the absence of
a well-defined structure. By CD, they found the helix content to be smaller
for ZSPA−1 than for the wild-type sequence, the mean residue ellipticity for

4.3 Results and Discussion
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Figure 4.1: Helix formation and chain collapse for the ZSPA−1 sequence (dashed
line) and the wild-type sequence (full line). (a) The number of helical amino
acids, Nh , against temperature. (b) The radius of gyration (calculated over
all backbone atoms), Rg , against temperature. Tm denotes the melting temperature for the wild-type sequence. The NMR structure for the wild-type Z
domain has Nh = 29 and Rg = 9.0 Å.
ZSPA−1 being 60% of that for the wild-type sequence. Furthermore, the helix
formation was found to set in at a lower temperature and to be less cooperative
for ZSPA−1 than for the wild-type Z domain. Figure 4.1a shows our results for
the helix content as a function of temperature for the two sequences.1 In
agreement with the experimental results, we find that ZSPA−1 has a lower helix
content, and that the helix formation is shifted toward lower temperature for
this sequence. Figure 4.1b shows the temperature dependence of our data
for the radius of gyration. We find that ZSPA−1 is more compact than the
wild-type sequence. A comparison with Figure 4.1a shows that chain collapse
occurs before helix formation for ZSPA−1 . The results in Figures 4.1a and
4.1b demonstrate in particular that the melting behavior is less cooperative for
ZSPA−1 than for the wild-type sequence. This conclusion is supported by our
data for the specific heat (not shown). The peak in the specific heat turns out
to be more pronounced for the wild-type sequence than for ZSPA−1 .
That the model predicts ZSPA−1 to be more compact than the wild-type sequence is not surprising, given that the number of hydrophobic amino acids
is larger for ZSPA−1 (14) than for the wild-type sequence (11). In addition,
1 We define helix content in the following way. Each amino acid, except the two at the
ends, is labeled h if −90◦ < φ < −30◦ and −77◦ < ψ < −17◦ , and c otherwise. The two
amino acids at the ends are labeled c. An amino acid is said to be helical if both the amino
acid itself and its nearest neighbors are labeled h. The total number of helical amino acids
is denoted by Nh . The maximum value of Nh is N − 4 for a chain with N amino acids.
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Figure 4.2: Helix content along the chain, h(i), for the ZSPA−1 sequence (dashed
line) and the wild-type sequence (full line) at T = 0.87 Tm , where Tm is the
melting temperature for the wild-type sequence. h(i) denotes the probability
that amino acid i is helical (for the definition of helical, see footnote). Thick
horizontal lines indicate helical parts of the NMR structure [6] for the wild-type
Z domain.

ZSPA−1 has one more Pro than the wild-type sequence, which does change the
local properties of the chain and could affect the overall size, too. It should
be pointed out that the effect of a Pro on the overall size may be poorly described by the model, because the prolyl peptide bond is held fixed in the model
(trans).
The reduced total helix content of ZSPA−1 shows that this sequence does not
make a perfect three-helix bundle, but does not tell in what way the structure
differs from a three-helix bundle. It could be that one of the three helices is
missing and that the other two are still there, but it could also be that the
disorder is more uniform along the chain, so that all three helices are present
but partially disordered. The NMR analysis of ZSPA−1 [4] does not exclude
any of these two possibilities. Figure 4.2 shows how the helix content varies
along the chains in our model. The helix profile for the wild-type Z domain
can be compared with experimental data [6]. The comparison shows that helix
II is somewhat distorted in the model, whereas our data for helices I and III
match the experimental data well. These two helices, I and III, respond very
differently to the mutations leading to ZSPA−1 ; helix III remains stable whereas
helix I becomes unstable. Although helix III is free from mutations, this helix
could, of course, have become unstable, too. Our results suggest that this is not
the case; the stability of helix III is very similar for the two sequences. Helix
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Figure 4.3: RMSD distributions for the ZSPA−1 sequence (dashed line) and the
wild-type sequence (full line). (a) The distribution of ∆1 (amino acids 9–31).
(b) The distribution of ∆2 (amino acids 32-54). Both ∆1 and ∆2 are backbone
RMSDs. The temperature is the same as in Figure 4.2.
I contains seven mutations (see Table 4.1), which change the hydrophobicity
pattern and make it less helical. Furthermore, this part of the chain is more
flexible in ZSPA−1 due to the mutation Phe13Gly. Our model predicts that
helix I, as a result these of two changes, is unstable in ZSPA−1 .
To further investigate the structural effects of the mutations, we monitor rootmean-square deviations (RMSDs) from the NMR structure [6] for the wild-type
Z domain (PDB code 2SPZ, model 1). For a given conformation, we compute
two RMSD values, ∆1 and ∆2 , for the first and second halves of the chain,
respectively. The two parts of the chain are separately superimposed on the
NMR structure. Figure 4.3 shows the probability distributions of ∆1 and ∆2
for ZSPA−1 and the wild-type sequence. In line with the results in Figure 4.2,
we find that the two ∆2 distributions are similar, although the distribution for
ZSPA−1 is slightly wider. By contrast, the two ∆1 distributions differ markedly;
the mean is significantly higher for ZSPA−1 than for the wild-type sequence.
This clearly shows that in our model the main difference between the two
sequences lies in the behavior of the first half of the chain.
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Conclusion

