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Sammanfattning
och han talar med bönder på böndernas sätt
men med lärde män på latin.
— E. A. Karlfeldt, Sång efter skördeanden
Alla levande varelser består av celler. En cell innehåller ett stort antal kemiska
föreningar, och särskilt viktiga är proteiner och DNA. Proteiner utför många
livsnödvändiga kemiska reaktioner, och DNA består av gener som beskriver
hur dessa proteiner konstrueras. En gen kan vara uttryckt, så att det protein
den beskriver – kodar för – tillverkas, men den kan också vara avstängd om
proteinet inte behövs.
Förmågan att reagera på förändringar i omvärlden är en viktig egenskap
hos alla former av liv. Signaler kan förmedlas från cellens yttre eller inre miljö
via kedjor av kemiska reaktioner som ofta involverar proteiner. De proteiner
som på så vis påverkas kan börja göra saker de inte gjorde innan. Framför allt
kan vissa av dem – transkriptionsfaktorer – binda till DNA och styra vilka gener som uttrycks. Somliga styrda gener kodar själva för transkriptionsfaktorer,
och därför har cellen ett helt nätverk av gener som kontrollerar varandra.
För att allmänt förstå hur sådana genregleringsnätverk fungerar kan man
skapa modeller av dem, och studera modellernas uppförande. Mer grovhuggna modeller är enklare att arbeta med och dra slutsatser från, men kan också
avvika mer från verkligheten. Särskilt enkla är booleska nätverk, där varje
gen antas vara antingen P Å eller AV, utan mellanlägen. I sådana nätverk är
attraktorer, tillstånd som inte går att lämna, av intresse för sin koppling till
biologins celltyper. Det är dessutom viktigt att ett genregleringsnätverk inte
är alltför känsligt för störningar. I artiklarna I–III undersöker vi hur olika sorters slumpmässigt byggda booleska nätverk klarar sig i dessa båda avseenden,
baserat på tanken att det genomsnittliga beteendet säger någonting om biologins nätverk, med förbehållet att riktiga nätverk har formats av evolutionen
under lång tid och inte uppstått ur tomma intet.
Andra halvan av avhandlingen handlar om något mer konkreta problemställningar. I artikel IV försöker vi uppskatta hur aktiva några signalvägar är
genom att mäta uttrycktsnivån hos de gener som – åtminstone i vissa fall –
styrs av dem. Detta berör också frågan om hur relevanta signalvägarna är
som beskrivningar av hur systemet fungerar.
Stamceller är celler som kan ge upphov till många olika sorters celler och
ändå själva finnas kvar, och även om vi inte kan leva utan dem måste de hållas
under sträng kontroll. Det centrala genregleringsnätverket i embryonala stamceller är helt nyligen upptäckt, och hur det styr stamcellernas öde undersöks i
artikel V. Artikel VI, slutligen, handlar om en riktigt grundläggande aspekt av
genregleringsnätverk: under vilka omständigheter det alls lönar sig att reglera
hur mycket en gen uttrycks.

To Linda and —

vi

This thesis is based on the following publications1 :
I Björn Samuelsson and Carl Troein,
Superpolynomial growth in the number of attractors in
Kauffman networks
Physical Review Letters 90, 098701 (2003).
II Stuart Kauffman, Carsten Peterson, Björn Samuelsson, and Carl Troein,
Random Boolean network models and the yeast transcriptional
network
Proceedings of the National Academy of Sciences of the USA 100, 14796–14799
(2003).
III Stuart Kauffman, Carsten Peterson, Björn Samuelsson, and Carl Troein,
Genetic networks with canalyzing Boolean rules are always stable
Proceedings of the National Academy of Sciences of the USA 101, 17102–17107
(2004).
IV Thomas Breslin, Morten Krogh, Carsten Peterson, and Carl Troein,
Signal transduction pathway profiling of individual tumor samples
BMC Bioinformatics 6, 163 (2005).
V Vijay Chickarmane, Carl Troein, Ulrike A. Nuber, Herbert M. Sauro,
and Carsten Peterson,
Transcriptional dynamics of the embryonic stem cell switch
PLoS Computational Biology 2, e123 (2006).
VI Carl Troein, Dag Ahrén, Morten Krogh, and Carsten Peterson,
Regulating metabolic pathways to optimize fitness
LU TP 07-08, submitted (2007).

1 For collaborations within Complex Systems / CBBP (Computational Biology & Biological
Physics), or with other theory groups, authors are listed alphabetically. For collaborations with
biology groups, the ordering follows other conventions.

vii
During my time as a PhD student, I have also co-authored the following
publications:
•
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Introduction
The topic of this thesis is gene regulatory networks. Before I can even begin to
describe what such networks are and do, let alone go into all the gory details,
the context in which they appear must be made clear. The projects I have been
involved in for the past few years are all straddling the line between biology
and physics, albeit that they – and I – have a somewhat steadier footing on
the physics side. Everything I say, or do not say, about biology should thus be
seen for what it is: viewed from a physicist’s perspective.
The publications, which are presented at the end of this short introduction,
progress from the grand, sweeping, and abstract to the small, specific, and
fairly concrete. At the same time, biology goes from from being an underlying
idea and source of inspiration to forming a more integral part of the work.
To understand the ideas presented in the six publications, and to perceive
the common threads running through them, it is necessary to know a few
things about biology and networks. I will therefore just briefly define and
describe life, before narrowing the scope to those details and models that are
pertinent to the projects represented in this thesis. Much of sections i.2 and i.3
is standard textbook material, and more complete and accurate accounts can
be found in references [1–4].
In short, the broad and open-ended question behind this work is this: how
can living cells control the processes behind how they are, what they do, and
when they do it? I will attempt to answer this question, or at least outline
some answers, while explaining and exploring how methods from a physicist’s toolkit can be applied to such problems.

i.1

Life
“Life,” said Marvin, “don’t talk to me about life.”
— Douglas Adams, The Hitchhiker’s Guide to the Galaxy

The first step in discussing something as complex as life is to define what we
really mean. It may seem like a trivial matter to define “life”, because clearly
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a cat or a mushroom or even a yeast cell is alive, while a rock or a computer
or a glass of water is not. But just as a pile of grains eventually stops being
a pile if you remove one tiny grain at a time, even though you could not say
that any one particular grain made the difference, there are shades of gray
in the spectrum of alive-ness. There is no real consensus on what constitutes
life, because reasonable definitions will turn out to exclude things that some
people would like to view as living, or include things that others would prefer
not to see included. Various definitions have been proposed, some bolder than
others [5,6]. For the purposes of this discussion, let us adopt a broad definition
and consider something to be alive if it is self-replicating, responsive to its
environment, and evolvable.
By self-replicating I mean that if you have one, and the conditions are
right, you may soon have two. A prime example is the aphids that have been
plaguing my habanero plant; only a few days after I remove all but a few of
them, the plant will again be host to a sizeable population. The ability to selfreplicate is not a sufficient criterion for life, because even a simple salt crystal
or an open flame can reproduce if the circumstances are right.
The second criterion, responsiveness to the environment, is not a particularly well-defined concept, but what I mean is that a living thing is able to
detect and react to changes in a non-trivial way. For example, a yeast cell may
respond to the sudden availability of glucose by absorbing and metabolizing
it, consuming the glucose to grow bigger. In contrast, sulfuric acid would react to the glucose by reacting with it, oxidizing it much like it does with just
about everything else.
Evolvability, finally, is where things gets interesting [7]. This requirement
on life states that a living thing has some properties that, when it reproduces,
are imperfectly inherited by its offspring. In biological terms, the changes underlying the imperfect inheritance are called mutations. That some individuals, depending on their inherited properties, are more likely than others to reproduce is referred to as natural selection, or often just selection, especially if humans are directly involved in affecting the reproduction probabilities. While
evolvability may seem like the most complicated of the three requirements, it
is in fact the easiest to fulfill, simply because pobody’s nerfect – most forms of
self-replication will typically result in an imperfect copy.
For an example of evolvability consider again the aphids, who inherit their
brown hue from their parent(s)1 . There is a small chance that a mutation will
give an aphid a lighter color that it would otherwise have inherited. Dark
aphids are easier for me to find and squash, so an aphid that happens to be
born fairer stands a better chance of reproducing; it has higher fitness. The
descendants if this aphid will soon be a growing fraction of the population,
1 These wicked sap-sucking creatures (my arch-nemesises, if you will) commonly practice
parthenogenesis, or virgin birth [8].

i.2 Real life
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and the darker aphids will go extinct. Thus, after a number of generations,
the aphids living on my plant are likely to differ in color from their ancestors
and be harder for me to kill, only because I tried to get rid of them in the first
place. This is evolution at work.

i.2

Real life

i
Seen in the light of evolution, biology is, perhaps, intellectually
the most satisfying and inspiring science. Without that light
it becomes a pile of sundry facts – some of them interesting or
curious but making no meaningful picture as a whole.
— Theodosius Dobzhansky

Having defined life, let us turn to the implementation of it. On earth there is,
at least in any traditional and reasonable sense, only one form of life: the good
old-fashioned biological kind that encompasses everything from the puniest
bacterium and slimiest mold to the mightiest whale and the loftiest redwood.
There is good reason to hold this view, that all organisms great and small are
but variations on a single theme. Even between the most dissimilar species, as
one looks beyond superficial appearances, the differences are small compared
to the similarities [9–11].
All living things consist of cells, small sacks or bubbles whose foremost
function is to keep their contents safely together, much like the function of an
office building is to keep its workers gathered and able to work. Inside the
plasma membrane, the lipid bilayer which encloses the cell, is a thick soup of
organic macromolecules mixed with a rich broth of smaller molecules. Cells
come in an assortment of shapes and sizes. Most are microscopically small,
but some are large enough to be seen by the unaided eye. Only a tiny fraction of all cells are lumped together to form multicellular organisms such as
animals and plants. The rest make up a wide variety of single-celled organisms that move around and reproduce on their own, without strong ties to
other cells. Many of these are prokaryotes, comparatively simple cells that
are often only a micrometer or less in diameter. Based on details that do differ, such as chemical composition of their plasma membrane, prokaryotes can
be classified into two distinct groups: bacteria and archaea. Those cells that
are not prokaryotes, including the cells that make up all multicellular life, are
called eukaryotes. What earns them their name, and most obviously distinguishes them from prokaryotes, is the presence inside the cell of a membraneenclosed, cell-like compartment called the nucleus. Almost all eukaryotic
cells contain two or more types of compartments of similar description, or
organelles, which are indeed believed to be the descendants of prokaryotes
that at some point got stuck in other cells.
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There is, of course, far more that could be said about what cells look like,
what structures they contain, who begot whom, and so forth. But consider
instead the molecules that are contained in the cells. Truly central to how cells
function, and the basis for my previous claim that all cells are very similar,
is a trinity of macromolecules found in absolutely all cells. These are, in no
particular order, proteins, DNA, and RNA.

i.2.1 A trinity of heteropolymers
Three for the Kings
Of the elves high in light
— Blind Guardian, Lord of the Rings
Proteins are long chains of amino acids, intricately folded into three-dimensional structures. These amino acids are small molecules with a common backbone structure but different side chains and therefore quite different chemical
properties. Each protein has a well-determined sequence of amino acids that
are usually counted in the hundreds or thousands, and with twenty different amino acids to choose from, the combinatorial possibilities are virtually
endless. The amino acid sequence by and large determines the structure of
the protein, because the protein folds so as to shield hydrophobic amino acids
from water, bring together oppositely charged amino acids, and in other ways
arrange itself in a conformation that minimizes free energy. Examples of what
folded proteins may look like are shown in figure i.1.

Figure i.1: The structures of two proteins, cytochrome c (left) and a sucrose specific
porin from Salmonella (right), visualized in two somewhat different ways.
Images by Klaus Hoffmeier (left) and Richard Wheeler (right, GFDL).
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The structure of a protein is closely linked to its function. By virtue of their
extraordinary versatility, proteins are the workhorses of the cell, and there
are several broad classes that serve radically different purposes. Some stick
together to form webs, tails, stiff pipes, and other large structures that a cell
may need, while others actively transport material into, out of, and around the
interior of the cell, or even team up to move the cell about in its environment.
Still others are enzymes, catalysts that facilitate specific chemical reactions, including those that create the very amino acids that make up all proteins. The
chemical processes that involve breaking down, building up, and modifying
chemical compounds used by the cell are collectively known as metabolism,
and the compounds in question, and then especially the smaller molecules,
are called metabolites. Many of them, such as glucose and ATP, are common
to virtually all life, and the metabolic pathways through which they are transformed are highly conserved (that is, they vary little between species), as are
the enzymes.
Something is missing from this picture if a cell is to be self-replicating.
Amino acids must be assembled into proteins, and they must be so according to an inheritable blueprint. That blueprint could not be the proteins themselves, because not all of the proteins that a cell can manufacture are constantly
present in the cell. Instead, it is the DNA molecule that fills this role. DNA, or
deoxyribonucleic acid, consists of a potentially macroscopically long sugar–
phosphate backbone, to which a small molecule is attached at each metaphorical vertebra. These small molecules are called bases, and there are but four of
them: adenine (A), cytosine (C), guanine (G), and thymine (T). Just as proteins
are heteropolymers of amino acids, so are DNA molecules heteropolymers of
nucleotides formed by sugar, phosphate, and the four bases. The bases A, C,
G, and T carry information, much like the ones and zeros in a digital computer.

Figure i.2: Double-stranded DNA twisted into its normal double helix structure. The
deoxyribose backbone is represented by ribbons, while the bases and phosphates are
shown in more detail.
Image by Michael Ströck/Wikipedia (GFDL).
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Figure i.3: Replication of DNA. Although conceptually simple, the actual process involves a large number of proteins.
Image by Mariana Ruiz.

Crucial to the role of DNA as a blueprint is the concept of base pairing.
When two strands of DNA line up in opposite directions, they can be stuck
together by hydrogen bonds between their bases, but only where adenine
meets thymine or cytosine meets guanine. Other pairings do not leave room
for all atoms, or are otherwise disfavored. Thus every DNA sequence has a
complement, which is the sequence reversed and with bases substituted. For
example, the complement of GAGAACAT is ATGTTCTC. Base pairing makes it
possible to duplicate DNA by first assembling the complement of a sequence
and then the complement of that. The DNA in cells is normally found in
a double-stranded form, a pair of complementary sequences paired up and
twisted into a double helix by forces between the nucleotides, as illustrated in
figure i.2. Making a copy of the DNA is a matter of temporarily (and locally)
separating the two strands and copying both. Figure i.3 shows this process in
some detail.
Biologists make a distinction between an organism’s phenotype, the set
of traits that describe how the organism looks and functions, and its genotype, which is a set of genes, units of hereditary information usually carried
by DNA. In modern parlance, a gene is a stretch of DNA that codes for a protein or, as we shall soon see, something else. The words gene expression loosely
sum up the processes that lead from DNA to gene products (such as proteins).
To assemble proteins from the genetic information in DNA, the cell makes
use of base pairing, but not between DNA and DNA. Ribonucleic acid, or
RNA for short, is universally the mediator for protein sequence information
from DNA to proteins. It is a molecule quite similar to DNA, but the difference in its backbone composition means that RNA does not form long double
helices, and it is less stable than DNA over time. RNA primarily uses the same
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Figure i.4: The structure of RNA polymerase during the process of transcription. DNA
is the rope-like double helix, and the long molecule exiting to the upper left is RNA.
Part of the RNAP protein complex is not shown, to allow the DNA and RNA inside it
to be seen.
Image by David S. Goodsell.

four bases as DNA, except that uracil replaces thymine. The process of producing an RNA molecule from a DNA template is called transcription, and the
protein that nucleotide by nucleotide carries out the transcription is known as
RNA polymerase (RNAP). The process is illustrated in figure i.4.
A piece of RNA that describes the amino acid sequence of a protein is referred to as messenger RNA (mRNA), to distinguish it from RNA with other
functions. In mRNA (and DNA), a protein build from twenty different amino
acids must be represented using only four different bases. The amino acid
sequence is encoded in a straightforward way, with the bases of mRNA organized into triplets called codons. With four bases, there is a total of 64 different codons that can be used to code for amino acids and flow control (start/
stop signals). The genetic code describes how the codons are mapped to amino
acids. As there are more codons than there are amino acids, there is some
redundancy in the code, and the third base of each triplet on average carries
less information than the first two. Furthermore, codons that are similar often
code for amino acids with similar properties, which invites to speculation over
how the genetic code has evolved [12]. Not all species have identical genetic
codes, but only one quarter of all codons are known to ever take on a different
meaning [13].
RNA has other functions, beyond being a passive messenger. Of particular interest is ribosomal RNA (rRNA), which is at the heart of the ribosomes,
large RNA–protein complexes in which all proteins are assembled from the
information carried by mRNA. During translation, the process of protein synthesis by the ribosomes, the physical mapping from codons to amino acids
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Figure i.5: A transport RNA (tRNA) molecule, used by the cell to translate mRNA into
proteins. All tRNAs have the same overall shape, but the bases of the codon-matching
anticodons are different, as are the amino acid binding parts.
Image by Neil Voss.

is performed by yet another type of RNA, dubbed transfer RNA (tRNA). Its
structure is shown in figure i.5. Each variety of tRNA transports a specific
amino acid, and contains an anticodon, a triplet of bases that can pair with
one or a few codons. When a strand of mRNA passes through a ribosome, its
codons are one by one exposed to tRNAs, and the correct tRNA will engage
and thereby bring its amino acid into position to be attached to the growing
protein chain.
This brings us full circle. A variety of proteins make the building blocks of
macromolecules, and produce DNA and RNA from DNA. Meanwhile, RNA
and proteins together make proteins from information carried from DNA by
RNA. This fits the description of a self-replicating system on our checklist for
life. Evolvability, too, is fulfilled, because DNA will inevitably suffer mutations from time to time, in particular during replication. The final criterion,
responsiveness to the environment, will be given more attention in the next
section.
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Signaling and gene regulation
Spring into action!
— Topato Potato