Using one and the same model, with unchanged parameters, we have compared
the thermodynamic behaviors of an engineered sequence and its parent. In spite
of its minimalistic potential, the model is able to capture important effects
of the mutations; in line with experimental data, we find that the mutated
sequence, ZSPA−1 , shows a reduced helix content and a melting behavior that
is less cooperative than for the wild-type sequence. The model predicts that
chain collapse occurs before helix formation sets in for ZSPA−1 . It also predicts
that the main structural difference between ZSPA−1 and the wild-type sequence
lies in the behavior of helix I, which is less stable in ZSPA−1 . To decide whether
or not these predictions are correct requires further experimental data.
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Abstract:
The 16–22-amino acid fragment of the β-amyloid peptide associated with the
Alz-heimer’s disease, Aβ, is capable of forming amyloid fibrils. Here we analyze
the aggregation mechanism of Aβ16−22 peptides by unbiased thermodynamic
simulations at the atomic level of systems of one, three or six Aβ16−22 peptides.
We find that the Aβ16−22 peptide is unstructured in isolation, whereas the
three- and six-chain systems form aggregated structures with a high content of
antiparallel β-sheet structure, which is consistent with experimental data. The
aggregated structures can have many different shapes, but certain particularly
stable shapes can be identified.
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Introduction

The fibrillar aggregates that characterize amyloid diseases, such as the Alzheimer’s
disease, are formed by specific peptides or proteins. However, it is known
that several non-disease-related proteins are capable of forming similar amyloid structures [1, 2], and that the aggregation of such proteins can be cytotoxic [3]. This suggests, first, that polypeptide chains have a general tendency
to form amyloid structures and, second, that natural proteins should have
evolved mechanisms to avoid this tendency. Such mechanisms have indeed
been proposed [4–6]. The propensity of a given polypeptide chain to form
amyloid fibrils depends, nevertheless, on its amino acid sequence [7–11]. Recently, a three-amino acid motif promoting amyloidogenesis was extracted by
mutagenesis analysis [12].
While the structure of amyloid fibrils is not known in atomic detail, there is
ample evidence from X-ray fiber diffraction studies that the core of the typical
amyloid fibril is composed of β-sheets whose strands run perpendicular to the
fibril axis [13]. More detailed information is available, for example, for fibrils
made from different fragments of the Alzheimer’s Aβ peptide. In particular,
there is evidence from solid-state NMR studies for a parallel organization of
the β-strands in Aβ10−35 [14] and Aβ1−40 [15] fibrils, and for an antiparallel
organization in Aβ34−42 [16], Aβ11−25 [17] and Aβ16−22 fibrils [18, 19].
Small peptides like Aβ16−22 are well suited as model systems for probing the
mechanisms of aggregation and fibril formation, and are being studied not
only in vitro but also in silico. Computational studies of the oligomerization
properties of different peptide systems have been performed using both simplified [20–23] and atomic [24–28] models. These studies have provided useful
insights into the behavior of these systems. To properly sample multichain systems is, nevertheless, a computational challenge. This goal needs to be achieved
in order to exploit the full potential of numerical simulations.
Here we investigate the formation and properties of Aβ16−22 oligomers by
unbiased Monte Carlo simulations of systems with up to six chains, using a
sequence-based atomic model. The same model has previously been used to
study the folding of individual peptides [29–31]. It was shown that this model
is able to fold five different peptides, two α-helix and three β-sheet peptides,
for one and the same choice of parameters. The calculated melting behaviors
were, moreover, in good agreement with experimental data for all these five
peptides.

5.2 Model and Methods
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The amino acid sequence of the peptide we study, Aβ16−22 , is Lys-Leu-ValPhe-Phe-Ala-Glu. Experimentally, the Aβ16−22 peptide was studied [18, 19]
with acetyl and amide groups at the N and C termini, respectively. In our
calculations, we ignore these end groups, which are relatively small.
We study systems of one, three or six Aβ16−22 peptides. The multichain systems are contained in periodic boxes. The box sizes are (35Å)3 and (44Å)3 for
three and six chains, respectively, corresponding to a constant peptide concentration. For computational efficiency, the peptide concentration is taken to be
high.
Except at the chain ends, our model contains all atoms of the chains [29–31],
including hydrogens. All bond lengths, bond angles and peptide torsion angles
(180◦ ) are held fixed, so that each amino acid only has the Ramachandran
torsion angles φ, ψ and a number of side-chain torsion angles as its degrees of
freedom. Numerical values of the geometrical parameters held constant can be
found elsewhere [29].
The interaction potential
E = Eev + Eloc + Ehb + Ehp

(5.1)

is composed of four terms, which we describe next. Energy parameters are given
on a scale such that a temperature of T = 300 K corresponds to kT ≈ 0.44 (k
is Boltzmann’s constant) [31].
The first term in Eq. 5.1, Eev , represents excluded-volume effects and has the
form
X· λij (σi + σj ) ¸12
Eev = κev
,
(5.2)
rij
i<j
where κev = 0.10, and σi = 1.77, 1.75, 1.55, 1.42 and 1.00 Å for S, C, N, O
and H atoms, respectively. The parameter λij has the value 0.75 for all pairs
except those connected by three covalent bonds, for which λij = 1. When the
two atoms belong to different chains, we always use λij = 0.75. To speed up
c
the calculations, Eq. 5.2 is evaluated using a cutoff of rij
= 4.3λij Å, and pairs
with fixed separation are omitted.
The second energy term, Eloc , is a local intrachain potential. It has the form
Ã
!
X X qi qj
Eloc = κloc
,
(5.3)
(I)
rij /Å
I
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where the inner sum represents the interactions between the partial charges of
the backbone NH and C0 O groups in one amino acid, I. The inner sum has four
terms (NC0 , NO, HC0 and HO) which depend only on φ and ψ for amino acid
I. The partial charges are taken as qi = ±0.20 for H and N and qi = ±0.42 for
C0 and O [32], and we put κloc = 100, corresponding to a dielectric constant of
²r ≈ 2.5.
The third term of the energy function is the hydrogen-bond energy Ehb , which
has the form
X
X
(1)
(2)
Ehb = ²hb
u(rij )v(αij , βij ) + ²hb
u(rij )v(αij , βij ) ,
(5.4)
bb−bb

sc−bb

where the two functions u(r) and v(α, β) are given by
¶12
¶10
µ
µ
σhb
σhb
u(r) = 5
−6
r
r
½
(cos α cos β)1/2 if α, β > 90◦
v(α, β) =
0
otherwise

(5.5)
(5.6)