It is primarily through proteins that the cell senses and responds to its environment. Receptor proteins inside the cell or embedded in its surface can
be activated by the binding of specific molecules (ligands) and other changes
in the immediate environment, and will in the activated form have chemical properties that differ in small but significant ways. A change in ligand
concentration constitutes a signal that a receptor may pass on by changing
its ability to catalyze reactions that modify other proteins. These reactions
frequently involve the addition or removal of small chemical groups such as
phosphate. More generally expressed, a signaling event may cause a protein
or protein complex to generate another signaling event. By chaining several
events together into signaling pathways, it is possible to get very strong nonlinear responses, but also to launch the same response to different external
signals, make a response conditional on multiple input signals, and so forth.
To be useful, signaling pathways must accomplish something more than
just the propagation of signals. In some cases it may suffice to activate or deactivate existing proteins, but in many cases it is necessary to synthesize more
proteins to deal with whatever condition prompted the signal, or, conversely,
to shut down the production of proteins. Regulating the rate of protein production can be done in a number of ways, for example by altering the translation rate or the degradation rate of mRNA. Yet the primary way to regulate
gene expression, especially when switching between zero and non-zero rather
than just fine-tuning the expression level, is to target the transcription rate.
Proteins are, as previously noted, a highly versatile class of heteropolymers.
It should therefore come as no surprise that there is a group of proteins that
can bind to DNA at more or less well-defined nucleotide sequences. These
are transcription factors, which can in detail control the transcription rates of
genes, and thereby change the corresponding protein production rates. Figure i.6 shows part of a signaling pathway that goes all the way from a receptor
protein to transcriptional regulation of genes.
RNA polymerase cares about the DNA sequence when it starts transcribing
DNA into RNA, and will only bind and start at certain sites, called promoters.
By binding in the vicinity of promoters, upstream of the genes along the DNA,
transcription factors regulate the rate of transcription of their target genes, either by recruiting RNAP to the promoter or by blocking it from binding. This
description of transcriptional regulation is, like everything else I have said,
somewhat simplified. In reality, DNA is heavily coiled up around proteins
called histones, and different parts may be more or less accessible. Both histones and DNA can be modified (e.g., by methylation) in ways that further
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Figure i.6: A schematic view of a real signaling pathway. When a ligand (TNF-α) binds
to a receptor at the cell surface, a series of biochemical events are triggered, eventually
leading to activation or repression of the expression of a set of genes.

affect transcription rates. The packing of DNA also means that points far apart
along its length can end up close in space, so some transcription factors can
act over long distances [14].
It should also be noted that transcription factors would be of little use if
they were always active. At least some of them need to be at the receiving
end of signaling pathways in order to be involved in responses to the environment. The mechanisms by which transcription factors can be activated (or
deactivated) are numerous, and include the usual set of modifications: phosphorylation, methylation, dimerization, and so on. In eukaryotes it also matters whether the transcription factors can enter the nucleus, where the cell’s
DNA resides.
This all paints a picture of transcriptional regulation as something exceedingly complicated. In most, if not all, cases, we can nevertheless view the transcription rate of a gene merely as some function of the concentration levels of
a set of transcription factors. What is important to observe is that this applies also to those genes that themselves code for transcription factors. Hence,
we may regard the expression of all genes in the cell as being governed by a
network of interacting genes. The entire set of genes form a gene regulatory network, a directed graph where every node is a gene and every edge represents
a regulatory interaction.
Gene regulatory networks have been studied from many angles and with
a wide range of tools. Attention has been lavished on structural aspects of the
networks, both in terms of statistics on local properties such as small network
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motifs [15] and degree distributions [16], and global properties such as fractal
dimension [17]. See reference [18] for a recent review.
Making sense of existing networks requires understanding of their evolutionary origins. At the very smallest scale, it is feasible to watch components
evolve under high selective pressure, as was recently done with a small regulatory module, the lac operon [19, 20] of Escherichia coli, for over 500 generations at different lactose concentrations [21]. In an even longer-running
experiment, several strains of E. coli were allowed to evolve for the better part
of two decades, or some 20 000 generations [22]. Clearly it would be impossible to test all hypotheses with experiments of this magnitude, and more so if
the aim is to understand how the entire genome of an organism has evolved
from nothing. The natural course of action is to turn to computer simulations.
Evolution performed by computers has been applied to realistic models of signaling pathways [23] and gene regulatory networks [24], but it has also been
used to create complex organisms that live in a digital world very different
from ours [25, 26].
Artificial chemistries [27], and in particular autocatalytic sets [28], have a
long history as models of the basic processes of life and evolution, but are less
suitable for studying higher-level biological systems where complex mechanisms, for example for DNA replication and protein synthesis, are already
firmly established. The application of artificial life concepts to systems where
such mechanisms are woven into the model is a fairly recent development; see
references [23, 29, 30]. Going beyond answering questions about evolutionary
processes [26] and fitness properties [31], such studies may shed light on the
emergence of gene regulatory networks and other biological networks.

i.3.1 Measurement techniques
There ain’t no ant bigger’n a bee’s knee for a thousand miles. . .
— a farmer in It Came From The Desert
A little something should be said about how gene expression and regulation
can be measured. The amount of mRNA from a very large number of genes
can be measured simultaneously using microarrays [32], which are small glass
slides covered with tiny but individually identifiable spots that contain singlestranded DNA. Through the process of reverse transcription, mRNA is used
to create DNA, which is then fluorescently labeled and poured onto the microarray where it binds only to those spots which its sequence matches. The
end result is a rather noisy estimate of expression levels, possibly relative to
some reference sample, of up to several tens of thousands of genes.
There will inevitably be gaps and errors in the data. Furthermore, there
will be so many measured values that no human can possibly view them all
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at the same time or hope to see the big picture, at least not without the help of
computers to wash out the noise and purify the useful information. There are
many data-driven approaches to reduce the complexity of microarray data.
Supervised clustering methods, for example, can be used to build classifiers
for identifying new samples as belonging to one of several medically relevant
groups, to assist in diagnosing and treating patients. Unsupervised clustering
methods can find sets of samples or genes that behave similarly in a set of
experiments, to aid in the discovery of new biological subdivisions between
samples or causal relationships in gene expression.
Gene expression data reveal transcriptional regulation [33], but microarrays can also be used to more directly infer regulatory interactions. In ChIP–
chip experiments [34], one measures how strongly a transcription factor binds
to DNA in the regulatory regions of a large number of genes. The “ChIP”
step, chromatin immunoprecipitation, aims at extracting those pieces of DNA
that the transcription factor binds to. The DNA is fragmented with the transcription factor still attached, and as the transcription factor-bound pieces are
plucked out of the solution, the rest of the DNA is discarded. Then, in the
“chip” step, the pieces of DNA are applied to a microarray, which will indicate what genes are regulated by the transcription factor under the conditions
of the experiment.
These high throughput technologies are immensely efficient tools for revealing the big picture, but the individual measurements are not all that reliable. For investigating smaller details of the regulatory system, more accurate
measurements are possible with other methods, and the high throughput results may then provide starting points for further investigations.
There exists an enormous corpus of literature on all things biological, with
whole papers dedicated to what I would view as tiny parts of regulatory networks. This is not to say that such studies are needlessly detailed, only that
a full description of a biological system is terribly complicated. Luckily, there
have been some efforts to gather these little pieces of information from the literature and arrange them into more or less well-structured databases of transcription factors [35], signaling pathways [36], and so forth. To make better
use of these database, it is possible to make predictions of what genes a transcription factor regulates, based on its known binding motifs and the the DNA
sequence of the studied organism. Hence, genome-wide searches for binding
sites can quickly uncover regulatory interactions that involve a great number
of transcription factors [37]. This can be one component of integrative approaches that combine data from several sources to expand our knowledge of
gene regulatory networks [38–40].
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i.3.2 Cell types
And the mice were squealing in my prison cell
— Brendan Behan, The Auld Triangle
Depending on how one counts, mammals have around a few hundred different types of cells, such as smooth muscle cells, helper T lymphocytes, and
olfactory receptor neurons. Cell type is closely linked with what genes are expressed, and cells will on the whole retain their type for long periods of time
without the need for external signals. This is largely the work of transcriptional regulation. If a set of transcription factors are expressed in a given cell
type, and they together promote their own expression while preventing the
expression of others, the cell type may remain unchanged.
Starting from a single cell, a multicellular organism grows by dividing and
specializing cells stepwise until it consists of a large number of tissues and
cell types. Dividing and being active carries risks for a cell, and its regulatory
system may be damaged in ways that cause it to start dividing unchecked,
creating a tumor or other form of cancer. Therefore, numerous safeguards
have evolved to prevent this from happening, including triggers for apoptosis
(programmed cell death) when errors are detected, and limits on the number
of times a cell can divide. Stem cells are those rare cells that even in an adult
retain the potential to keep dividing, and to differentiate into cells of various
types [41]. They form a hierarchy of cell development, where only a small
fraction of the cells live sluggish lives in the least differentiated states, and
from there give rise to more specialized stem cells, which in turn beget progenitors to mature cells. Thus, when cells dies, whether by accident, old age,
or shedding, their ranks can be replenished promptly.
Stem cells are a way to create many types of cells from a single fertilized
egg, a means for the body to fill vacancies when cells die, and a part of the
solution to the problem of cancer. However, the properties of stem cells, such
as the ability to divide endlessly, make them dangerous if gone bad, so the
number of stem cells is kept low. That the population is divided into a smaller
number of long-term stem cells and more numerous short-term stem cells,
which are more active and prone to differentiate, reflects the need to keep the
pool of stem cells healthy and under control. It is crucial that cells do not
become stem cells by accident if their regulatory networks are broken, so the
transcriptional regulation of stem cell-ness and differentiation can be expected
to be extremely robust.
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Boolean networks
#define MAYBE 2
— a CodeSOD on thedailywtf.com

Only by idealizing and approximating can we hope to understand anything.
This does not, of course, imply that we should always try to oversimplify
things, but the more details we strip away, the more universal may our conclusions be. From a practical point of view, we may need to simplify to be able
to perform simulations and other mundane tasks. For a great many genes, a
significant portion of the information on their expression levels lies in whether
they are at all expressed. In other words, it may be sufficient for our understanding to know whether or not the genes are expressed, without differentiating between levels for those genes that are “on”. Reducing gene expression
to discrete values greatly simplifies the description of interactions between
genes. This is the basis for modeling gene regulatory networks as Boolean
networks.
A Boolean variable is, as every computer geek knows, one that can only
take the values TRUE and FALSE. We may equally well call the two states 1 and
0 or ON and OFF. If we claim that the expression level of every gene can be
reasonably well described using just those two words, then the state of each
node of the gene regulatory network is a Boolean variable, and we call the
network itself a Boolean network. A more in-depth discussion of how Boolean
models can apply to gene expression is found in reference [42].
In addition to the network architecture – how the nodes are connected –
the behavior of a network depends on how the connected nodes interact. The
links (graph edges) that point to a node represent regulatory interactions. In
the Boolean world, the expression level of a gene is still some function of the
expression levels of those genes that regulate it, but it will necessarily be a
Boolean function. As a simple example, a gene might only be expressed when
induced by two transcription factors, and this corresponds to a node with two
incoming links that feed into the Boolean function AND. Figure i.7 shows a
larger example, a small Boolean network where one of the nodes has three
inputs. At every node there is a Boolean function that determines what the
state of the node will be, depending on what the state of its input nodes are.
We often refer to these functions as rules for updating the nodes, which makes
it clear that it must be specified how, precisely, the nodes are updated.
We are interested in the dynamics of the network, which is to say that we
want to know how it behaves as time goes by. Given a network architecture,
an assignment of rules, and a network state, it is easy to compute the next state
of any node. The problem is that if we update the states of the nodes one by
one, the behavior of the network will depend on the updating order. Unlike
in a continuous model, state changes are never gradual and we cannot take
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Figure i.7: A Boolean network of four nodes, where the number of inputs to the nodes
varies from none to three, as does, coincidentally, the number of outputs per node.

shorter steps in time. There is a variety of ways to update the network state
asynchronously, or one node at a time: draw a node at random each time, or
go through all nodes and then re-randomize the order, or just use the same
arbitrary order over and over. However, there is a conceptually simpler way
to update the network: all nodes are updated at the same time, so that at time
t + 1 the state of each node is given by its input nodes at time t.
Regardless of the updating order, there are some simple cases where a
Boolean network does not behave like the corresponding continuous model.
A gene which negatively regulates itself, as to stabilize its expression at an
intermediary level, may be represented in a Boolean model as a node that
changes its state every time it is updated. It will look as though the gene expression oscillates, which in reality is a possible but less likely behavior. For
larger networks, the synchronous updating scheme, which represents an idealized, noise-free view of the dynamics, tends to suffer the most from artefacts
of this type. However, this scheme has the advantage of being deterministic
while treating all nodes as equal. It is possible to keep these positive attributes
and yet reduce the artefacts, by actively considering the effects of delayed updating of some nodes [43].
The synchronous updating scheme, which is all I will consider from here
on, deterministically assigns a successor state to each of the 2 N states of a
network with N nodes. Consequently, every state eventually leads to a state
that has already been visited, and then round and round in a loop. In other
words, every trajectory in the state space ends in an attractor, be it a fixed point
or a cycle of some finite length. Figure i.8 illustrates this concept for six of the
sixteen states in a network of four nodes. One of the states points directly to
itself, so it is a fixed point, an attractor of size one. The other five states are
part of its basin of attraction, the set of states that lead to the attractor.
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Figure i.8: An example of the dynamics of a Boolean network, namely the one in figure i.7, under the synchronous updating scheme. Six network states are shown, and the
nodes are colored according to their states, with dark for TRUE and white for FALSE.
Each node is updated according to the states of its inputs in the previous time step,
which leads to the trajectories indicated by the thick arrows. The lower right state
points to itself, and is therefore a fixed point of the dynamics.

i.4.1 Random Boolean networks

— XKCD, xkcd.com
Boolean networks in the context of biology trace back to the work of Stuart
Kauffman in the late 1960s, as do the ideas for what to do with such networks [44]. Much of what I have said about gene regulation was known back
then [45], albeit that some of the details were hazy. What was not known,
however, was what a complete gene regulatory network looked like. But as
always when there is something we do not know in detail, a reasonable approach is to consider the whole ensemble of possible cases, to see what that
can tell us. Applied to Boolean networks, this reasoning leads us to generate
networks where the network architecture and the rules are chosen randomly.
We may then proceed to investigate these random Boolean networks [46], in the
hope that properties common to most such networks are also shared by the
real gene regulatory networks. However, we should keep in mind that lacking the selective pressure to perform a useful task, random networks could
potentially be very different from real networks.
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There is a class of Boolean networks, called NK models, which is defined
as networks with N nodes, all of which have exactly K inputs. The number
of distinct states that the input to a node can assume is 2K , and as the output
K
of a rule can be either TRUE or FALSE for each of those states, there are 22
different K-input rules. It was randomly connected networks of this class that
Kauffman originally studied, with K = 2 and all 16 of the 2-input rules equally
probable [44]. To generate a random network – a realization of the random
network model – each of the N nodes is assigned a rule and two input nodes
at random (it may even be the same input node twice).
If we can measure some observable of interest on a network reasonably
quickly, we can generate a large number of network realizations and get an
estimate of what distribution the observable follows. For example, if we want
to know how common it is with nodes that have 25 outputs in networks of size
100, we can generate a large number of such networks and count how many
of them contain 25-output nodes. In this case it is fairly obvious that we can
also calculate the expected value without actually generating any networks,
but far from all observables have that property.
Robustness is an important aspect of any regulatory network. In random
Boolean networks it is of interest to know what the average effect of changing
the state of a single node is. Depending on the network model such a perturbation may die out, remain the same size, or grow to affect many nodes,
and the network dynamics are then referred to as ordered, critical, or chaotic,
respectively. The K = 2 Kauffman networks are critical, because the {mean
number of outputs per node} times {the chance that a rule will give a different
output when one input changes} is exactly 2 · 12 = 1. That is, a small perturbation will on average neither grow to affect the whole network, nor rapidly die
down. Papers II and III give examples of networks that are not critical, and
introduce other measures of robustness.
It is natural to discuss the dynamics of a Boolean network in terms of its
attractor structure, starting from the question of how many attractors there are
and how their sizes are distributed. The number of attractors is an observable
with some coupling to biology, following the notion that the cell types of multicellular organisms correspond to different attractors of the gene regulatory
network. One could hope that Boolean networks with as many nodes as we
have genes, just over 25 000 by today’s best estimates [47], would on average
have an attractor count comparable to the number of cell types. It may seem
strange that a gene regulatory network, whose workings are heavily restricted
by the need for fitness, would behave essentially like a random network, but
selection can only work with the variations that spontaneously arise, and it is
conceivable that at large scales the network is mainly shaped by such events.
This does not mean that the network will necessarily look like a random network, but it will at least improve the odds that it does so in some respects.
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Unfortunately, the number of attractors in a large Boolean network turns
out to be very difficult to find, as it is easy to overlook those cycles and fixed
points that have small basins of attraction. This problem of biased undersampling is implicated in the original, erroneous finding for Kauffman networks
√
that the mean number of attractors grows with the number of nodes as N,
which would have neatly matched the number of cell types. I will get back to
the true scaling with N, as this is the topic of paper I.
To further complicates things, there are some very rare networks with an
extreme number of attractors, for example those few where all states are fixed
points. If such pathological networks are not sufficiently rare, then the mean
number of attractors will be dominated by exceedingly rare networks whose
contributions are unlikely to be included even when many network realizations are examined. In these cases, the median may be a more suitable average
than the arithmetic mean for characterizing the typical network.

i.5

Continuous models
Year still after year flows
down the Seven Rivers;
cloud passes, sunlight glows,
reed and willow quivers
— J. R. R. Tolkien, The Last Ship

An important part of modeling a system such as the living cell is to choose the
right level of detail for the model. Depending on the goals of the modeler and
the sensitivity of the system to the assumptions made, different types of models will be appropriate. In some cases Boolean networks may be sufficient to
describe signaling and gene regulation, whereas in other cases it is necessary
to track the movement of individual molecules in the cell. Although spatial
effects inside the cell can play a role, for example in chemotaxis, it is often sufficient to know the concentration levels of the different molecular species. For
example, the typical time scales in DNA transcription are far longer than the
time needed for diffusion to evenly distribute transcription factors in the cell.
When the number of molecules in a cell is small, stochastic fluctuations
must in general be taken into account, if the model is to capture the qualitative
behavior of the system. A classical example of this is the lysis–lysogeny switch
of phage λ [48]. However, when the number of molecules is large, it is possible
to work with continuous concentration levels and ignore the stochastic effects.
The model will then consist of a set of chemical rate equations, deterministic
differential equations that describe how concentrations change with time.
Even a seemingly simple reaction can consist of many steps, and the corresponding rate equations can in principle be quite complicated. However,
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when studying enzyme-driven reaction in metabolism and gene regulation,
such a detailed view is usually not necessary, as the equations to a good approximation result in simple Michaelis–Menten kinetics [49]. In general, enzyme reactions where the final step is irreversible can be described by Michaelis–Menten equations [2]. It is not difficult to derive similar straightforward
approximations for other types of reactions, given that the relative magnitudes
of the reaction constants are know.
Based on the conclusions of Shea and Ackers [50], the transcription rate of
a gene, and thus its protein production rate, can be modeled as being proportional to the binding affinity of RNAP to the promoter. This affinity is largely
determined by what transcription factors occupy binding sites in the regulatory region, and by how they interact with RNAP. In real systems where the
regulatory interactions are known and the transcription rates under different
condition have been measured, it may be possible to write down an expression
for the Boltzmann weights of the states where RNAP is bound or not bound to
the promoter. When such details are not known, or the system exists in a computer simulation only, a practical approach is that of Buchler et al. [51], which
is based on the thermodynamics of bacterial transcription regulation and was
shown to produce a rich set of transcriptional logic. There, transcription factors may bind to one or more sites in the regulatory region, each with its own
binding energy. As some sites are closely spaced or overlapping, the binding
is subject to cooperativity and mutual exclusivity, and it is in principle easy to
calculate how the transcription factors together recruit or block RNAP.