We consider only hydrogen bonds between NH and CO groups, and rij denotes
the HO distance, αij the NHO angle and βij the HOC angle. The parameters
(1)
(2)
²hb , ²hb and σhb are taken as 3.1, 2.0 and 2.0 Å, respectively. The function
u(r) is calculated using a cutoff of rc = 4.5 Å. The first sum in Eq. 5.4 contains
backbone-backbone interactions, while the second sum contains interactions
between charged side chains (Asp, Glu, Lys and Arg) and the backbones. For
intrachain hydrogen bonds we make two restrictions. First, we disallow backbone NH (C0 O) groups to make hydrogen bonds with the two nearest backbone
C0 O (NH) groups on each side of them. Second, we forbid hydrogen bonds between the side chain of one residue with the two nearest donors or acceptors
on either side of its Cα . For interchain hydrogen bonds, we make no such
restrictions.
The fourth energy term, Ehp , represents an effective hydrophobic attraction
between nonpolar side chains (no explicit water molecules). It has the pairwise additive form
X
Ehp = −
MIJ CIJ ,
(5.7)
I<J

where CIJ is a measure of the degree of contact between side chains I and J,
and MIJ sets the energy that a pair in full contact gets. The matrix MIJ is
defined in Table 5.1. To calculate CIJ we use a predetermined set of atoms,
AI , for each side chain I. We define CIJ as
·X
¸
X
1
2
2
CIJ =
f ( min rij
)+
f (min rij
) ,
(5.8)
j∈AJ
i∈AI
NI + NJ
i∈AI

j∈AJ
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I
II
III

Ala
Ile, Leu, Met, Pro, Val
Phe, Trp, Tyr
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I
0.0

II
0.1
0.9

III
0.1
2.8
3.2

Table 5.1: The matrix MIJ that sets the strength of the effective hydrophobic
attraction (see Eq. 5.7).

where the function f (x) is given by f (x) = 1 if x < A, f (x) = 0 if x >
B, and f (x) = (B − x)/(B − A) if A < x < B [A = (3.5 Å)2 and B =
(4.5 Å)2 ]. Roughly speaking, CIJ is the fraction of atoms in AI or AJ that
are in contact with some atom from the other side chain. The definition of AI
for the different hydrophobic side chains has been given elsewhere [29, 31]. For
pairs that are nearest or next-nearest neighbors along the same chain, we use
a reduced strength for the hydrophobic attraction; MIJ is reduced by a factor
of 2 for next-nearest neighbors, and taken to be 0 for nearest neighbors.
In our previous studies of the folding of different peptides [30, 31], we introduced a simple form of context dependence in the local potential Eloc and the
hydrogen-bond energy Ehb ; these interactions were taken to be weaker at the
chain ends, which tend to be more exposed to water. In the present calculations, we do not make such a reduction of these interactions. The motivation
for keeping the strength unchanged at the ends of the chains is that the experiments on Aβ16−22 [18, 19], as mentioned above, were carried out with acetyl
and amide capping groups at the ends.
To study the thermodynamic behavior of this model, we use simulated tempering [33–35] in which the temperature is a dynamical variable. For a review
of simulated tempering and other generalized-ensemble techniques for protein
folding, see Ref. [36]. We study the one- and three-chain systems at eight different temperatures, ranging from 279 K to 374 K, and the six-chain system at
seven temperatures, ranging from 291 K to 374 K.
Our simulations are carried out using two different elementary moves for the
backbone degrees of freedom: first, the highly non-local pivot move in which a
single backbone torsion angle is turned; and second, a semi-local method [37]
that works with up to eight adjacent torsion angles, which are turned in a
coordinated manner. Side-chain angles are updated one by one. In addition
to these updates, we also use rigid-body translations and rotations of whole
chains. Every update involves a Metropolis accept/reject step, thus ensuring
detailed balance. All our simulations are started from random configurations.
All statistical errors quoted are 1σ errors obtained from the variation between
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Figure 5.1: Schematic illustrations of the hydrogen bond patterns for inregister, parallel β-strands (left) and in-register, antiparallel β-strands (right).
independent runs.
In our calculations, we monitor several quantities. For a chain with N amino
acids, we define the α-helix and β-strand contents as the fractions of the N − 2
inner amino acids with their (φ, ψ) pair in the α-helix and β-strand regions of
the Ramachandran space. We assume that α-helix corresponds to −150◦ < φ <
−90◦ , 90◦ < ψ < 150◦ and that β-strand corresponds to −80◦ < φ < −48◦ ,
−59◦ < ψ < −27◦ [26, 38]. The average α-helix and β-strand contents, over all
the chains of the system, are denoted by H and S, respectively.
To characterize the aggregated structures, we determine all pairs of chains with
(1)
an interchain hydrogen bond energy less than −1.5²hb (see Eq. 5.4). For each
such interacting pair of chains, we calculate the scalar product of their normalized end-to-end unit vectors. If this scalar product is greater than 0.7 (less than
−0.7), we say that the two chains are parallel (antiparallel). For a given multichain configuration, we denote the numbers of parallel and antiparallel pairs
of chains by n+ and n− , respectively. Fig. 5.1 illustrates the hydrogen-bond
patterns in parallel and antiparallel β-sheets, respectively.
The propensity of the peptides to aggregate depends strongly on temperature. To examine the character of the transition/crossover from high- to lowtemperature behavior, we determine the specific heat
Cv (T ) =