i.6

The Publications
If every PhD student changed the world,
everyone would get a migraine.
— Andy Hopper

As I said at the very beginning of this introduction, the six papers in this thesis span a range of abstraction and generality. The first three papers revolve
around models that do not have immediate biological counterparts. Instead,
they describe whole classes of regulatory networks that include the biological
ones. In contrast, paper V describes a specific network, and makes predictions
about its behavior. The modeling in paper VI is closer to paper V in this respect, but it does make some wider generalizations. Paper IV is the odd man
out; instead of modeling the regulatory networks, it introduces a data mining
algorithm that relies on previous knowledge about them.
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i.6.1 About Boolean networks
Papers I–III are concerned with random Boolean networks in various forms.
In paper I, we explore how the numbers of fixed points and cycles of different
length grow with the number of nodes in√the critical K = 2 Kauffman networks. The background is that the quoted N scaling law for the mean number of attractors [44] had been called into question [52–55]. Bilke and Sjunneson reported that improved sampling showed at least linear scaling [54],
and Socolar and Kauffman went on to demonstrate a super-linear relationship [55]. In paper I we show that biased undersampling (see section
√ i.4.1) can
lead to observations that suggest scaling as a power law such as N. A fixed
number of trajectories from random states will not always find all attractors in
a set of network realization, and more will be missed the larger the networks
are. Over a limited range of network sizes, the number of found attractors can
then look like a power law with N.
The main result of paper I is an expression for the mean number of fixed
points or cycles of length L in networks of size N. This expression, eq. (I.10),
is not easy to evaluate for cycles longer than a few steps, but it is easily shown
that for any given power law, it is possible to find an L such that the number
of L-cycles grows faster than that power. Hence, the total number of attractors
grows faster than any power law with N. The reasoning used to arrive at the
expression is based on the idea that rather than try to count the number of
attractors in networks with a given architecture and assignment of rules by
looking at network states, one may count the number of rule assignments and
architectures that let a state be a fixed point.
In more detail, the reasoning goes like this: All network states are equal,
in the sense that the rule distribution does not favor some states over others,
so we only need to consider one state. If that state is chosen to have all nodes
set to FALSE (or all TRUE), then every architecture is equivalent if the state is
a fixed point. Left to consider is only the chance that the rules of N identical
and independent nodes really make the state a fixed point. For cycles it gets
a bit more complicated, but the problem is readily mapped to a similar fixed
point problem.
We have proved that the mean number of attractors in K = 2 Kauffman
networks grows extremely rapidly with the network size, but it is not clear
how this relates to biological function. For a large network, long cycles with
hopelessly small attractor basins would not seem to have any bearing on the
system’s normal operations, or they might represent pathological cell types
that are rarely realized. Furthermore, Klemm and Bornholdt have demonstrated that in large networks only a small fraction of all attractors are stable
under infinitesimal perturbations in time, but a disproportionally large fraction of all trajectories end in stable attractors [43].
In papers II and III we apply some of the knowledge gained over the past
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decades to random Boolean networks in a biological context. The architecture of the gene regulatory network of yeast, Saccharomyces cerevisiae, was in
part determined by Lee et al. in 2002, in a set of ChIP–chip experiments in
which the genes regulated by 106 transcription factors were identified with
some level of confidence [56]. Disregarding genes that are not transcription
factors, we extract a core transcriptional network from the data, and use it as
the architecture for otherwise random Boolean networks. To better mimic real
regulatory interactions we introduce nested canalyzing rules, a class of Boolean
functions that includes many of the rules that we would consider “simple”
and seemingly easy to implement biochemically. There is a distribution of
nested canalyzing rules that agrees well with rules collected and inferred from
the literature by Harris et al. [57]. A caveat is that not all the possible input
states are experimentally tested for rules with many inputs, as this would require hundreds of experiments. This presumably introduces a bias towards
thinking the rules simpler than they really are.
Aside from introducing nested canalyzing rules, paper II describes the dynamics of the yeast network with random such rules, and then especially the
response to perturbations. The nested canalyzing rules confer far greater stability than a flat distribution of all Boolean rules, and as a result the network
almost always finds its way to a very stable fixed point. When the states of
several nodes are flipped at once, the typical behavior of the network is to
relax back to the same fixed point within a few time steps.
Self-couplings, links directly from nodes to themselves, present something
a problem in Boolean models, as they can behave quite unlike their continuous counterparts. In the continuous world, negative autoregulation pushes
something up when it is low and down when it is high, so that it is stabilized
at an intermediate level. The Boolean version instead drives the state back
and forth between TRUE and FALSE, even without any external signals. For
this reason we remove such interactions from the network in paper II, except
to investigate their effects on the dynamics.
Paper III goes on to describe the stability properties of networks where the
nested canalyzing rules are applied to random network architectures. Instead
of returning to the K = 2 networks, we study networks where the in-degrees,
i.e., the number of inputs per node, are drawn from a power law distribution. This is closer, but not identical, to the distribution seen in real transcriptional networks [56, 58]. How robust a network is towards perturbations can
be quantified as the number of nodes that are immediately affected if the state
of a single node is changed when the network is at equilibrium. This number,
which we call r, is always less than 1 in the studied class of networks, which
means that the nested canalyzing rules confer great stability to the network
dynamics. The networks are well inside the ordered regime, and only approach criticality when the power in the power law grows very large. In that
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limit, all nodes have a single input, and the network consists of long loops
where signals circulate forever.
Through some rather convoluted mathematical jiggery-pokery, it is possible to show that the number of attractors in large networks is highly sensitive
to r. The results in this direction in paper III were subsequently expanded on
in reference [59] by Samuelsson and myself.

i.6.2 About pathway profiling
What we set out to do in paper IV is to combine microarray data with prior
knowledge about signaling pathways and transcriptional regulation. By mapping microarray data to the activity of pathways, it should be possible to summarize the main trends of a biological sample in a concise and intuitive manner. The pathways, as described in the T RANSPATH database [36], start at one
or more receptors, proceed through multiple reaction steps, and end at a set
of transcription factors. With the information in the T RANSFAC [35] database,
it is possible to find out what genes the individual transcription factors regulate. If some genes are controlled by the same signaling pathway, then their
expression levels should change in unison, provided that the activity level of
the signaling pathway shows some variation across the samples. However,
the databases do not reveal whether activity in a pathway can be expected to
result in the up- or down-regulation of a gene.
We define a score based on squares of the correlations between those genes
that are regulated by the same transcription factor. Using data from some publicly available cancer microarray data sets, we verify that this score identifies
more transcription factors as regulating their target genes than would be expected by chance. That many transcription factors do not show a significant
signal is not a failure, as they can not all be expected to be differentially activated between samples in the data sets. Entire pathways, too, are shown to
be significant. Hence, the data sets carry some information about the activity
levels of pathways.
We do not know whether a pathway up- or down-regulates each of the
genes it is thought to affect, but if most target genes go the same way, a signal
should still be seen if the expression data for all of them are combined. This
reasoning leads us to a procedure for finding a sign and a p-value for the
activity of each pathway in each individual sample. To demonstrate that these
scores capture some real biological signal in the data, we make a comparison
between the predicted status for a few pathways and the medical annotations
of the samples, and find a significant level of agreement. This does not imply
that our method presently would be useful for diagnosing patients, but it does
indicate that a pathway-level view on gene expression data may find uses in
such contexts.
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In a recent paper, Liu and Ringnér present a related method of pathway
profiling. Starting from lists of differentially expressed genes, and using transcription factor binding motifs to identify target genes, they identified pathways that were abnormally regulated in experiments on mice or in cancer in
humans [40].

i
i.6.3 About the stem cell switch
Stem cell regulation is a vital component of mammalian life. During development, embryonic stem cells must differentiate at the right times and into the
right types of cells for tissues to form as they should. Later in life, stem cells
play a critical role in damage repair, and there is great hope for practical medical applications in fields like restorative neurology. Unfortunately, stem cells
are difficult to maintain in vitro, as they spontaneously differentiate in the absence of various chemical signals that are normally present in vivo [60]. Such
tendencies can be understood in the light of the potentially dire consequences
of mutations in stem cells; they already possess the mobility and unlimited
replication that are two of the hallmarks of cancer [61]. Similarly, differentiation is essentially a one-way process, but one that it would be greatly useful
to be able to reverse, as the least differentiated stem cells are very rare and
difficult to extract. Understanding stem cell regulation is a big deal.
Central to maintaining embryonic stem cells in human and mouse are the
genes OCT4, SOX2, and NANOG [62]. These genes code for three transcription factors whose exact interactions are still being mapped out. In paper V,
we use the available knowledge about these players to make a model of their
transcriptional network. For this we use rate equations and the Shea–Ackers
approach to expressing the transcription rates. How the three genes regulate
each other has been fairly well characterized, but how they together control
their target genes less so. What is known is that the transcription factors positively regulate each other and themselves, and that they together keep genes
that are involved in stem cell self-renewal expressed, while genes that initiate
differentiation are heavily repressed.
What our model reveals is that due to the multiple positive regulations between OCT4, SOX2, and NANOG, the system is strongly bistable. The three
genes can be regarded as forming a switch with two distinct states, ON and
OFF, and external signals help move the system between these states. It is
shown that the transcription factors can regulate all their target genes in qualitatively similar ways, and yet achieve completely different expression of the
differentiation genes and the stem cell self-renewal genes, but only if NANOG
is positively autoregulating. Thus, the model can help fill gaps in our knowledge of the regulatory interactions.
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One set of external signals can cause the expression of NANOG to be repressed, and it is predicted that this irreversibly causes the switch to be shut
OFF. When this happens, the stem cell self-renewal genes are repressed, and
differentiation is triggered. This matches the response of the cell to DNA
damage and similar disasters. Another signal causes SOX2 and OCT4 to be
up-regulated, and depending on the basal transcription rate of NANOG the
switch may either be turned ON by the signal and then stay ON when the signal is removed, or require the signal to be present to avoid being irreversibly
turned OFF. If this signal is lost, a similar same chain of events will unfold as
above. The cell may use this mechanism to start differentiation when it is not
needed as an embryonic stem cell, or as a fail-safe if the signal is lost for some
other reason.

i.6.4 About metabolic pathway regulation
For all that has been said about regulatory networks, it remains to be asked
why transcriptional regulation is so common. In the light of evolution, why
do gene regulatory networks exist, and why are they so complex? Only if
a regulatory interaction confers some fitness benefit will it be retained once
it has arisen by mutation. This is true even though the network is mostly
built though the duplication and subsequent modification of existing sets of
genes. To understand how evolution shapes entire gene regulatory networks,
we would do well to understand when and how a single regulatory interaction can be of use.
In paper VI we develop a highly simplified model of a microorganism that
does nothing but eat and grow. Every detail that can possibly be removed or
simplified is given the axe. What is left is a small set of differential equations
that describe how a nutrient diffuses into a cell and is converted into a useful form by the action of a single enzyme. From this useful form, which we
may picture as representing pyruvate or some other small, energy-carrying
metabolite, the cell can both manufacture more of the enzyme and grow larger.
Cell division itself is simplified into an average dilution effect, and all that
remains for gene regulation to decide is how to balance the investments in
enzyme production and growth.
Consider first how the growth rate of the modeled organism depends on
the enzyme production in a perfectly static environment. There is no need
for fancy transcriptional regulation, provided that the basal transcription rate
of the enzyme can be adjusted. Evolution will effectively tune the expression
level of the enzyme to maximize the growth rate. This point was experimentally demonstrated in E. coli that were grown in a constant lactose concentration [21]. It is conceivable that transcriptional regulation would still fill a
function here, if it can reduce detrimental stochastic fluctuations in the en-
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zyme level. However, a major enzyme in a metabolic pathway would likely
be expressed at comparatively high levels, and then the relative fluctuations
would be small.
A reasonable definition of fitness is the expected growth rate of an organism’s genetic material over a period of time, taking into account not only
growth and reproduction, but also the risk of death. If cells live in environments where the nutrient abundance is always high enough for sustained
growth, and individuals are siphoned off at random so as to keep the total
population constant, as in the example above, then the average growth rate
alone is a good measure of fitness.
Rather than simulate an environment where the nutrient level changes
with time, which certainly can be done in this context [24], we assume that
changes are rare, which means that the fitness of an organism can be computed from a set of fixed environments. As a positive practical consequence
of this approach, the fitness becomes easy to compute with high precision, and
for different variants of the model we can find the parameter values that maximize it. The first such variant we consider is the most central: a transcription
factor is added and given the power to up- or down-regulate the expression
of the enzyme.
What we find is that when the transcriptional regulation is tuned to maximize fitness, the resulting fitness is far greater than for any unregulated case.
In fact, there is a substantial benefit in regulating the enzyme production even
when the range of nutrient concentrations is narrowed down. This goes some
way towards explaining what is so great about gene regulation.
When we extend the model to include two nutrients and two metabolic
pathways, we see that the activation of a pathway ideally is a continuous, if
steep, function of the nutrient level. This fits with the in silico observation that
the lac system in E. coli shows a graded response to lactose [24]. This lack of
hysteresis in the system is also indicative of the stability of those regulatory
networks that govern metabolic pathways.
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The Kauffman model describes a particularly simple class of random Boolean
networks. Despite the simplicity of the model, it exhibits complex behavior
and has been suggested as a model for real world network problems. We introduce a novel approach to analyzing attractors in random Boolean networks,
and applying it to Kauffman networks we prove that the average number of
attractors grows faster than any power law with system size.
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Attractors in Kauffman networks

I.1 Introduction
We are increasingly often faced with the problem of modeling complex systems of interacting entities, such as social and economic networks, computers
on the Internet, or protein interactions in living cells. Some properties of such
systems can be modeled by Boolean networks. The appeal of these networks
lies in the finite (and small) number of states each node can be in, and the ease
with which we can handle the networks in a computer.
A deterministic Boolean network has a finite number of states. Each state
maps to one state, possibly itself. Thus, every network has at least one cycle
or fixed point, and every trajectory will lead to such an attractor. The behavior
of attractors in Boolean networks has been investigated extensively (see, e.g.,
[1–6]). For a recent review, see [7].
A general problem when dealing with a system is finding the set of attractors. For Boolean networks with more than a handful of nodes, state space is
too vast to be searched exhaustively. In some cases, a majority of the attractor
basins are small and very hard to find by random sampling. One such case is
the Kauffman model [8]. Based on experience with random samplings, it has
been commonly believed that the number of attractors in that model grows
similar to the square root of system size. Lately this has been brought into
question [9–12]. Using an analytic approach, we are able to prove that the
number of attractors grows faster than any power law. The approach is based
on general probabilistic reasoning that may also be applied to other systems
than Boolean networks. The derivations in the analysis section are just one application of the approach. We have attempted to focus on the method and our
results, while keeping the mathematical details at a minimum level needed
for reproducibility using standard mathematical methods.
In 1969, Kauffman introduced a type of Boolean networks as a model for
gene regulation [8]. These networks are known as N–K models, because each
of the N nodes has a fixed number of inputs, K. A Kauffman network is synchronously updated, and the state (TRUE or FALSE) of any node at time step
t is some function of the state of its input nodes at the previous time step.
An assignment of states to all nodes is referred to as a configuration. When a
single network, a realization, is created, the choice of input nodes and update
functions is random, although the update functions are not necessarily drawn
from a flat distribution. This reflects a null hypothesis as good or bad as any, if
we have no prior knowledge of the details of the networks we wish to model.
In this letter, we will first present our approach, and then apply it to Kauffman’s original model, in which there are 2 inputs per node and the same probability for all of the 16 possible update rules. These 16 rules are the Boolean
operators of two or fewer variables: AND, OR, TRUE, etc. This particular N–K
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model falls on the critical line, where the network dynamics are neither ordered
nor chaotic [9, 13, 14].

I.2 Approach
Our basic idea is to focus on the problem of finding the number of cycles of
a given length L in networks of size N. As we will see, the discreteness of
time makes it convenient to handle cycles as higher-dimensional fixed point
problems. Then it is possible to do the probabilistic averaging in a way which
is suitable for an analytic treatment. This idea may also be expanded to applications with continuous time, rendering more complicated but also more
powerful methods.
We use four key assumptions:
I ) The rules are chosen independently of each other and of N.
II )
III )
IV )

The input nodes are independently and uniformly chosen
from all N nodes.
The dynamics are dominated by stable nodes.

The distribution of rules is invariant due to inversion of any
set of inputs.
Assumption (IV) means, e.g., that the fraction of AND and NOR gates are the
same, whereas the fraction AND and NAND gates may differ. This assumption
is presumably not necessary, but simplifies the calculations drastically. Assumption (III) is expected to be valid for any nonchaotic network obeying (I)
and (II) [15]. Note that (I) does not mean that the number of inputs must be the
same for every rule. We could write a general treatment of all models obeying
(I)–(IV), but for simplicity we focus on the Kauffman model.
We will henceforth use hCL i N to denote the expectation value of the number of L-cycles over all networks of size N, with L = 1 referring to fixed points.
The average number of fixed points, hC1 i N , is particularly simple to calculate.
For a random choice of rules, (I) and (IV) imply that the output state of the
net is independent of the input state. Hence, the input and output states will
on average coincide once on enumeration of all input states. This means that
hC1 i N = 1.
The problem of finding other L-cycles can be transformed to a fixed point
problem. Assume that a Boolean network performs an L-cycle. Then each
node performs one of 2 L possible time series of output values. Consider what
a rule does when it is subjected to such time series on the inputs. It performs
some Boolean operation, but it also delays the output, giving a one-step difference in phase for the output time series. If we view each time series as a
state, we have a fixed point problem. LhCL i N is then the average number of
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input states (time series), for the whole network, such that the output is the
same as the input.
To take advantage of assumption (IV), we introduce the notion of L-cycle
patterns. An L-cycle pattern is s and s inverted, where s is a time series with
period L. Let Q denote a choice of L-cycle patterns for the net, and let P(Q)
denote the probability that the output of the net is Q. Using the same line of
reasoning as for fixed points, we conclude that (I) and (IV) yield

hCL i N =

1
L

∑

P(Q) ,

(I.1)

Q∈Q LN

where Q LN is the set of proper L-cycles of an N-node net. A proper L-cycle has
no period shorter than L.