¢
¡ 2
1 dhEi
1
=
hE i − hEi2 ,
2
Nc N dT
Nc N kT

(5.9)

where Nc is the number of chains, N is the number of amino acids per chain,
and hOi denotes a Boltzmann average of variable O. A peak in Cv whose height
grows linearly with Nc would signal that the system develops a first-order phase
transition in the limit Nc → ∞.

5.3 Results and Discussion
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Figure 5.2: Monte Carlo evolution in typical run for Nc = 3 Aβ16−22 peptides.
(a) Energy E (+) and hydrogen-bond energy Ehb (×), both in kcal/mol. (b)
The temperature index k. There are eight allowed temperatures Tk , satisfying
T0 = 279 K < T1 < . . . < T7 = 374 K. Measurements were taken every 106
Monte Carlo steps.

5.3

Results and Discussion

Using the model described in the previous section, we study the thermodynamics of systems of Nc Aβ16−22 peptides for Nc = 1, 3 and 6. Fig. 5.2 illustrates
the evolution of the Nc = 3 system in a typical simulated-tempering run. In the
course of the run, aggregated low-energy structures form and dissolve several
times.

5.3.1

Secondary Structure

Fig. 5.3 shows the α-helix and β-strand contents H and S, as defined in the
previous section, against temperature for different Nc . For Nc = 1, we see
that both H and S are low at all temperatures, which in particular implies
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Figure 5.3: (a) The α-helix content H against temperature T for Aβ16−22 for
Nc = 1 (◦), Nc = 3 (•) and Nc = 6 (N). Also shown are data for Nc = 6 Sr
peptides (×). Lines joining data points are only a guide for the eye. (b) Same
for the β-strand content S. Note that the scales in (a) and (b) are different.
that the Aβ16−22 monomer is mainly a random coil even at low temperatures.
For Nc > 1, the β-strand content shows a qualitatively different behavior; S
increases sharply with decreasing temperature, to values of S = 0.6 and higher.
This shows that the three- and six-chain systems form ordered β-sheet structure
as the temperature decreases. The α-helix content, on the other hand, remains
small for Nc = 3 and 6.
Our results for Nc = 1 and Nc = 3 can be compared with results from molecular
dynamics simulations with explicit water by Klimov and Thirumalai [26]. Using
somewhat different definitions of H and S and a temperature of T = 300 K,
these authors found that H = 0.11 and S = 0.33 for Nc = 1, and H = 0.26
and S = 0.30 for Nc = 3. Our Nc = 1 results (see Fig. 5.3) are in reasonable
agreement with theirs, given that we use stricter definitions of α-helix and βstrand. However, our Nc = 3 results disagree with theirs. They obtained a
smaller β-strand content and a larger α-helix content compared to their own
Nc = 1 results; whereas we observe a much larger β-strand content for Nc = 3
compared to Nc = 1.