I.3 Analytic calculations
Assumption (II) implies that P(Q) is invariant under permutations of the
nodes. Let n = (n0 , . . . , nm−1 ) denote the number of nodes expressing each of
the m = 2 L−1 patterns. For n j , we refer to j as the pattern index. For convenience, let the constant pattern have index 0. Then
µ ¶
N
1
P(Q) ,
(I.2)
hCL i N =
L ∑N n
n∈P L

N
where ( N
n ) denotes the multinomial N!/ ( n0 ! · · · nm−1 ! ) and P L is the set of
partitions n of N such that Q ∈ Q LN . That is, n represents a proper L-cycle.
What we have thus far is merely a division of the probability of an L-cycle
into probabilities of different flavors of L-cycles. Now we assume that each
node has 2 inputs. Then, we get a simple expression for P(Q) that inserted
into eq. (I.2) yields
Ã
!n j
µ ¶
n l1 n l2
1
N
j
hCL i N =
(I.3)
∑ N 2 ( PL )l1 l2 ,
L ∑ N n 0≤∏
j<m 0≤l ,l <m
n∈P L

j

n j 6 =0

1 2

where ( PL )l l denotes the probability that the output pattern of a random 21 2
input rule has index j, given that the input patterns have the indices l1 and l2 ,
respectively. Note that eq. (I.3) is an exact expression for the average number
of proper L-cycles in an N-node random Boolean network which satisfies the
assumptions (I), (II), and (IV), and where each node has 2 inputs.
From now on, we only consider the Kauffman model, meaning that we also
restrict the distribution of rules to be uniform. It is instructive to explore some
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j

properties of ( PL )l l ; these will also be needed in the following calculations.
1 2
We see that

( PL )000 = 1,

( PL )0l1 0 =

1
2

,

( PL )0l1 l2 ≥

and

1
8

,

(I.4)

j

for 1 ≤ l1 , l2 < m. Further, we note that for a given j 6= 0, ( PL )l 0 has a nonzero
1
value for exactly one l1 ∈ {1, . . . , m − 1}. Let φL ( j) denote that value of l1 . We
can see φL as a function that rotates an L-cycle pattern one step backward in
time. With this in mind, we define φL (0) = 0. Now, we can write
j

( PL )l

10

= 21 δl1 φL ( j) ,

(I.5)

for 1 ≤ j < m. (δ is the Kronecker delta.)
We can view φL as a permutation on the set {0, . . . , m − 1}. Thus, we
divide this index space into permutation cycles which are sets of the type
{ j, φL ( j), φL ◦ φL ( j), . . .}. We refer to these permutation cycles as invariant sets
H −1
of L-cycles. Let ρ0L , . . . , ρ L L denote the invariant sets of L-cycles, where HL
is the number of such sets. For convenience, let ρ0 be the invariant set {0}. If
two L-cycle patterns belong to the same invariant set, they can be seen as the
same pattern except for a difference in phase.
We want to find the behavior of hCL i N for large N, by approximating
n
eq.
√ (I.3) with an integral. To do this, we use Stirling’s formula, n! ≈ (n/e)
2πn, while noting that the boundary points where n j = 0 for some j can be
ignored in the integral approximation. Let x j = n j /N for j = 0, . . . , m − 1 and
−1
integrate over x = ( x1 , . . . , xm−1 ). x0 is implicitly set to x0 = 1 − ∑m
j=1 x j . We
get
µ ¶(m−1)/2 Z
1 N
e N f L (x)
hCL i N ≈
dx m−1 √ ,
(I.6)
L 2π
∏ j =0 x j
0< x0 ,...,xm−1

where
m −1

f L (x) =

∑

j =0

Ã

1
x j ln
xj

!

∑

0≤l1 ,l2 <m

j
xl1 xl2 ( PL )l l
1 2

.

(I.7)

Eq. (I.7) can be seen as an average hln X i, where X is the expression inside
the parentheses. Hence, the concavity of x 7→ ln x gives f L (x) = hln X i ≤
lnh X i = 0 with equality if and only if
xj =

∑

0≤l1 ,l2 <m

for all j = 0, . . . , m − 1.

j

xl1 xl2 ( PL )l

1 l2

,

(I.8)
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Note that eq. (I.8) can be interpreted as a mean-field equation of the model.
Using eq. (I.8) for j = 0 and eq. (I.4), we see that f L (x) comes arbitrarily close
to zero only in the vicinity of x = 0, and for large N, the relevant contributions
to the integral in eq. (I.6) come from this region. Thus, the dynamics of the net
are dominated by stable nodes, in agreement with [11, 15]. This means that
assumption (III) is satisfied by the Kauffman model. Using eqs. (I.4) and (I.5),
a Taylor expansion of f L (ex) yields
m −1

f L (ex) = e

∑

x j ln

xφ( j)

j =1

xj

+e

2

m −1

∑

j =0

j

x · A L x e3
xj
−
xφ( j)
2

µ

m −1

∑

xj

j =1

j

x · AL x
xφ( j)

+ O ( e4 ) ,
j

¶2

(I.9)

j

where ( A L )l1 l2 = ( PL )l l − 12 (δl1 φ( j) + δl2 φ( j) ).
1 2
The first order term of eq. (I.9) has 0 as its maximum and reaches this value
if and only if xφL ( j) = x j for all j = 1, . . . , m − 1. The second order term is zero
at these points, whereas the third order term is less than zero for all x 6= 0.
Hence, the first and third order terms are governing the behavior for large N.
Using the saddle-point approximation, we reduce the integration space to the
space where the first and second order terms are 0. Let zh = N 1/3 ∑ j∈ρh x j
L

for h = 1, . . . , HL − 1 and let ( PL0 )kh

1 k2

denote the probability that the output

pattern of a random rule belongs to ρhL , given that the input patterns are rank
domly chosen from ρ L1 and ρkL2 , respectively. Thus, we approximate eq. (I.6)
for large N as

hCL i N ≈ α L β L N γL ,

(I.10)

where
Ã
αL =

H L −1

L

∏

h =1

!−1 µ

|ρhL |

Z

βL =

dz

0<z1 ,...,z HL −1

Ã

1
exp −
2

1
2π

¶( HL −1)/2

H L −1

∑

h =1
H L −1

∏

,
¢2
1¡
z · BLh z
zh

√

(I.11)
!
,

(I.12)

zh

h =1

γL =

HL − 1
,
3

(I.13)

and ( BLh )k1 k2 = ( PL0 )kh k − 12 (δk1 h + δk2 h ). (|ρ| denotes the number of elements
1 2
of the set ρ.)
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Figure I.1: The number of L-cycles as functions of the network size for 2 ≤ L ≤ 6. The
numbers in the figure indicate L. Dotted lines are used for values obtained by Monte
Carlo summation, with errors comparable to the linewidth. The asymptotes for N ≤ 8
have been included as dashed lines. Their slopes are γ2 = γ3 = 1/3, γ4 = γ5 = 1,
γ6 = 7/3, γ7 = 3, and γ8 = 19/3.

HL grows rapidly with L. The number of elements in an invariant set of Lcycle patterns is a divisor of L. If an invariant set consists of only one pattern,
it is either the constant pattern, or the pattern with alternating zeros and ones.
The latter is possible only if L is even. Thus, HL − 1 ≥ (2 L−1 − 1)/L, with
equality if L is a prime number > 2. Applying this conclusion to eqs. (I.13)
and (I.10), we see that, for any power law N ξ , we can choose an L such that
hCL i N grows faster than N ξ .

I.4 Numerical results
We have written a set of programs to compute the number of L-cycles in Kauffman networks, eq. (I.3), both by complete enumeration and using Monte Carlo
methods, and tested them against complete enumeration of the networks with
N ≤ 4. The results for 2 ≤ L ≤ 6 are shown in figure I.1, along with the corresponding asymptotes. The asymptotes were obtained by Monte Carlo integration of eq. (I.12). For low N, hCL i N is dominated by the boundary points
neglected in eq. (I.6), and its qualitative behavior is not obvious in that region.
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A straightforward way to count attractors in a network is to simulate trajectories from random configurations and count distinct target attractors. As
has been pointed out in [11], this gives a biased estimate.
Simulations in [8]
√
with up to 200 trajectories per network indicated N scaling with system
size, whereas [11] reported linear behavior with 1 000 trajectories. That the
true growth is faster than linear has now been firmly established [12].

Cycles
104

(a)

103
102
10
1

1

10

102

103

104

103

104

N
2-cycles
10

(b)

1

1

10

102

N
Figure I.2: The number of observed attractors (a) and 2-cycles (b) per network as
functions of N for different numbers of trajectories τ; 100 (circles), 103 (squares), 104
(diamonds), and 105 (triangles). In (a), the dashed lines have slopes 0.5, 1, and 2. In
(b), the solid line shows hC2 i N , the true number of 2-cycles. In the high end of (b), 1σ
corresponds to roughly 20%.
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To closer examine the problem of biased undersampling, we have implemented the network reduction algorithm from [11], and gathered statistics on
networks with N . 104 . We repeated the simulations for different numbers of
trajectories τ, with 100 ≤ τ ≤ 105 . For each N and τ, 103 network realizations
were examined, and we discarded configurations if no cycle was found within
213 time steps. The results are summarized in figure
√I.2(a).
For τ = 100, the number of attractors follows N remarkably well, considering that τ = 103 gives the quite different√ N behavior seen in [11]. If we
extrapolate wildly from a log–loglog plot, e0.3 N fits the data rather well.
As another example of how severe the biased undersampling is, we have
included a plot of the number of 2-cycles found in the simulations (figure
I .2(b)). The underlying distribution is less uniform than for the total number
of attractors, so the errors are larger, but not large enough to obscure the qualitative behavior. The number of observed 2-cycles is close to hC2 i N for low
N but, as N grows, a vast majority of them are overlooked. As expected, this
problem sets in sooner for lower τ, although the difference is not as marked
as it is for the total number of attractors.

I.5 Summary
We have introduced a novel approach to analyzing attractors of random Boolean networks. By applying it to Kauffman networks, we have proven that the
number of attractors in these grows faster than any power
√ law with network
size N. This is in sharp contrast with the previously cited N behavior, but in
agreement with recent findings.
For the Kauffman model, we have derived an expression for the asymptotic
growth of the number of L-cycles, hCL i N . This expression is corroborated by
statistics from network simulations. The simulations also demonstrate that
biased undersampling
of state space is a good explanation for the previously
√
observed N behavior.
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The recently measured yeast transcriptional network is analyzed in terms of
simplified Boolean network models, with the aim of determining feasible rule
structures, given the requirement of stable solutions of the generated Boolean
networks. We find that, for ensembles of generated models, those with canalyzing Boolean rules are remarkably stable, whereas those with random Boolean rules are only marginally stable. Furthermore, substantial parts of the
generated networks are frozen, in the sense that they reach the same state, regardless of initial state. Thus, our ensemble approach suggests that the yeast
network shows highly ordered dynamics.
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II.1 Introduction
The regulatory network for Saccharomyces cerevisiae was recently measured [1]
for 106 of the 141 known transcription factors by determining the bindings of
transcription factor proteins to promoter regions on the DNA. Associating the
promoter regions with genes yields a network of directed gene-gene interactions. As described in [1, 2], the significance of measured bindings with regard to inferring putative interactions are quantified in terms of P-values. Lee
et al. [1] did not infer interactions having P-values above a threshold value,
Pth = 0.001, for most of their analysis. Small threshold values, Pth , correspond to a small number of inferred interactions with high quality, whereas
larger values correspond to more inferred connections, but of lower quality. It
was found that for the Pth = 0.001 network, the fan-out from each transcription factor to its regulated targets is substantial, on the average 38 [1]. From
the underlying data (http://web.wi.mit.edu/young/regulatory network),
one finds that fairly few signals feed into each of them; on the average 1.9.
The experiments yield the regulatory network architecture but yield neither
the interaction rules at the nodes, nor the dynamics of the system, nor its final
states.
With no direct experimental results on the states of the system, there is,
of course, no systematic method to pin down the interaction rules, not even
within the framework of simplified and coarse-grained genetic network models; e.g., ones where the rules are Boolean. One can nevertheless attempt to
investigate to what extent the measured architecture can, based on criteria of
stability, select between classes of Boolean models [3].
We generate ensembles of different model networks on the given architecture and analyze their behavior with respect to stability. In a stable system,
small initial perturbations should not grow in time. This aspect is investigated by monitoring how the Hamming distances between different initial
states evolve in a Derrida plot [4]. If small Hamming distances diverge in time,
the system is unstable and vice versa. Based on this criterion, we find that synchronously updated random Boolean networks (with a flat rule distribution)
are marginally stable on the transcriptional network of yeast.
By using a subset of Boolean rules, nested canalyzing functions (see section
II .2.2), the ensemble of networks exhibits remarkable stability. The notion of
nested canalyzing functions is introduced to provide a natural way of generating canalyzing rules, which are abundant in biology [5]. Furthermore, it turns
out that for these networks, there exists a fair amount of forcing structures [3],
where nonnegligible parts of the networks are frozen to fixed final states regardless of the initial conditions. Also, we investigate the consequences of
rewiring the network while retaining the local properties; the number of inputs and outputs for each node [6].
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To accomplish the above, some tools and techniques were developed and
used. To include more interactions besides those in the Pth = 0.001 network
[1], we investigated how network properties, local and global, change as Pth
is increased. We found a transition slightly above Pth = 0.005, indicating the
onset of noise in the form of biologically irrelevant inferred connections. In [5]
extensive literature studies revealed that, for eukaryotes, the rules seem to
be canalyzing. We developed a convenient method to generate a distribution
of canalyzing rules, that fits well with the list of rules compiled by Harris et
al. [5].

II.2 Methods and models
II.2.1 Choosing network architecture
Lee et al. [1] calculated P-values as measures of confidence in the presence
of an interaction. With further elucidation of noise levels, one might increase
the threshold for P-values from the value 0.001 used in [1]. To this end, we
compute various network properties, to investigate whether there is any value
of Pth for which these properties exhibit a transition that can be interpreted as
the onset of noise. In figure II.1, the number of nodes, mean connectivity, mean
pairwise distance (radius), and fraction of node pairs connected are shown.
As can be seen, there appears to be a transition slightly above Pth = 0.005.
In what follows, we therefore focus on the network defined by Pth = 0.005.
Furthermore, we (recursively) remove genes which have no outputs to other
genes, because these are not relevant for the network dynamics. The resulting
network is shown in figure II.2.

II.2.2 Generating rules
Lee et al. [1] determined the architecture of the network but not the specific
rules for the interactions. To investigate the dynamics on the measured architecture, we repeatedly assign a random Boolean rule to each node in the
network. We use two rule distributions: one null hypothesis and one distribution that agrees with rules compiled from the literature [5] (see also appendix
II .B). In both cases, we ensure that every rule depends on all of its inputs
because the dependence should be consistent with the network architecture.
As a null hypothesis, we use a flat distribution among all Boolean functions
that depend on all inputs. For rules with a few inputs, this will create rules
that can be expressed with normal Boolean functions in a convenient way. In
the case of many inputs, most rules are unstructured and the result of toggling
one input value will appear random.
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In biological systems, the distribution of rules is likely to be structured. Indeed, all of the compiled rules in [5] are canalyzing [3]; a canalyzing Boolean
function [3] has at least one input, such that for at least one input value, the
output value is fixed. It is not straightforward to generate biologically relevant
canalyzing functions. A canalyzing rule implies some structure, but the function of the noncanalyzing inputs (when the canalyzing inputs are clamped
to their noncanalyzing values) could be as disordered as the full set of random Boolean rules. However, the canalyzing structure is repeated in a nested
fashion for almost all rules in [5]. Hence, we introduce the concept of nested
canalyzing functions (see appendix II.A), which can be used to generate distributions of canalyzing rules. Actually, of the 139 rules in [5], only 6 are not
nested canalyzing functions (see appendix II.B).
A special case of nested canalyzing functions is the recently introduced
notion of chain functions [7] (see also appendix II.A). Chain functions are the
most abundant form of nested canalyzing functions, although 32 of the 139
rules in [5] fall outside this class.
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Figure II.1: Topological properties of the yeast regulatory network in [1] for different P-value thresholds excluding nodes with no outputs; number of nodes (solid line),
mean connectivity (dotted line), mean pairwise distance (radius) (dotted-solid line),
and fraction of node pairs that are connected (dashed line). The right y-axis corresponds to the number of nodes with no outputs, whereas the other quantities are indicated on the left y-axis. Self-couplings were excluded, but the figure looks similar
when they are included. The dashed vertical line marks the threshold, Pth = 0.005.
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Figure II.2: The Pth = 0.005 network excluding nodes with no outputs to other nodes.
The filled areas in the arrowheads are proportional to the probability of each coupling
to be in a forcing structure when the nested canalyzing rules are used on the network
without self-interactions. This probability ranges from approximately one-fourth, for
the inputs to YAP6, to one, for the inputs to one-input nodes. Nodes that will reach a
frozen state (on or off) in the absence of down-regulating self-interactions, regardless of
the choice of rules, are shown as dashed. For the other nodes, the grayscale indicates
the probability of being frozen in the absence of self-interactions, ranging from just
under 97% (bold black) to over 99.9% (thin solid gray).
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It turns out that the rule distribution of nested canalyzing functions in [5]
can be well described by a model with only one parameter (see appendix II.A).
Hence, we use this model to mimic the compiled rule distribution. The free
parameter determines the degree of asymmetry between active and inactive
states and its value reflects the fact that most genes are inactive at any given
time in a gene regulatory system.