5.3.2

β-Strand Organization

To find out whether the low-energy configurations, rich in β-strands, show a
preference for either parallel or antiparallel β-sheets, we study the joint probability distribution P (n+ , n− ), where n+ and n− count the numbers of interacting chain pairs that are parallel and antiparallel, respectively (see Sec. 5.2).
Table 5.2 shows this distribution for the Nc = 3 system at T = 279 K. At this
temperature, we find that the typical configuration is a three-stranded β-sheet

5.3 Results and Discussion
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n+
0
1
2

0
< 0.01
< 0.01
< 0.01

n−
1
≈ 0.01
0.41 ± 0.13

2
0.57 ± 0.13

Table 5.2: The probability distribution P (n+ , n− ) (see Sec. 5.2) for Nc = 3
Aβ16−22 peptides at T = 279 K. Values not shown correspond to (n+ , n− )
combinations never observed.
n+
0
1
2

n−
0
< 0.01
< 0.01
< 0.01

1
< 0.01
< 0.01
< 0.01

2
< 0.01
0.04 ± 0.03
0.19 ± 0.11

3
0.07 ± 0.04
0.12 ± 0.06
0.04 ± 0.02

4
0.32 ± 0.12
0.12 ± 0.07

5
0.10 ± 0.06

Table 5.3: Same as Table 5.2 for Nc = 6 Aβ16−22 peptides at T = 291 K. Values
not shown are less than 10−3 .

with n+ + n− = 2. No configuration with n+ + n− > 2 was observed. The
most probable combination is (n+ , n− ) = (0, 2), corresponding to a maximum
number of antiparallel pairs. Mixed configurations with (n+ , n− ) = (1, 1) also
occur with a high frequency. The probability of having two parallel pairs,
(n+ , n− ) = (2, 0), is, by contrast, tiny.
Table 5.3 shows the P (n+ , n− ) distribution for Nc = 6 Aβ16−22 peptides at
T = 291 K. Although the statistical uncertainties are somewhat large, it is
clear that n− tends to be larger than n+ for this system size, too. In fact,
configurations with n+ > 2 are extremely rare, whereas the probability of
having n− ≥ 4 is roughly 50%.
These results for Nc = 3 and Nc = 6 strongly suggest that Aβ16−22 peptides
are very unlikely to form extended parallel β-sheets in our model. By contrast,
nothing seems to prevent the propagation of antiparallel β-sheets. This finding
is in agreement with the solid-state NMR results [18, 19] mentioned in the
introduction, which suggest that Aβ16−22 fibrils contain antiparallel β-sheets.
These experimental studies [18, 19] furthermore suggest that the antiparallel
β-strands are in register in Aβ16−22 fibrils (see Fig. 5.4b). A study of the
hydrogen-bond patterns (see Fig. 5.1) in our calculations shows that a significant fraction of the antiparallel β-strand pairs are in register, for Nc = 3 as
well as Nc = 6. However, an even larger fraction of these pairs exhibit the one-
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(a)
EAFFVLK
KLVFFAE

(b)
EAFFVLK
KLVFFAE

(c)
EAFFVLK
KLVFFAE

Figure 5.4: Schematic representations of three different registries for an antiparallel pair of Aβ16−22 peptides. In our model, (a) occurs more frequently
than (b), which in turn occurs more frequently than (c).
step shifted registry shown in Fig. 5.4a. The opposite one-step shift, shown in
Fig. 5.4c, is, by contrast, very rare. In our model, we believe that the relative frequencies of occurrence for the three registries shown in Fig. 5.4 can be
largely understood in terms of steric effects; the large Phe side chains are difficult to accommodate in (c), easier to accommodate in (b), and unproblematic
in (a). The experimental results on full fibrils indicate, however, that other
mechanisms that are ignored in our model might play an important role for the
registry. It is interesting to note that recent experiments on Aβ11−25 fibrils [17]
found evidence for the registry in Fig. 5.4a at pH 7.4, and for that in Fig. 5.4c
at pH 2.4.