II.2.3 Analyzing the dynamics
A biological system is subject to a substantial amount of noise, making robustness a necessary feature of any model. We expect a transcriptional network to
be stable, in that a random disturbance cannot be allowed to grow uncontrollably. Gene expression levels can be approximated as Boolean, because genes
tend to be either active or inactive. This approximation for genetic networks
is presumably easier to handle for stability issues than for general dynamical
properties. Using synchronous updates is computationally and conceptually
convenient, although it may at first sight appear unrealistic. However, in instances of strong stability, the update order should not be very important.
To study the time development of small fluctuations in this discrete model
with synchronous updating, we investigate how the Hamming distance between two states evolves with time. In a Derrida plot [4], pairs of initial states
are sampled at defined initial distances, H (0), from the entire state space, and
their mean Hamming distance, H (t), after a fixed time, t, is plotted against
the initial distance, H (0). The slope in the low-H region indicates the fate of
a small disturbance. If the curve is above/below the line, H (t) = H (0), it
reflects instability/stability in the sense that a small disturbance tend to increase/decrease during the next t time steps (see figure II.3).
It is not uncommon that transcription factors control their own expression.
In some cases, genes up-regulate themselves, with the effect that their behavior becomes less linear and more switch-like. This action is readily mimicked
in a Boolean network. However, in the other case, where a transcription factor
down-regulates itself, the system will be stabilized in a model with continuous variables, provided that the time delay of the self-interaction is not too
large. Boolean networks can only model the limit of large time delays, which
gives rise to nodes that in a nonbiological manner repeatedly flip between no
activity and full activity without requiring any external input. Thus, the selfinteractions need to be treated as a special case in the Boolean approximation.
To this end, we consider three different alternatives:
1) View the self-interactions as internal parts of the rules; all selfinteractions are removed.
2) Remove the possibility for self-interactions to be down-regulating.
3) No special treatment of self-interactions.

II.2 Methods and models

49

H(1)
14
12
10
8
6
4
2
0
0

5

10

15

20

H(0)
Figure II.3: Evolution of different Hamming distances, H (0), with one time step to
H (1) (Derrida plots [4]) for random rules (dark gray) and nested canalyzing rules
(light gray) with and without self-couplings (dashed borders), respectively. (Downregulating self-couplings are allowed.) The bands correspond to 1σ variation among
the different rule assignments generated on the architecture in figure II.2. Statistics
were gathered from 1 000 starts on each of 1 000 rule assignments.

It is natural to use alternative 1 as a reference point to understand the effect of
the self-interactions in alternatives 2 and 3.
We want to examine how the geometry of networks influence the dynamics. It is known [3] that the distributions of in- and out-connectivities of the
nodes strongly affect the dynamics in Boolean networks, but how important is
the overall architecture? If for each node, we preserve the connectivities, but
otherwise rewire the network randomly [6], how are the dynamics affected?
For a Derrida plot with t = 1, there is no change. If we only take a single
time step from a random state, the outputs will not have time to be used as
inputs. There will be correlations between nodes, but the measured quantity
H (1) is a mean over all nodes, and this is not affected by these correlations.
Hence, H (1) is not changed by the rewiring. To obtain a better picture of the
dynamics, we need to increase t. However, if we go high enough in t to probe
larger structures in the networks, we lose sight of the transient effects of a
perturbation.
To remedy this situation, we opt to select a fixed initial Hamming distance,
H (0), and examine the expectation value of the distance as a function of time,
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by using the nested canalyzing rules. As noise entering the biological network
would act on the current state of the system rather than on an entirely random
one, we select one of the states to be a fixed point of the dynamics, and let
the probability of any given fixed point be proportional to the size of its attractor basin. A graph of H (t) shows the relaxation behavior of the perturbed
system where the self-interactions have been removed (see figure II.4(a)). We
investigate the role of the self-interactions both in terms of relaxation of a perturbed fixed point (see figure II.4(b)) and in terms of probabilities for random
trajectories to arrive at distinct fixed points and cycles.
The assumption that the typical state of these networks is a fixed point can
be motivated. A forcing connection [3] is a pair of connected nodes, such that
control over a single input to one node is sufficient to force the output of the
other node to one of the Boolean values. With canalyzing rules, this outcome
is fulfilled when the canalyzed output of the first node is a canalyzing input
to the second. The condition of forcing structures implies stability, because a
(forcing) signal traveling through such a structure will block out other inputs
and is thereby likely to cause information loss. Abundant forcing structures
should tend to favor fixed points.

II.3 Results and discussion
Despite the absence of knowledge about initial and final states, we have been
able to get a hint about possible interaction rules within a Boolean network
framework for the yeast transcriptional network. Our findings are as follows:
• Canalyzing Boolean rules confer far more stability than rules drawn from
a flat distribution as is clear from the Derrida plots in figure II.3. Yet even a
flat distribution of Boolean functions yields marginal stability.
• The dynamical behavior around fixed points is more stable for the measured network than for the rewired ones, although only in the early time evolution (2–3 time steps) of the systems (see figure II.4(a)). The behavior at this
time scale can be expected to depend largely on small network motifs, whose
numbers are systematically changed by the rewiring [6].
• The removal of self-couplings increases the stability in these networks.
However, the relaxation is only changed significantly if we allow the toggling of self-interacting nodes (see figure II.4(b)). This finding means that a
node with a switch-like self-interaction is not likely to be toggled by its inputs
during the relaxation, nor do the down-regulating self-interactions alter the
relaxation. This result means that the overall properties of relaxation to fixed
points can be investigated regardless of how the self-interactions should be
modeled.
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Figure II.4: The average time evolution of perturbed fixed points for nested canalyzing
rules, starting from Hamming distance H (0) = 5; impact of the network architecture
(a) and impact of the self-interactions (b). The lines marked with circles in both figures
correspond to the network in figure II.2 without self-interactions. The gray lines in
(a) show the relaxation for 26 different rewired architectures with no self-interactions,
with 1σ errors of the calculated means indicated by the line widths. The black lines in
(b) correspond to the network in figure II.2 with self-interactions. The upper line shows
the case when it is allowed to toggle nodes with self-interactions as a state at H (0) = 5
is picked, whereas the lower line shows the relaxation if this toggling is not allowed.
The widths of these lines show the difference between allowing self-interactions to be
repressive or not repressive.

52

Boolean networks and yeast

• The number of attractors and their length distribution are strongly dependent on how the self-interactions are modeled. The average numbers of distinct fixed points per rule assignments found in 1 000 trials of different trajectories are 1.02, 4.33, and 3.79, respectively, for the three self-interaction models.
The numbers of 2-cycles are 0.02, 0.09, and 0.38, respectively. Longer cycles
are less common; in total they sum up to 0.03, 0.11, and 0.11, respectively.
• Forcing structures [3] are prevalent for this architecture with canalyzing
rules, as is evident from figure II.2. On average, 56% of the couplings belong
to forcing structures. As a consequence, most nodes will be forced to a fixed
state regardless of the initial state of the network. Even the highly connected
nodes (in the center of the network) will be forced to a fixed state for a vast majority of the random rule assignments. In most cases, the whole network will
be forced to a specific fixed state. At first glance, this might seem nonbiological. However, in the real world, there are more inputs to the system than the
measured transcription factors, and to study a process such as the cell cycle,
one may need to consider additional components of the system. With more
inputs, such a strong stability, of the measured part of the network, may be
necessary for robustness of the entire system.
Future reverse engineering projects in transcriptional networks may be
based on the restricted pool of nested canalyzing rules, which have been
shown to generate very robust networks in this case. It should be pointed
out that the notion of nested canalyzing functions is not intrinsically Boolean.
For instance, the same concept can be applied to nested sigmoids.
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II.A Nested canalyzing functions
The notion of nested canalyzing functions is a natural extension of canalyzing
functions. Consider a K-input Boolean rule, R, with inputs i1 , . . . , iK and output o. R is canalyzing on the input im if there are Boolean values, Im and Om ,
such that im = Im =⇒ o = Om . Im is the canalyzing value, and Om is the
canalyzed value for the output.
For each canalyzing rule, R, renumber the inputs in a way such that R is
canalyzing on i1 . Then, there are Boolean values, I1 and O1 , such that i1 =
I1 =⇒ o = O1 . To investigate the case i1 = NOT I1 , fix i1 to this value.
This defines a new rule R1 with K − 1 inputs; i2 , . . . , iK . In most cases, when
picking R from compiled data, R1 is also canalyzing. Then, renumber the
inputs in order for R1 to be canalyzing on i2 . Fixing i2 = NOT I2 renders a rule
R2 with the inputs i3 , . . . , iK . As long as the rules R, R1 , R2 , . . . are canalyzing,
we can repeat this procedure until we find RK −1 , which has only one input, iK ,
and, hence, is trivially canalyzing. Such a rule R is a nested canalyzing function
and can be described by the canalyzing input values, I1 , . . . , IK , together with
their respective canalyzed output values, O1 , . . . , OK , and an additional value
Odefault . The output is given by

if i1 = I1

 O1


O
if i1 6= I1 AND i2 = I2

2


 O3
if i1 6= I1 AND i2 6= I2 AND i3 = I3
.
o=
(II.A1)
 ..




O
if i1 6= I1 AND · · · AND iK −1 6= IK −1 AND iK = IK


 K
Odefault if i1 6= I1 AND · · · AND iK 6= IK .
The notion of chain functions in [7] is equivalent to nested canalyzing functions
that can be written on the form I1 = · · · = IK −1 = FALSE.
We want to generate a distribution of rules with K inputs, such that all
rules depend on every input. The dependency requirement is fulfilled if and
only if Odefault = NOT OK . Then, it remains to choose values for I1 , . . . , IK and
O1 , . . . , OK . These values are independently and randomly chosen with the
probabilities
p( Im = TRUE ) = p(Om = TRUE ) =

exp(−2−m α)
1 + exp(−2−m α)

(II.A2)

for m = 1, . . . , K. For all generated distributions, we let α = 7.
The described scheme is sufficient to generate a well-defined rule distribution, but each rule has more than one representation in I1 , . . . , IK and O1 , . . . ,
OK . In appendix II.B, we describe how to obtain a unique representation,
which is applied to the rules compiled in [5]. This result enables us to present a
firm comparison between the generated distribution and the list of rules in [5].

II.B Compiled data
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II.B Compiled data
To compare compiled and generated distributions of rules, we must ensure
that every nested canalyzing function is always represented by the same set
of parameters I1 , . . . , IK and O1 , . . . , OK (see appendix II.A). All ambiguities
in the choice of the representation can be derived from the following operations:
1) The transformation IK → NOT IK together with OK → NOT OK and
Odefault → NOT Odefault .
2) Permutations among a set of inputs im , . . . , im+ p such that Om = · · · =
Om+ p . The values of Im , . . . , Im+ p are permutated in the same way as im , . . .,
im+ p .
A unique representation is created from any choice of parameters in two
steps. First, operation 1 is applied if OK 6= OK −1 , which ensures that OK =
OK −1 . To handle the special case K = 1 in a convenient way, we define O0 =
FALSE. Second, all intervals of inputs im , . . . , im+ p such that operation 2 can be
applied are identified and permutated so that Im = · · · = Im+q = FALSE and
Im+q+1 = · · · = Im+ p = TRUE for some q, 0 ≤ q ≤ p.
Using the above described procedure, we can compare a generated rule
distribution with the compiled distribution. First, we take away all redundant
inputs of each observed rule. An input is redundant if the output is never
dependent on that input. Starting from 66, 45, and 22 nested canalyzing rules
with 3, 4, and 5 inputs, respectively, the reduction renders 2, 9, 71, 35, and 16
such rules with 1, 2, 3, 4, and 5 inputs, respectively. Second, we let α = 7 and
generate rule distributions for each number of inputs. (α = 7 is not based on a
precise fit, it was picked by hand to fit the distribution of I1 , . . . , IK .) Table II.B1
shows the result for the most frequently observed rules, and figure II.B1 is a
plot of the full rule distribution. The calculated distribution fits surprisingly
well to the compiled one, considering that the model has only one free parameter, α.
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A
B
C
d
E

nobs ncalc
30 28
20 26
10
6
9
1
7 10

( I1 → O1 ), . . ., ( IK → OK )
(0 → 0), (0 → 0), (0 → 0)
(0 → 0), (0 → 0), (1 → 0)
(0 → 0), (0 → 0), (0 → 0), (0 → 0)
(0 → 0), (1 → 1), (1 → 1)
(0 → 0), (0 → 0), (0 → 0), (1 → 0)

F
G

6
6

6
2

(0 → 0), (0 → 0)
(0 → 0), (0 → 0), (0 → 1), (0 → 1)

H
I

5
5

4
2

(0 → 0), (0 → 1), (0 → 1)
(0 → 0), (0 → 0), (0 → 0), (0 → 0), (1 → 0)

J
k
L
M

3
3
3
3

2
4
6
4

(0 → 0), (1 → 0)
(0 → 0), (1 → 0), (1 → 0)
(0 → 0), (0 → 1), (1 → 1)
(0 → 0), (0 → 0), (0 → 1), (1 → 1)

n

3

0

(0 → 0), (1 → 0), (1 → 1), (1 → 1)

O

3

1

(0 → 0), (0 → 0), (0 → 0), (0 → 0), (0 → 0)

P
q

2
2

2
4

(0 → 0)
(0 → 0), (0 → 0), (1 → 0), (1 → 0)

Boolean expression
i1 AND i2 AND i3
i1 AND i2 AND NOT i3
i1 AND i2 AND i3 AND i4
i1 AND (i2 OR i3 )
i1 AND i2 AND i3 AND
NOT i4
i1 AND i2
i1 AND i2 AND NOT
(i3 AND i4 )
i1 AND NOT (i2 AND i3 )
i1 AND i2 AND i3 AND
i4 AND NOT i5
i1 AND NOT i2
i1 AND NOT (i2 OR i3 )
i1 AND ( NOT i2 OR i3 )
i1 AND i2 AND
( NOT i3 OR i4 )
i1 AND NOT i2 AND
(i3 OR i4 )
i1 AND i2 AND i3 AND
i4 AND i5
i1
i1 AND i2 AND NOT
(i3 OR i4 )

Table II.B1: The list of nested canalyzing rules observed more than once in [5]. nobs is
the number of observations in the compiled list of rules, whereas ncalc is the average
number of rules in the generated distribution. Each rule is described both as an ordinary Boolean expression, and with the parameters I1 , . . . , IK and O1 , . . . , OK , where
Odefault = NOT OK . The values 0 and 1 correspond to FALSE and TRUE, respectively.
The labels serve as references to figure II.B1, and uppercase labels mark rules that are
chain functions. (NOT has higher operator precedence than AND, whereas the precedences of OR and XOR are lower.)
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nobs ( I1 → O1 ), . . ., ( IK → OK )
2 (0 → 0), (0 → 0), (noncanalyzing)
1
1
1
1
1
1

(0 → 1), (0 → 0), (0 → 0)
(0 → 0), (1 → 0), (0 → 1), (0 → 1)
(0 → 0), (1 → 1), (0 → 0), (0 → 0)
(0 → 0), (1 → 1), (1 → 1), (1 → 1)
(0 → 1), (1 → 1), (0 → 0), (1 → 0)
(0 → 0), (0 → 0), (0 → 0), (0 → 1), (0 → 1)

1

(0 → 0), (0 → 0), (0 → 0), (1 → 0), (1 → 0)

1

(0 → 0), (0 → 0), (0 → 0), (1 → 1), (1 → 1)

1

(0 → 0), (0 → 0), (0 → 1), (0 → 1), (0 → 1)

1

(0 → 0), (0 → 0), (1 → 0), (0 → 1), (0 → 1)

1

(0 → 0), (0 → 0), (1 → 0), (1 → 1), (0 → 1)

1

(0 → 0), (0 → 1), (0 → 1), (0 → 1), (1 → 1)

1

(0 → 0), (1 → 0), (1 → 1), (0 → 0), (1 → 0)

1
1
1
1

(0 → 0), (0 → 0), (noncanalyzing)
(0 → 0), (noncanalyzing)
(0 → 0), (noncanalyzing)
(1 → 0), (noncanalyzing)
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Boolean expression
i1 AND i2 AND ( NOT i3 AND i4 OR
NOT i4 AND i5 )
NOT i1 OR i2 AND i3
i1 AND NOT (i2 OR i3 AND i4 )
i1 AND (i2 OR i3 AND i4 )
i1 AND (i2 OR i3 OR i4 )
NOT i1 OR i2 OR i3 AND NOT i4
i1 AND i2 AND i3 AND
NOT (i4 AND i5 )
i1 AND i2 AND i3 AND
NOT (i4 OR i5 )
i1 AND i2 AND i3 AND (i4 OR i5 )
(i4 OR i5 )
i1 AND i2 AND NOT (i3 AND
i4 AND i5 )
i1 AND i2 AND NOT (i3 OR
i4 AND i5 )
i1 AND i2 AND NOT i3 AND
(i4 OR NOT i5 )
i1 AND NOT (i2 AND i3 AND i4
AND NOT i5 )
i1 AND NOT i2 AND (i3 OR i4
AND NOT i5 )
i1 AND i2 AND (i3 XOR i4 )
i1 AND (i2 XOR i3 AND i4 )
i1 AND (2 ≤)(i2 , i3 , NOT i4 )
NOT i1 AND [i2 AND NOT i3 OR
i3 AND NOT (i4 OR i5 )]

Table II.B2: Continuation of table II.B1, containing the remainder of rules listed in [5].
The Boolean function (2 ≤) is TRUE if at least two of its arguments are TRUE.
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Figure II.B1: Compiled and generated rule distributions of nested canalyzing functions. The gray half-circles have an area proportional to the number of times each
rule has been observed, whereas their black counterparts reflect the calculated distribution. The labeled rules are listed in table II.B1. Uppercase labels mark rules
that are chain functions. Each rule is assigned a coordinate in the unit square above
− m φ ( I ),
(having (0, 0) as its lower left corner), according to x = 1/2 + ∑K
m
m =1 2
K
−
m
y = 1/2 + ∑m=1 2 φ(Om ), where φ( TRUE ) = 1/2 and φ( FALSE ) = −1/2. The
crosses mark the possible coordinates for a rule that is represented in its unique form.
The lines indicate how the coordinates can change when new inputs are added to an
existing rule.
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We determine stability and attractor properties of random Boolean genetic
network models with canalyzing rules for a variety of architectures. For all
power law, exponential, and flat in-degree distributions, we find that the networks are dynamically stable. Furthermore, for architectures with few inputs
per node, the dynamics of the networks are close to critical. In addition, the
fraction of genes that are active decreases with the number of inputs per node.
These results are based upon investigating ensembles of networks using analytical methods. Also, for different in-degree distributions, the numbers of
fixed points and cycles are calculated, with results intuitively consistent with
stability analysis; fewer inputs per node implies more cycles, and vice versa.
There are hints that genetic networks acquire broader degree distributions
with evolution, and hence our results indicate that for single cells, the dynamics should become more stable with evolution. However, such an effect is
very likely compensated for by multicellular dynamics, because one expects
less stability when interactions among cells are included. We verify this by
simulations of a simple model for interactions among cells.
c 2004 The National Academy of Sciences of the United States of America
°
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III.1 Introduction
With the advent of high-throughput genomic measurement methods, it will
soon be within reach to apply reverse engineering techniques and map out genetic networks inside cells. These networks should perform a task, and, very
importantly, be stable from a dynamical point of view. It is therefore of utmost
interest to investigate the generic properties of networks models, such as architecture, dynamic stability, and degree of activation as functions of system
size. Random Boolean networks have for several decades received much attention in these contexts. These networks consist of nodes, representing genes
and proteins, connected by directed edges, representing gene regulation. The
number of inputs to and outputs from each node, the in- and out-degrees, are
drawn from some distribution.
It has been shown that with a fixed number, K, of inputs per node, such network models exhibit some interesting properties [1]. Specifically, for K = 2,
the dynamics are critical, i.e., right between stable and chaotic. Furthermore,
one might interpret the solutions, i.e., fixed points and cycles, as different cell
types. Being critical is considered advantageous, because it should promote
evolution. These results were obtained with no constraints on the architectures and assume a flat distribution of the Boolean rules.
It appears natural to revisit the study of Boolean network ensembles, given
recent experimental hints on network architectures and rule distributions. For
transcriptional networks, there are indications from extracted gene–gene networks that, for both Escherichia coli [2] and yeast [3], the out-degree distribution is of power law nature. The in-degree distribution appears to be exponential in E. coli, whereas it may equally well be a power law in yeast. In [4],
stability properties of random Boolean networks were probed with power law
in-degree distributions, and regions of robustness were identified.
The distribution of rules is likely to be structured and not random. Indeed,
in a recent compilation [5] (see also [6]), all rules are canalyzing [1]; a canalyzing Boolean function has at least one input, such that for at least one input
value, the output value is fixed. It is not straightforward to generate biologically relevant canalyzing functions. In [6], the notion of nested canalyzing
functions was introduced, which facilitates generation of rule distributions.
We find that networks with nested canalyzing rules are stable for all power
law and exponential in-degree distributions. Furthermore, as the degree distribution gets flatter, one moves further away from criticality. Also, the average number of active genes (fraction of genes that take the value TRUE) is
predicted for different powers.
There are experimental hints that in-degree distributions get flatter with
genome size. This could be understood intuitively, because higher organisms
in general have acquired more complexity in terms of redundancy in signal
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integration. In such a picture, our robustness analysis indicates that, with
multicellular species, one would move away from critical dynamics, thereby
making evolution less accessible. However, the picture is complicated by the
presence of extracellular interactions. We model these with a simple scheme
allowing for 5–10% extracellular traffic, and, not unexpectedly, the system,
though still robust, moves toward criticality.

III.2 Methods and models
III.2.1 Degree distributions
Our results turn out to be qualitatively equivalent for power law, exponential,
and flat in-degree distributions. (By flat, we mean a uniform distribution for
up to Kmax inputs.) In what follows, we choose to illustrate the results with a
power law (often denoted scale-free) distribution, with a cutoff in the number
of inputs, K,

pKN


 1
≡ P(#inputs = K ) ∝ K γ

0

if 1 ≤ K ≤ N

(III.1)

otherwise,

where N is the number of nodes. In yeast protein–protein networks [7] and
also in other applications, e.g., the Internet and social networks, γ appears to
lie in the range 2–3. In our calculations, we explore the region 0–5, varying
N from 20 to infinity. The connectivity of gene–gene networks extracted from
yeast [3] appears to behave like in eq. (III.1) for the in-degree distributions,
with an exponent γ in the range 1.5–2. For E. coli [2] data, an exponential fits
somewhat better than a power law, but the data are statistically inconclusive.
For mammalian cell cycle genes, slightly lower γ has been extracted [8]. The
average number of inputs varies with N and γ and grows with decreasing γ.
For very high γ, it is essentially 1. In figure III.1, typical network realizations
for N = 20 are shown for γ = 1, 2, and 3, respectively.

III.2.2 Canalyzing Boolean rule distributions
In most studies of Boolean models of genetic networks, all Boolean rules have
been used [1]. In a previous paper [6], we introduced nested canalyzing rules
and showed that it is possible to generate a distribution of such rules that fits
well with rule data from the literature.
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Figure III.1: Examples of N = 20 networks with γ = 1 (top), γ = 2 (bottom left) and
γ = 3 (bottom right).
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A canalyzing rule is a Boolean rule with the property that one of its inputs
alone can determine the output value, for either TRUE or FALSE input. This input value is referred to as the canalyzing value, the output value is the canalyzed
value, and we refer to the rule as being canalyzing on this particular input.
Nested canalyzing rules are a very natural subset of canalyzing rules, stemming from the question of what happens in the noncanalyzing case, that is,
when the rule does not get the canalyzing value as input but instead has to
consult its other inputs. If the rule then is canalyzing on one of the remaining
inputs and again for that input’s noncanalyzing value, and so on for all inputs,
we call the rule nested canalyzing. All but 6 of the roughly 150 observed rules
were nested canalyzing [6].
With Im and Om denoting the canalyzing and canalyzed values, respectively, and suitable renumbering of the inputs, i1 , . . . , iK , the output, o, of a
nested canalyzing rule can be expressed on the form

O1




O

2


 O3
..
o=

.




O


 K
Odefault

if i1 = I1
if i1 6= I1 AND i2 = I2
if i1 6= I1 AND i2 6= I2 AND i3 = I3

(III.2)

if i1 6= I1 AND · · · AND iK −1 6= IK −1 AND iK = IK
if i1 6= I1 AND · · · AND iK 6= IK .

For each value of K, we generate a distribution of K-input rules, with the
inputs to each rule taken from distinct nodes. All rules should depend on every input, and this dependency requirement is fulfilled if and only if Odefault =
not OK . Then it remains to choose values for I1 , . . . , IK and O1 , . . . , OK . These
values are independently and randomly drawn with the probabilities
P( Im = TRUE ) = P(Om = TRUE ) =

exp(−2−m α)
1 + exp(−2−m α)

(III.3)

for m = 1, . . . , K, where α is a constant. Eq. (III.3) can be seen as a way to
put a penalty both on outputting TRUE and on letting a TRUE input determine
the output. More precisely: Let f be the fraction of TRUE outputs in the truth
table, and let g be the fraction of input states such that the first input that has
its canalyzing value is TRUE. Then, the probability to retrieve a specific rule is
proportional to exp[−α( f + g)/2].
Our rule distribution fits observed data well [6], given that α = 7. For
all generated distributions, we keep α = 7. A high value of α means a high
penalty on active genes, whereas α = 0 means equal probabilities for activity
and inactivity.
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III.2.3 Robustness calculations
We wish to address the question of robustness in network models. In a stable
system, small initial perturbations should not grow in time. In [6], this was
probed by monitoring how the Hamming distance H between random initial
states evolved in a Derrida plot [9]. Specifically, the slope in the low-H region
shows the fate of a small perturbation after a single time step. This implicitly
assumes that TRUE and FALSE are equally probable in the initial states.
Our chosen distribution of Boolean rules will favor FALSE node values.
Preferably, a robustness measure should reflect the network properties in the
vicinity of the equilibrium distribution, where the in- and out-degree distributions of TRUE and FALSE are identical (see appendix III.A). We therefore define
the robustness r N for an ensemble of N-node networks as the average effect,
after a single time step, of a small perturbation at this equilibrium distribution.
To compute r N , we introduce the total sensitivity, S( R), of a given K-input
rule R. S( R) is the sum of the probabilities that a single flipped input will alter
the output of R. Thus,
K

S( R) =

∑P

j =1

£

R(i1 , . . . , i j−1 , 0, i j+1 , . . . , iK )
¤
6= R(i1 , . . . , i j−1 , 1, i j+1 , . . . , iK ) ,

(III.4)

where the probability is calculated over the equilibrium distribution of input
values, i1 , . . . , iK . Then, r is given by r = hS( R)i, where the average is taken
over all rules in a given network (see appendix III.A). This also allows us
to calculate r when the rules are drawn from a distribution. Note that r is
calculated without any assumption on how the inputs to the rules are chosen.
This means that r stays the same for any output connectivity and for any way
to build a network containing a certain set of rules. In other words, r is a
strictly local stability measure that is independent of whether the network is
divided into some kind of clusters or not.
Let SK denote the average of S( R) over a distribution of K-input rules. The
average robustness of a randomly chosen network with N nodes is then given
by
N

rN =

∑

K =1

pKN SK .

(III.5)

See appendix III.A on calculation of SK for nested canalyzing rules. With the
nested canalyzing rule distribution defined by eq. (III.3), SK < 1 for K =
2, 3, . . ., provided that α 6= 0. S1 is always 1, because every rule has to depend on all of its inputs. (α = 0 yields SK = 1 for all K.) This means that every
network ensemble with the canalyzing rule distribution, and α 6= 0, that not
solely consists of one-input nodes, is stable in the sense that r < 1.
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III.2.4 Number of attractors
Attractors in the Boolean model can be seen as distinct cell types [1]. It is,
however, not straightforward to tell which attractors are biologically relevant.
First, one can ask what cycle lengths are relevant. Second, the attractor basin
sizes vary in a very broad range, and attractors with small attractor basins
may be biologically irrelevant.
The broad distribution of attractor basin sizes also means that the number of attractors found by random sampling strongly depends on the number
of samples [10]. We choose to monitor the number of attractors, hCL i N , of
different periods, L, using exact methods (for the limit N → ∞) and full enumerations of the state space (for small networks).
Given that r < 1, which means that the network is subcritical, the average
number of attractors of a certain length, L, will approach a constant, hCL i∞ ,
as the system size, N, approaches infinity. We find an analytic expression for
hCL i∞ and find that it is qualitatively consistent with results from a full state
space search for N = 20.
To investigate the limit N → ∞, we split up the robustness measure, r, into
rC and rI , where r is the average number of outputs that, after one time step,
will be affected by one flipped node. We define rC and rI as the numbers of
nodes that, respectively, copy and invert the state of the flipped node. This
means, e.g., that r = rC + rI . For convenience, we define ∆r = rC − rI .
hCL i∞ can be expressed as a function of r∞ and ∆r∞ for each L. For L =
1, 2, 3 we get
1
,
1 − ∆r∞
r∞ − ∆r∞ + r∞ ∆r∞
=
,
2(1 − r∞ )(1 − [∆r∞ ]2 )

hC1 i∞ =

(III.6)

hC2 i∞

(III.7)

and

hC3 i∞ =

3 ( ∆r )3
r3∞ + (∆r∞ )3 − r∞
∞
.
3
3(1 − r∞ )(1 − ∆r∞ )(1 − [∆r∞ ]3 )

(III.8)

See appendix III.B, where the derivations needed to calculate hCL i∞ are presented.
The canalyzing rule distribution satisfies rC > rI , meaning that ∆r > 0.
This condition yields an increased number of fixed points and attractors of
odd length, compared with the symmetric case ∆r = 0.
It is interesting to note that the limit of the total number of attractors,
∞

hC i∞ =

∑ hCL i∞ ,

L =1

(III.9)
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is convergent for r < 1/2 and divergent for r > 1/2. This transition occurs at
γ = 1.376, with convergence below this value. See appendix III.C.6 for details.

III.2.5 Tissue simulations
In multicellular organisms, we expect communication among cells to influence the network dynamics. In the real world, there exist several different
types of intercellular signaling. Here we make an initial exploration using a
simple model. Nevertheless, we think the results reflect some core properties.
In our model, each cell communicates with its four nearest neighbors on
a square lattice with periodic boundary conditions. All cells have the same
genotype and hence identical internal network architecture and rules. Each
connection in the network represents how a gene product influences the transcription of some gene. Some molecules or signals can cross cell membranes
and possibly diffuse far, but we consider only the case of local cell-to-cell signaling at the level of specific gene–gene interactions. Specifically, a fraction, κ,
of the connections are flagged as being intercellular, and for such connections,
the value is TRUE if any of the four neighbors has TRUE.
For the overall robustness of such tissue networks, it is not sufficient to
measure the robustness r, because r depends only on interactions during a single time step, during which a perturbation can propagate only to the nearest
neighbor cells. Hence, we desire a multistep robustness measure, which requires simulations, because it is outside the scope of our analysis. Rather than
following trajectories from random initial states, we have chosen to identify
fixed points, perturb these randomly by Hamming distance H (0) = 1, and
then track the mean of H (t) for 20 time steps. In our simulations, we generate
ensembles of networks using 5 × 5 lattices of cells, where each cell contains an
identical network of N = 50 genes.

III.3 Results and discussion
Three major findings emerge from figure III.2, where the average robustness r
and the fraction of active genes are shown as functions of γ in eq. (III.1).
1) The dynamics of the networks are always stable, regardless of the power
in the in-degree distribution.
2) The stability of the networks increases with the average number of inputs to the nodes. For flatter distributions, r approaches the critical value,
r = 1.
3) The average number of active genes decreases with increasing in-degree.
Not unexpectedly, the number of attractors increases as the networks approach criticality (see figure III.3). This increase is particularly rapid for long
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Figure III.2: Robustness, r, and the probability of a node being TRUE, w, at the equilibrium distribution of Boolean values, as functions of the exponent γ in the in-degree
distribution pK [eq. (III.1)] for N = 20 (dotted), 100 (dashed), and ∞ (solid).

cycles. These results were obtained with analytical calculation and exhaustive enumeration of state space. Given the undersampling problems when
simulating Boolean networks [10], the feasibility of analytical calculations is
crucial for drawing the firm conclusions above. However, we did not attempt
to extract the distribution of attractor basin sizes. In future research, it could
be interesting to compare this distribution to the exact results for one-input
networks in [11].
The results in figures III.2 and III.3 are shown for power law in-degree distributions. However, they are quite general. The corresponding curves for
other distributions exhibit very similar behavior, when the x-axis (γ) has been
transformed to appropriate parameters for other distributions. In all tested
degree distributions, constant nodes (K = 0) are excluded. Recall that we also
exclude rules that have redundant inputs. Thus, for low values of the average
K, most of the rules will be copy or invert operators, which puts the network
close to criticality. The strong stability for wide in-degree distributions, however, is a result of the canalyzing property of the rules, which makes forcing
structures [1] prevalent.
From analysis of network data from yeast [3] and the mammal cell cycle [8],
there are indications that γ decreases with the number of genes. Within the
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Figure III.3: The number of attractors as a function of the exponent γ in the in-degree
distribution pK [eq. (III.1)] for N = 20 (thick lines) and N → ∞ (thin lines). The curves
show the cumulative number of attractors of length L for L = 1 (solid), L ≤ 2 (dashed),
and L ≤ ∞ (dotted). The values for N → ∞ were calculated analytically, whereas the
values for N = 20 are taken from full enumerations of the state space for at least 5 000
networks, with more networks at higher γ.

framework of our results, this means that, as the genome size increases, the
networks get more stable. However, with increased number of genes, multicellularity becomes common. Including interactions among cells should make
the overall system less stable. Indeed, when investigating this issue by simulations of a simplified tissue model, the stability decreases with interconnectivity between the cells, κ, as can be seen from figure III.4.
We predict how the average number of active genes increases with γ. This
may not be easy to verify, given that such a number will depend upon experimental conditions. It should be pointed out that the order of magnitude of
active genes is set by the rule generator in eq. (III.3), which is derived from
fitting to the observed rules in [5], many of which originate from Drosophila
melanogaster. The fitted parameter α sets the scale of the fraction of active
genes, with high α corresponding to low gene activity and vice versa. The
qualitative behavior, however, is rather insensitive to the value of α.
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Figure III.4: The average time evolution of perturbed fixed points in 5 × 5 cell tissues
with periodic boundary conditions and N = 50 nodes (over many network realizations). Simulations from random initial states in generated networks were used to
locate fixed points, which were perturbed by toggling the value of a single node. The
mean distances to the unperturbed fixed point, h H (t)i, as given by 20 subsequent simulation steps, are shown for γ = 2 (a) and γ = 3 (b), for three different degrees of cell
connectivity: κ = 0 (solid), 0.05 (dashed), and 0.1 (dotted).
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III.4 Conclusion
We have designed and analyzed a class of Boolean genetic network models
consistent with observed interaction rules. The emerging ensemble properties exhibit not only remarkable stability for the dynamics, but also several
generic properties that make predictions, such as how stability varies with
genome size, and how the number of active genes depends on the in-degree
distribution. Because our single-cell calculations are performed analytically,
the results are transparent in terms of understanding the underlying dynamics.
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III.A Robustness
The stability measure r expresses the average number of perturbed nodes one
time step after perturbing one node, given that the network has reached equilibrium in a mean field sense. Both the mean field equilibrium distribution (of
TRUE and FALSE ) and r are closely related to attractors in the true non-mean
field dynamics (see appendix III.B).
Let W (w) denote the probability that a randomly chosen rule will output
TRUE , given that the input values are randomly and independently chosen
with probability w to be TRUE. Let WK (w) denote W (w) when the selected
rule has K inputs. Then, the equilibrium probability for an N-node network,
N , satisfies
weq
N
N
weq
= W (weq
)=

N

∑

K =1

N
).
pKN WK (weq

(III.A1)

Eq. (III.A1) can be solved numerically for nested canalyzing rules, taking advantage of the fast (exponential) convergence of WK (w) as K → ∞ and using standard (integration-based) methods to calculate the sum in the case that
N is referring only to the mean field equilibrium distriN → ∞. Note that weq
bution, which is essentially the same as, but not identical to, the distribution
of TRUE and FALSE after many time steps in a simulation.
For nested canalyzing rules, WK (w) is given by
K

WK (w) =

∑

k =1

can
P1nc · · · Pknc
−1 Pk P (Ok = TRUE )

+ P1nc · · · PKnc P(Odefault =

TRUE )

,

(III.A2)

where Pkcan = P(ik = Ik ) and Pknc = P(ik 6= Ik ). The input values, i1 , . . .,
iK , are TRUE with probability w, whereas the corresponding probabilities for
I1 , . . . , IK and O1 , . . . , OK are given by eq. (III.3).
Let r ( R) denote the probability that the rule R depends on a randomly
picked input, given that the other inputs are independently set to TRUE with
N . We can express r for a specific N-node network with rules
probability weq
R1 , . . . , R N as
N

r=

∑ r ( Ri )

i =1

K ( Ri )
1
=
N
N

N

∑ S ( Ri ) ,

(III.A3)

i =1

where K ( Ri ) is the number of inputs to Ri . We have defined S( R) = K ( R)r ( R),
so that r is the average of S( R) over all rules in the network. This is also valid
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for a distribution of networks, meaning that
N

rN =

∑

K =1

pKN SK

(III.A4)

for N-node networks, where SK is the average of S( R) when random K-input
rules are chosen.
Eq. (III.A4) is exact, given that the state of the network is randomly picked
from the mean field equilibrium distribution of TRUE and FALSE. Because the
derivations are completely independent of the specific network architecture,
this result holds for any procedure to generate architectures, so long as the
average fraction of nodes with K inputs are given by pKN (over many network
realizations).
For nested canalyzing rules, we can calculate SK as a sum of probabilities.
If the rule is canalyzing on input k, and changing ik makes the rule canalyze
on input j, there is some probability that the output value changes. The case
that the rule falls back to Odefault corresponds to the last term in the square
brackets.
· K
K −1
SK = ∑ P1nc · · · Pknc
∑ Pknc+1 · · · Pjnc−1 Pjcan P(Ok 6= Oj )
−1
k =1

j = k +1

¸
+ Pknc+1 · · · PKnc P(Ok 6= Odefault ) ,

(III.A5)

where Pkcan = P(ik = Ik ) and Pknc = P(ik 6= Ik ).
Let v and V (v, w) denote the fraction of input and output values, respectively, that are toggled (from FALSE to TRUE or vice versa) when going one step
forward in time, given that the fraction TRUE input values is w both before and
after the input is toggled. Then, V (0, w) = 0, because constant input renders
constant output. A small change in v will change the output with r times the
change v. This means that ∂v V (v, weq ) ≤ r, where the inequality comes from
the possibility that new changes undo previous ones as v is increasing. Combining these relations yields
V (v, weq ) ≤ rv ,