5.3.3

The Role of Hydrophobicity

It is widely held that hydrophobic attraction is a major driving force behind
the formation of amyloid fibrils. To get an idea of the importance of hydrophobic attraction in the aggregation of Aβ16−22 peptides, we consider a randomly
selected example of a sequence without strongly hydrophobic side chains, given
by Asp-Ala-His-Glu-Arg-Lys-Glu. For this peptide, to be called Sr , we performed simulations similar to those for Aβ16−22 , using Nc = 6. From Fig. 5.3
it can be seen that both the α-helix and β-strand contents are small for the
system of six Sr peptides. In fact, our results for six Sr peptides are very similar
to those for an Aβ16−22 peptide in isolation. Hence, we find that the system
of six Sr peptides does not form aggregated structures. The inability of this
system to form aggregated structures strongly suggests that hydrophobic attraction indeed plays a key role in the aggregation of Aβ16−22 peptides. This
finding is in agreement with the conclusions of Klimov and Thirumalai [26].
An open and very important question is what makes the organization of the
β-strands parallel in some fibrils and antiparallel in others. Klimov and Thirumalai [26] found that Coulomb interactions between charged side chains are the
main determinant of the organization of the β-strands in Aβ16−22 oligomers.
This conclusion may seem reasonable because the two end side chains of the
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Aβ16−22 peptide carry opposite charges, which indeed should make an antiparallel organization electrostatically favorable. However, our model completely
ignores charges and still strongly favors the antiparallel organization. Other
mechanisms than Coulomb interactions between side-chain charges might therefore play a significant role. A recent experimental study [19] demonstrates the
importance of the amphiphilic structure. This study showed that the β-sheet
structure of Aβ16−22 fibrils can be changed from antiparallel to parallel by
adding an end group that increases the amphiphilicity of the peptide. In the
absence of a clear amphiphilicity, the antiparallel organization may be favored
because of sequence-independent factors such as the geometry of backbonebackbone hydrogen bonds. The fact that our model, with its relatively simple
potential, strongly favors the antiparallel organization supports this view.
We also performed simulations of a system of three peptides with the amino
acid sequence Lys-Phe-Phe-Ala-Ala-Ala-Glu. This peptide has a much more
asymmetric distribution of hydrophobicity than Aβ16−22 . In contrast to the
corresponding Aβ16−22 system, this system is able to make three-stranded parallel β-sheets, corresponding to (n+ , n− ) = (2, 0). The probability of having
(n+ , n− ) = (0, 2) is, however, non-negligible, because an out-of-register arrangement makes it possible for antiparallel strands to form some hydrophobic
Phe-Phe contacts. By making the peptide larger, it should be possible to reduce
such contacts, and thereby strongly favor the parallel orientation.

5.3.4

The Onset of Aggregation

At high temperatures, Aβ16−22 peptides do not self-assemble into aggregated
structures (see Fig. 5.3). The temperature at which the aggregation sets in depends strongly on peptide concentration. Exploring that dependence is beyond
the scope of the present study. Nevertheless, it is interesting to examine the
character of the transition from high- to low-temperature behavior. Fig. 5.5
shows the temperature dependence of the specific heat Cv (T ) for Nc = 1, 3
and 6. For Nc = 1, Cv (T ) shows a very weak dependence on temperature. For
Nc = 3 and Nc = 6, on the other hand, we see that Cv (T ) exhibits a pronounced peak, and the height of the peak grows with Nc . Near the peak, the
energy distribution is very broad (data not shown), so aggregated low-energy
and unstructured high-energy states coexist at these temperatures. Intermediate energies are significantly populated as well.
To get an idea of the character of the states with intermediate energies, we divided the energy axis into bins and calculated the average α-helix and β-strand
contents for each bin. Fig. 5.6 shows the resulting α-helix and β-strand profiles H(E) and S(E), respectively. We see that the β-strand content increases
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Figure 5.5: Specific heat Cv (see Eq. 5.9) against temperature T for Nc = 1,
3 and 6 Aβ16−22 peptides, as obtained using histogram reweighting techniques [39]. The bands are centered around the expected values and show
statistical 1σ errors.
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Figure 5.6: α-helix profile H(E) (◦) and β-strand profile S(E) (•), as defined
in the text, for Nc = 3 Aβ16−22 peptides at T = 330 K.
steadily with decreasing energy, whereas the α-helix content is low at all energies. In their study of Nc = 3 Aβ16−22 peptides, Klimov and Thirumalai [26]
found evidence for an obligatory α-helical intermediate. Our data for H(E)
show a maximum at E ∼ 80 kcal/mol (see Fig. 5.6), but the maximum value
of H(E) is very small. Hence, we see no sign of an obligatory α-helical intermediate in our model. Most of the amino acids in a typical configuration at
intermediate energies are either random coil or β-strand.