(III.A6)

which means that, for r < 1, V (v, weq ) ≤ v with equality if and only if v = 0.
Hence, frozen states, where the fraction of TRUE nodes is weq , are the only
solutions to the mean field dynamics, given that r < 1, which is true for the
nested canalyzing rule distribution.
Note that v can be seen as the distance, i.e., fraction of differing states,
between two separate time series. Then, the mapping v 7→ V (v, weq ) gives the
evolution of the distance during one time step. Similar calculations have been
carried out in, e.g., [12, 13], yielding results consistent with eq. (III.A6).
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III.B Attractors
To calculate the average number of attractors, we use the same approach as
in [10]. This approach means that we first transform the problem of finding
an L-cycle to a fixed point problem, and then find a mathematical expression
for the average number of solutions to that problem.
Assume that a Boolean network performs an L-cycle. Then, each node performs one of 2 L series of output values. We call these L-cycle series. Consider
what a rule does when it is subjected to such L-cycle series on the inputs.
It performs some Boolean operation, but it also delays the output, giving a
one-step difference in phase for the output L-cycle series. If we view each Lcycle series as a state, an L-cycle turns into a fixed point (in this enlarged state
space). LhCL i N is then the average number of input states (choices of L-cycle
series) for the whole network, such that the output is the same as the input.
Let Q denote a specific choice of L-cycle series for the network, and let Q LN
be the set of all Q, such that Q is a proper L-cycle. A proper L-cycle has no
period shorter than L. The average number of L-cycles is then given by

hCL i N =

1
L

∑

PLN (Q) ,

(III.B1)

Q∈Q LN

where PLN (Q) denotes the probability that the output of the network is the
same as the input Q.
Because the inputs to each K-input rule are chosen from a flat distribution
over all nodes, PLN (Q) is invariant with respect to permutations of the nodes.
Let n = (n0 , . . . , nm−1 ) denote the number of nodes expressing each of the
m = 2 L series. For ni , we refer to i as the index of the considered L-cycle series.
For convenience, let the constant series of FALSE and TRUE have indices 0 and
1, respectively. Then,
µ ¶
1
N N
hCL i N =
P (Q) ,
(III.B2)
L ∑N n L
n∈P L

N
where ( N
n ) denotes the multinomial N!/ ( n0 ! · · · nm−1 ! ), and P L is the set of
N
partitions n of N such that Q ∈ Q L . That is, n represents a proper L-cycle.
Let AiL (x) denote the probability that a randomly selected rule will output
L-cycle series i, given that the input series are selected from the distribution
x = ( x0 , . . . , xm−1 ). Because a node may not be used more than once as an input to a specific rule, AiL (x) should also depend on N. However, the difference
between allowing or not allowing coinciding inputs vanishes as N goes to infinity, because the output is effectively determined by relatively few inputs for
nested canalyzing rules.
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Because these calculations aim to reveal the asymptotic behavior as N →
∞, we allow for coinciding inputs in the following. Then, we get
£
¤n
(III.B3)
PLN (Q) = ∏ AiL (n/N ) i .
0≤ i < m
n i 6 =0

By combining Eqs. (III.B2) and (III.B3) and applying Stirling’s formula to
(N
)
n , we get
√
1
2πN
p
hCL i N ≈
e N f L (n/N ) ,
(III.B4)
L ∑ N ∏ 2πni
n∈P
L

0≤ i < m
n i 6 =0

where

·
f L (x) =

∑

0≤i < m
x i 6 =0

xi ln

¸
1 i
A L (x) .
xi

(III.B5)

See appendix III.C.1 regarding the use of Stirling’s
formula.
 £
¤®
Eq. (III.B5) can be seen as an average ln x1 AiL (x) i with weights x0 , . . .,
i
xm−1 . Hence, the concavity of x 7→ ln x yields
¿
¸À
À
¿ ·
1 i
1 i
≤ ln
f L (x) = ln
A L (x)
A L (x) = ln ∑ AiL (x) ≤ 0 (III.B6)
xi
xi
i
i
0≤ i < m
x i 6 =0

with equality if and only if
x = A L (x) ,
(III.B7)
¢
−1
where A L (x) = A0L (x), . . . , Am
(x) . Eq. (III.B7) can be seen as a criterion
L
for mean field equilibrium in the distribution of L-cycle series. This makes it
possible to connect quantities observed in mean field calculations to the full
non-mean field dynamics.
Because N f L (x) occurs in the exponent in eq. (III.B4), the relevant contributions to the sum in eq. (III.B4) must come from surroundings to points where
eq. (III.B7) is satisfied as N → ∞. [ f L (x) is not a continuous function, but obeys
the weaker relation “For all x, in the definition set of f L , and e > 0, there is a
δ > 0 such that f L (x0 ) < f L (x) + e holds for all x0 satisfying |x0 − x| < δ in
the definition set of f L .” which is a sufficient criterion in this case.] Eq. (III.B4)
provides an upper bound to hCL i N , because the approximation of ( N
n ) is an
overestimation (see appendix III.C.1). Hence, the relevant regions in the exact
sum, eq. (III.B2), surround solutions to eq. (III.B7).
¡
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Given that eq. (III.B7) holds, the fraction of TRUE values, w(x), and the
fraction of togglings, v(x), in the distribution of L-cycle series, should be consistent with the mean field dynamics, meaning that w(x) = weq and v(x) = 0
(see appendix III.A). This means that a typical attractor, for large N, has only a
small fraction (which approaches 0 for N → ∞) of active (nonconstant) nodes.
For large N, we want to investigate the number of attractors for certain
numbers of active nodes. Hence, we divide the summation in eq. (III.B2) into
constant and nonconstant patterns. To give the sum a form that can be split in
a convenient way, we introduce the quantity hΩ L i N , which we define as the
average number of states that are part of a cycle with a period that divides
L (see appendix III.C.2 on how to express hCL i N in terms of hΩ L i N ). When
N → ∞, the summation over constant patterns has a limit that yields

hΩ L i∞ =

1
1 − ∆r

∑

∏

n̂∈Nm−2 2≤i <m
ni 6 =0

e−rni

(n̂ · ∇ AiL )ni
,
ni !

(III.B8)

where n̂ = (n2 , . . . , nm−1 ), and N denotes the set of nonnegative integers (see
appendix III.C.3).
The elements ∂ j AiL of the gradient ∇ AiL are nonzero only if the L-cycle
series i can be the output of a node that has only one nonconstant input retrieving the L-cycle series j. This is true if the series j is the series i, or the
inverse of i, rotated one step backward in time. Let φCL (i ) and φIL (i ) denote
those values of j, respectively. Then,
n̂ · ∇ AiL = rC nφC (i) + rI nφI (i) .
L

L

(III.B9)

Eq. (III.B9) yields that the sum in eq. (III.B8) factorizes
into subspaces, spanned
©
by sets of L-cycle series indices of the type i, φCL (i ), φIL (i ), φCL ◦ φCL (i ), φCL ◦
ª
φIL (i ), . . . containing all possible results of repeatedly applying φCL and φIL
to i. We call those sets invariant sets of L-cycle series, which is the same as invariant sets of L-cycle patterns in [10], but formulated with respect to L-cycle
H −1
series instead of L-cycle patterns. Let ρ0L , . . . , ρ L L denote the invariant sets
of L-cycle series, where HL is the number of such sets. For convenience, let ρ0L
be the invariant set {0, 1}.
Consider an invariant set of L-cycle series, ρhL . Let ` be the length of ρhL ,
meaning that ` is the lowest number such that, for i ∈ ρhL , (φCL )` (i ) is either i
or the index of series i inverted. If (φCL )` (i ) = i, we say that the parity of ρhL is
positive. Otherwise, the parity is negative. The structure of an invariant set of
L-cycle series is fully determined
by its length and its parity. Such a set can
©
ª be
enumerated on the form φCL (i ), . . . , (φCL )` (i ), φIL (i ), . . . , φIL ◦ (φCL )`−1 (i ) and
(φCL )` (i ) = i for positive parity, whereas φIL ◦ (φCL )`−1 (i ) = i for negative parity.

III.B Attractors

77

Let strings of T and F denote specific L-cycle series. Then φCL ( FFFT ) = FFTF
and φIL ( FFFT ) = TTFT. Examples of invariant sets of 4-cycle series are { FFFT,
FFTF , FTFF, TFFF , TTTF , TTFT, TFTT, FTTT } and { FTFT , TFTF }. The first example
has length 4 and positive parity, whereas the second has length 1 and negative
parity.
Let ν1+ , ν1− , . . . , ν`+ , ν`− denote the numbers, ni , of occurrences of L-cycle
series belonging to ρhL , in such a way that νı́± ≡ ni ⇔ νı́±−1 ≡ nφC (i) and
L

νı́± ≡ ni ⇔ νı́∓−1 ≡ nφI (i) . For convenience, we introduce ν0± as a renaming
L

of ν`± . There are two ways that ν0± can be connected to ν`± : either ν0± ≡ ν`±
(positive parity) or ν0± ≡ ν`∓ (negative parity).
Each invariant set of L-cycle series, ρhL , contributes to eq. (III.B8) with a
factor
g(ρhL ) ≡ g`± =

∑

`

ν+ ν−

∏ Gνı́ı́+−ν1ı́−ı́−1 ,

(III.B10)

ν+,ν− ∈N` ı́=1

where
ν+ ν−

+

Gνı́+−ν1−ı́−1 = exp(−ν̃ı́+ )
ı́

ı́

−

− νı́
(ν̃ı́+ )νı́
− (ν̃ı́ )
exp
(−
ν̃
)
,
ı́
νı́+ !
νı́− !

ν̃ı́± ≡ rC νı́±−1 + rI νı́∓−1 ,

(III.B11)
(III.B12)

±
∓
−
and ν0± ≡ ν`± for g+
L , whereas ν0 ≡ ν` for g L . Eq. ( III .B11) is interpreted with
the convention that 00 = 1 to handle the case where νı́+ or νı́− = 0.
Although the right-hand side in eq. (III.B10) looks nasty, it can be calculated, yielding the expression

g`± =

1
1
1 − r ` 1 ∓ (∆r )`

(III.B13)

(see appendix III.C.4).
Now, we can write eq. (III.B8) as

hΩ L i∞ =

1
1 − ∆r

H L −1

∏

h =1

g(ρhL ) ,

(III.B14)

where g(ρhL ) is calculated according to eq. (III.B13). The period, `, and the
parity, + or −, of a given invariant set of L-cycle series can be extracted by
enumerating all L-cycle series. This provides a method to calculate hΩ L i∞ for
small L. See appendix III.C.5 on how to calculate hΩ L i∞ in an efficient way.
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III.C Mathematical details
III.C.1 Approximation of the multinomial
Using Stirling’s approximation

√
n! ≈ (n/e)n 2πn ,

(III.C1)

we get
µ ¶
N
≈
n

√
N N 2πN
.
np
∏ ni i 2πni

(III.C2)

0≤ i < m
n i 6 =0

The right-hand side in eq. (III.C2) is an upper bound to the multinomial. To
show this, we take advantage of the inequality

√
√
e1/(12n+1) (n/e)n 2πn < n! < e1/(12n) (n/e)n 2πn

(III.C3)

for n ≥ 1; see, e.g., [14]. Eq. (III.C3) yields
µ ¶
N
<
n

Ã
!
√
N N 2πN
1
1
exp
−
np
12N 0≤∑
12ni + 1
∏ ni i 2πni
i<m

(III.C4)

√
N N 2πN
,
np
∏ ni i 2πni

(III.C5)

n i 6 =0

0≤ i < m
n i 6 =0

<

0≤ i < m
n i 6 =0

where the second inequality holds if at least two of n0 , . . . , nm−1 are nonzero.
If this is not the case, both sides of eq. (III.C2) are equal to 1.

III.C.2 Expressing hCL i N in terms of hΩ L i N
Consider a given network, and let C L denote the set of states, Q, that represents a proper L cycle of the network.
Let ω L denote the non-proper counS
terpart to C L , meaning that ω L = `| L C L where `| L means that ` divides L.
Then
² [
² [
ω L/d ,
(III.C6)
ω` = ω L
CL = ωL
1≤`< L
`| L

d prime
d| L
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because any positive ` dividing L is also a divisor to a number of the form L/d
where d is a prime.
Let Ω L denote the number of elements in ω L . Then, the set theoretic principle of inclusion–exclusion, applied to eq. (III.C6), yields

∑ η (−1)s Ω L/dL (s) ,

LCL =

s∈{0,1}
η

(III.C7)

L

η

η

where s = ∑i=L 1 si , d L (s) = ∏i=L 1 (diL )si and d1L , . . . , d LL are the prime divisors
to L. For averages over randomly chosen N-node networks, we get

hCL i N =

1
(−1)s hΩ L/d L (s) i N
L
η
s∈{0,1} L

∑

.

(III.C8)

hΩ L i N is given by
hΩ L i N

µ ¶
N N
= ∑
P (Q) ,
n L
n ∈Nm

(III.C9)

n= N

where n = n0 + · · · + nm−1 . Now, the summation can be split into
µ ¶
N
hΩ L i N = ∑
∑ n PLN (Q) ,
n̂∈Nm−2 n ,n ∈N
0

(III.C10)

1

n= N

where n̂ = (n2 , . . . , nm−1 ).

III

III.C.3 Calculation of the inner sum in the expression
for hΩ L i∞
Let
BLN (n̂)

µ ¶
N N
= ∑
P (Q) .
n L
n ,n ∈N
0

(III.C11)

1

n= N

Then,

hΩ L i N =

∑

BLN (n̂) ,

(III.C12)

n̂∈Nm−2

where
BLN (n̂) = N!

[ AiL (n/N )]ni
.
∑ ∏
ni !
,n ∈N 0≤i <m

n0 1
n= N

n i 6 =0

(III.C13)
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To calculate BL∞ (n̂) ≡ lim N →∞ BLN (n̂), we apply Stirling’s formula to N!,
n0 !, and n1 !, which yields
√
[ A0L (n/N )]n0 [ A1L (n/N )]n1
[ AiL (n/N )]ni
NN N
N
BL (n̂) ≈ √
,
√
√
∏
∑
n
n
ni !
n0 n0 0
n1 n1 1 2≤ i < m
2πen̂ 0<n0 ,n1
n i 6 =0

n= N

(III.C14)
where the terms with n0 = 0 or n1 = 0 are ignored. Next, we approximate the
sum in eq. (III.C14) by an integral, yielding
r
Z
ˆ
N n̂
N
e N f L (x)
N
BL (n̂) ≈ n̂
dx0 √
,
(III.C15)
2π
x0 x1
e
0< x0 ,x1
x0 + x1 + x̂ =1

where n̂ = n2 + · · · + nm−1 , x = n/N, x̂ = n̂/N and
m −1
A0 ( x )
A1 ( x )
+ x1 ln L
+ ∑ xi ln AiL (x) − ∑ ln ni ! . (III.C16)
fˆL (x) = x0 ln L
x0
x1
2≤i < m
i =2
n i 6 =0

Because the only solution to eq. (III.B7) (given that r < 1) is x0 = weq , x1 =
1 − weq , and xi = 0 for i = 2, . . . , m − 1, we can find the asymptotic behavior
of BL∞ by a Taylor expansion around this point. Let x0 = weq (1 − x̂ ) + e,
x1 = (1 − weq )(1 − x̂ ) − e and xi = x̂ni /n̂ for i = 2, . . . , m − 1. Then,
A0L (x) = weq (1 − r x̂ ) + ∆re + ae2 + O( x̂2 ) + O( x̂e ) + O(e3 ) ,
A1L (x)

2

2

(III.C17)
3

= (1 − weq )(1 − r x̂ ) − ∆re − ae + O( x̂ ) + O( x̂e ) + O(e ) ,
(III.C18)

and
AiL (x) = x̂ · ∇ AiL + O( x̂2 ) + O( x̂e )

(III.C19)

for i = 2, . . . , m − 1, where a is a constant. Here, O( x̂i e j ) stands for an arbitrary
function such that the limit of O( x̂i e j )/( x̂i e j ) is well defined as ( x̂, e) → (0, 0).
A Taylor expansion of eq. (III.C16) yields
fˆL (x) = (1 − r ) x̂ −

m −1
(1 − r )2
n
e2 + x̂ ∑ i ln x̂ · ∇ AiL − ∑ ln ni !
n̂
weq (1 − weq )
i =2
2≤i < m
n i 6 =0

2

3

+ O( x̂ ) + O( x̂e ) + O(e ) .

(III.C20)
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Completion of the square in eq. (III.C20) yields
1
fˆL (x) = −
2

Ã
q

m −1

−

∑

!2

1−r
weq (1 − weq )

e + O( x̂ )

+ (1 − r ) x̂ + x̂

∑

2≤i < m
n i 6 =0

ni
ln x̂ · ∇ AiL
n̂

ln ni ! + O( x̂2 ) + O( x̂e2 ) + O(e3 ) .