5.3.5

Examples of Low-Energy Structures

Although the systems studied are small, it is interesting examine the shape of
the aggregated structures, especially since they represent potential seeds for

5.3 Results and Discussion

113

Figure 5.7: Examples low-energy structures from our simulations. From left
to right: (i) An array of antiparallel β-strands. (ii) Two arrays of three antiparallel β-strands “sandwiching” several of their hydrophobic side-chains between them. (iii) An array with a definite curvature which indicates possible
closed “barrel” structures for larger systems. (iv) A different angle of the same
structure as (iii) to help in visualization.

the fibril formation. Also, it is known that relatively small assemblies formed
early in the aggregation of full-length Aβ [40–42] as well as non-disease-related
proteins [3] can be toxic.
We find that the three- and six-chain Aβ16−22 systems do not exhibit a single
dominating free-energy minimum but rather a number of more or less degenerate local minima. Fig. 5.7 shows a few snapshots of such minima taken from
our six-chain simulations. The β-strand content is, as noted earlier, high, and
the structures shown in Fig. 5.7 illustrate this property. Both parallel and antiparallel arrangements of these β-strands occur in our model, with a definite
preference for the antiparallel arrangements.
In the simplest class of typical structures observed in our simulations, the βstrands are stacked together in relatively flat sheets. For Nc = 6, six-stranded
β-sheets occur with a significant frequency, as indicated by the P (n+ , n− ) distribution in Table 5.3. Further, for the six-chain system, we observe the emergence of new non-trivial structures with no analogs in the three-chain simulations. Examples of such structures are given in Fig. 5.7. It is possible to enhance
the stability of the system by stacking two linear arrays of β-strands together,
bringing hydrophobic side chains from different arrays in close contact. Such
“sandwiches” occur with a non-negligible frequency in our simulations. There
are also indications that a closed cyclic array of chains, or a “barrel”, might
emerge as a possible low-energy state for larger systems.
In none of our simulations did we find any indication of a free-energy minimum
in which the β-strands are joined end-to-end to form the so-called β-helix [43].
In our model, stability is enhanced by increasing the number of hydrogen bonds
or by increasing hydrophobic contacts. For system sizes as small as those we
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examined, the β-helix is inferior to many competing structures in both these
respects, and hence its absence is expected.

5.4

Conclusion

Using a sequence-based atomic model which was originally developed for the
study of the folding behavior of single peptides [29–31], we studied the thermodynamics of small systems of Aβ16−22 peptides, without changing any parameter of the model. We found that Aβ16−22 peptides form oligomers with a high
content of antiparallel β-sheet structure, which is the same type of structure
that has been experimentally found in Aβ16−22 amyloid fibrils [18, 19].
Instead of an absolute free-energy minimum, we observed several nearly degenerate minima corresponding to different supra-molecular structures, all consisting of arrangements of β-strands. Apart from single β-sheets, laminated
multi-sheet structures were found near free-energy minima for the six-chain
system.
In addition to the Aβ16−22 peptide, we also studied a few control sequences.
Our results strongly support the view that hydrophobic attraction is a major
driving force behind the oligomerization of Aβ16−22 peptides; hydrogen bonding
alone is not sufficient in order to obtain stable aggregated structures. That
Aβ16−22 β-sheets tend to be antiparallel is not surprising, given that antiparallel
β-sheets are widely held to be intrinsically more stable than parallel ones. On
the other hand, it has been suggested [26] that the main mechanism responsible
for the antiparallel orientation in Aβ16−22 oligomers is Coulomb interactions
between oppositely charged side chains. In our model, charges are completely
ignored, and yet the antiparallel orientation is strongly favored. The β-sheet
registry that occurs most frequently in our simulations is different from that
which has been found in full fibrils of Aβ16−22 [18, 19]. The registry favored
by the model is sterically advantageous. The mechanism responsible for the
registry found in full fibrils remains to be uncovered.
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