(III.C21)

i =2

Now, we can apply the saddle point approximation to eq. (III.C15) (given
that r < 1) together with the relation x̂ = n̂/N, the convergence of Stirling’s
formula, and the convergence of the integral approximation. This yields
BL∞ (n̂) =

(n̂ · ∇ AiL )ni
1
e−rn̂ ∏
.
1 − ∆r
ni !
2≤ i < m

(III.C22)

n i 6 =0

III.C.4 Calculation of g`±
With implicit summation over indices occurring both up and down,
eq. (III.B10) can be written as
ν+ ν−

ν+ ν−

ν+ ν−

ν+ ν−

1 `−1
2 `−2
g`+ = Gν`−
Gν`−
· · · Gν1+ ν1− Gν`+ ν`− ≡ Tr(G` )
+ −
+
ν
ν−

`

`

2

`−1 `−1

2

1

(III.C23)

1

and
ν+ ν−

ν+ ν−

ν+ ν−

ν+ ν−

ν+ ν−

1 `−1
2 `−2
Gν`−
· · · Gν1+ ν1− Gν0+ ν0− ≡ Tr(SG` ) ,
g`− = Sν`+ ν`− Gν`−
+ −
+
ν
ν−
0

0

`

`

`−1 `−1

2

2

1

(III.C24)

1

where
µ+ µ−

Sν+ ν− ≡ δν+ µ− δν− µ+

(III.C25)

and the trace operator is defined as
+ −

Tr(A) ≡ Aνν+ νν− .

(III.C26)

δ denotes the Kronecker-delta, meaning that δνµ = 1 if ν = µ and 0 otherwise.
By transforming G in a suitable way, g`± can be calculated in a closed form.
Central to this transformation are the tensors M and f
M that extract moments
and combinatorial moments according to the definitions
µ+ µ−

+

Mκ + κ − ≡ (µ+ )κ (µ− )κ

−

(III.C27)
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and
+ −

e µ+µ− ≡ µ+ (µ+ − 1) · · · (µ+ − κ + + 1)µ− (µ− − 1) · · · (µ− − κ − + 1) .
M
κ κ
(III.C28)
Eq. (III.C27) is interpreted with the convention that 00 = 1 to handle the cases
where µ+ = κ + = 0 or µ− = κ − = 0. Henceforth, this convention is used
to handle similar special cases conveniently. f
M is triangular in the sense that
+ −
e µ+ µ− . Hence, M
f has an
κ + ≤ µ+ and κ − ≤ µ− for all nonzero elements M
κ κ

+ −

e −1 )κ +κ − .
inverse that obeys µ+ ≤ κ + and µ− ≤ κ − for all nonzero elements ( M
µ µ
f act on G yields
Letting M
+ −

e µ+ µ− G ν++ ν−− =
M
µ µ
κ κ

∞

+

∞

∑

exp(−ν̃+ )

∑

µ + =κ + µ − =κ −
+

−

(ν̃+ )µ
(ν̃− )µ
exp(−ν̃− ) −
+
+
(µ − κ )!
(µ − κ − )!

−

= (ν̃+ )κ (ν̃− )κ ,

(III.C29)

where ν̃± ≡ rC ν± + rI ν∓ .
+ −
+
Let Cλκ +κλ− denote the coefficients of the formal expansion of (z+ + z− )λ
−

(z+ − z− )λ in such a way that
+

−

(z+ + z− )λ (z+ − z− )λ ≡

+ −

+

−

Cλκ +κλ− (z+ )κ (z− )κ .

∑

(III.C30)

κ +,κ − ∈N

Note that C is block diagonal in the sense that κ + + κ − = λ+ + λ− for all
nonzero elements. The inverse of C is given by
+ −

(C −1 )κλ+ κλ− = 2−κ

+−κ −

+ −

Cκλ+ κλ− .

(III.C31)

To see this, we consider that C2 yields the coefficients of the formal expansion
of the expression
+

−

[(z+ + z− ) + (z+ − z− )]λ [(z+ + z− ) − (z+ − z− )]λ ≡ 2λ

++λ−

+

−

(z+ )λ (z− )λ .
(III.C32)

Thus,
+ −

+ −

Cλκ +κλ− Cκν+ κν− = 2λ

++λ−

δλ+ ν+ δλ− ν− ,

(III.C33)

which means that the tensor on the left-hand side in eq. (III.C31) is the inverse
of C.
Letting C act on M and f
MG yields
+ −

µ+ µ−

+

Cλκ +κλ− Mκ + κ − = (µ+ + µ− )λ (µ+ − µ− )λ

−

(III.C34)
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and
µ+ µ−

+ −

+ −

+

e + − G ν + ν − = (ν̃+ + ν̃− )λ (ν̃+ − ν̃− )λ
Cλκ +κλ− M
µ µ
κ κ
+

−

−

+

(III.C35)
−

= r λ (∆r )λ (ν+ + ν− )λ (ν+ − ν− )λ .

(III.C36)

Hence,
Cf
MG = DCM

(III.C37)

Cf
MGf
M−1 C−1 = DCMf
M −1 C −1 ,

(III.C38)

and

where
µ+ µ−

+

−

Dλ+ λ− ≡ r λ (∆r )λ δλ+ µ+ δλ− µ− .

(III.C39)

Because f
M−1 is triangular with the lower indices (acting to the left) less than
or equal to the upper indices, right multiplication with f
M−1 always yields
−
1
a convergent result. Similarly, C is wellbehaved in the same sense, as a
consequence of the block diagonal structure of C. Thus, both sides of the
equality in eq. (III.C38) are well-defined.
Let T = CMf
M−1 C−1 , which yields
Cf
MGf
M−1 C−1 = DT .

(III.C40)

The tensor Mf
M−1 tells how to express moments in terms of combinatorial
moments. Each moment can be expressed as a sum of the combinatorial moment of the same order and a linear combination of combinatorial moments
of lower order. Hence,
µ+ µ−

+ −

e −1 )λ+ λ = δκ + λ+ δκ − λ−
Mκ + κ − ( M
µ µ−

for λ+ + λ− ≥ κ + + κ − .

(III.C41)

This property is conserved as Mf
M−1 is transformed by C, because
+ −

for κ + + κ − 6= ν+ + ν− ,

(III.C42)

for µ+ + µ− ≥ ν+ + ν− .

(III.C43)

Eq. (III.C23) can be rewritten as
£
¤
£
¤
g`+ = Tr(G` ) = Tr (Cf
MGf
M−1 C−1 )` = Tr (DT)` .

(III.C44)

Cνκ+ νκ− = 0
meaning that
µ+ µ−

Tν+ ν− = δν+ µ+ δν− µ−
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In order to treat eq. (III.C24) similarly, we need to transform GS in the same
manner. To do this, we observe that
+ −

e )µ + µ − Sν++ν−− = r λ+ (∆r )λ− (ν− + ν+ )λ+ (ν− − ν+ )λ−
(C MG
µ µ
λ λ

=r

λ+

(−∆r )

λ−

(ν+ + ν− )

λ+

(ν+ − ν− )

λ−

(III.C45)
,

(III.C46)

which means that
Cf
MGS = ŚCf
MG ,

(III.C47)

where
+ −

−

Śλκ +κλ− ≡ (−1)λ δλ+ κ + δλ− κ − .

(III.C48)

Cf
MGSf
M−1 C−1 = ŚDT ,

(III.C49)

Hence,

which can be applied to eq. (III.C24), yielding
£
¤
£
¤
g`− = Tr(SG` ) = Tr Cf
MGSf
M −1 C −1 ( C f
MGf
M−1 C−1 )`−1 = Tr Ś(TD)` .
(III.C50)
Because T is triangular with unitary diagonal, according to eq. (III.C43),
whereas Ś and D are diagonal, the traces in Eqs. (III.C44) and (III.C50) are
given by
£
¤
g`+ = Tr (TD)`
(III.C51)
¡ µ+ µ− ¢`
= Dµ + µ −
(III.C52)

∑

=

+

r `µ (∆r )`µ

−

(III.C53)

µ+,µ− ∈N

=

1
1
`
1 − r 1 − (∆r )`

(III.C54)

and
¤
£
g`− = Tr Ś(TD)`
µ+ µ− ¡ µ+ µ− ¢`
= Śµ+ µ− Dµ+ µ−

=

∑

(−1)

µ−

r

`µ+

(III.C55)
(III.C56)

(∆r )

`µ−

(III.C57)

µ+,µ− ∈N

=

1
1
.
`
1 − r 1 + (∆r )`

(III.C58)
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Finally, we conclude that
1
1
.
1 − r ` 1 ∓ (∆r )`

g`± =

(III.C59)

III.C.5 Calculation of hΩ L i∞
To use eq. (III.B14) to calculate hΩ L i∞ , we need to find the distribution of
lengths and parities of the invariant sets of L cycle series. For L cycles, there
will be invariant sets of length ` and positive parity if `| L, whereas sets of
negative parity are present if 2`| L. The number of invariant sets with a specific
length and parity is independent of L (as long as they exist at all), because the
basic form of the series in such sets does not change with L. Only the number
of basic repetitions alter. Let J`+ and J`− denote the numbers of invariant sets
of length ` with positive or negative parity, respectively.
Let ψ`+ respective ψ`− denote the sets of (infinite) time series of ‘TRUE’ and
‘FALSE’, such that each series is identical to, or the inverse of, itself after ` time
steps. Then, the set of time series that are part of an invariant set of L cycles
with length ` and negative parity, J`− , is given by
² [ −
J`− = ψ`−
ψ`/d .
(III.C60)
d odd prime
d|`

For positive parity, we get
ÂÃ

[

J`+ = ψ`+

!Â
ψ`+/d

J`−/2 ,

(III.C61)

d prime
d|`

where J`−/2 is the empty set if `/2 is not an integer.
The numbers of elements in J`± are given by 2` J`± where J`± are the numbers of invariant sets with length `. Then, the inclusion–exclusion principle
yields
J`− =
η̃

1
2`

η̃

∑

˜

(−1)s 2`/d` (s) ,

(III.C62)

s∈{0,1}η̃`
η

where s = ∑i=` 1 si , d˜(s) = ∏i=` 1 (d˜i` )si and d˜1` , . . . , d˜` ` are the odd prime divisors
to `. Similarly
J`+ =

1
2` s

∑

∑

0 ∈{0,1} s ∈{0,1}
2s0 |`

1
(−1)s0 +s 2`/d` (s0 ,s) − J`−/2 ,
2
η̃`

(III.C63)
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where d(s0 , s) = 2s0 d˜(s) and J`−/2 = 0 if `/2 is not an integer. Insertion of
eq. (III.C62) into eq. (III.C63) yields
J`+ =

1
2` s

∑

∑

(1 + s0 )(−1)s0 +s 2`/d` (s0 ,s) ,

(III.C64)

η̃
0 ∈{0,1} s ∈{0,1} `
2s0 |`

which also can be written as
J`+ = J`− − J`−/2 .

(III.C65)

Finally, we can calculate hΩ L i∞ according to
+

hΩ L i∞ = (1 − r ) ∏( g`+ ) J`
`| L

−

∏ ( g`− ) J`

.

(III.C66)

2`| L

The factor (1 − r ) instead of 1/(1 − ∆r ) is there to compensate for the factor
g(ρ0L ) = g1+ , which is not included in eq. (III.B14).

III.C.6 Convergence of hC i∞
For large `, we can use the approximations
ln g`± = − ln(1 − r ` ) − ln[1 ∓ (∆r )` ] ≈ r ` ± (∆r )`

(III.C67)

and
2`
(III.C68)
2`
with relative error that decreases exponentially with `. Thus, the correct
asymptotic behavior of hΩ L i∞ is revealed by
¾
½
¤
¤
2` £ `
2` £ `
r + (∆r )` + ∑
r − (∆r )`
.
(III.C69)
hΩ L i∞ ∼ exp ∑
2`
2`
2`| L
`| L
J`± ≈

If r > 1/2, eq. (III.C69) diverges double exponentially, because the term
(2r ) L /(2L) will dominate the sum as L → ∞. This means that the number of
L cycles increases very rapidly with L for large L.
If r < 1/2, |∆r | < 1/2 must hold, because |∆r | ≤ r. Then, the total number
of states in attractors, hΩ i∞ , will converge, because eq. (III.C69) then yields
the convergent sum
∞

(2r )`
.
`
`=1

hΩ i∞ ∼ exp ∑

(III.C70)

Hence, the average of the total number of attractors, hC i∞ , will converge for
r < 1/2 and diverge for r > 1/2.
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Background: Signal transduction pathways convey information from the
outside of the cell to transcription factors, which in turn regulate gene expression. Our objective is to analyze tumor gene expression data from microarrays
in the context of such pathways.
Results: We use pathways compiled from the T RANSPATH /T RANSFAC databases and the literature, and three publicly available cancer microarray data
sets. Variation in pathway activity, across the samples, is gauged by the degree of correlation between downstream targets of a pathway. Two correlation scores are applied; one considers all pairs of downstream targets, and
the other considers only pairs without common transcription factors. Several pathways are found to be differentially active in the data sets using these
scores. Moreover, we devise a score for pathway activity in individual samples, based on the average expression value of the downstream targets. Statistical significance is assigned to the scores using permutation of genes as null
model. Hence, for individual samples, the status of a pathway is given as a
sign, + or −, and a p-value. This approach defines a projection of high-dimensional gene expression data onto low-dimensional pathway activity scores.
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For each dataset and many pathways we find a much larger number of significant samples than expected by chance. Finally, we find that several samplewise pathway activities are significantly associated with clinical classifications
of the samples.
Conclusions: This study shows that it is feasible to infer signal transduction
pathway activity, in individual samples, from gene expression data. Furthermore, these pathway activities are biologically relevant in the three cancer
data sets.

c 2005 The authors. This is an Open Access article distributed under the terms of the Creative
°
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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IV.1 Background
The interpretation of microarray data is facilitated by combining the data, or
results of data analysis, with prior contextual knowledge, e.g., ontologies [1–
4], pathways [5–7] and other annotation groups of interest [8]. By using prior
knowledge about pathways, we aim at inferring cellular signaling pathway
activity from tumor microarray data, on a sample-by-sample basis. Furthermore, we examine whether the pathway activity of individual samples is associated with clinical classifications of the samples. Our approach is in sharp
contrast to establishing pathways from gene expression data (see, e.g., [9]).
What we do here is to project gene expresson data onto prior knowledge, in
this case established pathway databases.
Signaling pathway activity scoring is a more direct measurement of biological processes than ontology mapping, which aims at finding over-representation of genes in various groups of contextual annotation. A cellular signaling pathway (see figure IV.1) is composed of a series of signaling molecules
that convey information, typically from the outside of the cell to the nucleus.
The initial step consists of extracellular signaling molecules, ligands, that activate receptors of the cell. These receptors then initiate intracellular signaling
events, which eventually regulate the activity of various transcription factors.
These transcription factors, in turn, regulate the expression levels of various
genes, termed downstream targets of the pathway.
To characterize pathway activity, it would be desirable to have both proteomic and gene expression data. Gene expression data alone is not sufficient
for assessing protein concentrations [10] and post-translational modifications
of proteins. In the absence of proteomic data, one is thus forced to rely on
aspects of the pathway that are detectable at the mRNA level. The foremost
candidate for this is the downstream targets, which we will focus on here. It is
of course also possible that the mRNA levels of effector proteins in a pathway
change due to altered pathway activity. However, such effects are outside the
scope of this paper. A further complication is that many pathways overlap,
both in terms of having common transcription factors, and in terms of distinct
transcription factors having common downstream targets. Our methods will
not be able to distinguish very similar pathways, and in some sense this problem can be seen as a result of the ambiguities that follow when the full protein
network is partitioned into separate pathways.
Cellular signaling pathways are subject to intense research, and current
knowledge is compiled into databases such as S TKE [11], T RANSPATH [12],
and T RANSFAC [13]. These databases do not yet account for all pathways or
transcription factors, but develop over time. Most pathway information utilized in this work is collected from T RANSPATH/T RANSFAC, where information about transcription factors and downstream targets is readily available.
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Figure IV.1: A simplified and partial view of the TNF-α pathway. A ligand (TNF-α,
top) binds to a receptor (TNFR1) on the cell surface, triggering a cascade of events.
Eventually, transcription factors (NF-κB and AP-1) activate or repress the expression
of genes.

The only exception is the estrogen receptor pathway, which is taken from [14].
We analyze three microarray data sets in this study: Two breast cancer data
sets [15, 16], and one leukemia data set [17].
For the three data sets, we assess pathway activity from two related, but
different, points of view. The first is to examine which pathways behave in
a coherent way across the entire data set, i.e., which pathways have significantly co-expressed downstream targets. This is done both with and without
accounting for the fact that downstream targets of a single transcription factor
are correlated irrespective of pathway behavior. The second point of view is
to assess pathway activity of individual samples, relative to the other samples
in the same experiment, yielding an active or inactive status for each pathway
in each sample. Finally, we relate the sample-wise pathway activity to clinical
classifications of samples by way of contingency tables. Several pathways are
found to be highly predictive of the clinical classifications.

IV.2 Results
In this section we assess variation in transcription factor and pathway activity
across the samples. We then proceed to probe pathway activity in individual
samples. Finally, we study the association between pathway activity and the
clinical classifications of the samples.
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IV.2.1 Co-expression of the downstream targets of a
transcription factor
As a prelude to the study of pathways, we quantified the degree of correlation
among downstream targets of single transcription factors. For this purpose we
used the Group Correlation Score defined in Methods. The p-values were calculated using random reshuffling of the genes. Table IV.1 shows the most significant transcription factors in the van ’t Veer data set. We see, as expected, that
several transcription factors have significantly correlated downstream targets.
For the data set of Sotiriou et al., 8 out of 42 transcription factors have a p-value
below 0.1, and for the Golub et al. data set, the corresponding numbers are 6
out of 39. Among these three data sets, the p-values are noticeably better for
data sets with more samples and genes. With this in mind we conclude that
the downstream targets of transcription factors are co-expressed in the these
data sets, albeit not to a high degree. The full lists for all 3 data sets can be
found in the Supplement.

IV.2.2 Co-expression of the downstream targets of a
pathway
Here we use the same Group Correlation Score as above, applied to the downstream targets of entire pathways rather than those of individual transcription
factors. Table IV.2 shows the results for the van ’t Veer data set, where 21 out
of 29 pathways have a p-value below 0.05, which is significantly more than expected by chance. However, many of the downstream targets have common
transcription factors, which might be the major cause of the co-expression. To
eliminate such a contribution we used the Exclusive Group Correlation Score,
which considers only pairs of downstream targets lacking common transcription factors. The p-values for the Exclusive Group Correlation Score are also
shown in table IV.2. Although these p-values are larger, they are still significant; out of 20 pathways with more than one transcription factor, 12 have a
Exclusive Group Correlation Score p-value below 0.05, which is still more than
expected by chance. We conclude that the co-expression of downstream targets in a pathway can only in part be explained by the genes having common
transcription factors. This co-expression at the pathway level justifies the view
of pathways as functional units. Similar tables for the two other data sets are
shown in the Supplement. Both data sets have smaller p-values than expected
by chance, albeit not as convincingly as the van ’t Veer data set.

IV.2.3 Pathway assignments for individual samples
After having established that downstream target genes are co-expressed in
some pathways, we proceeded to study the status of pathway activity in in-
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dividual samples. To this end we employed the Group Sample Score, which for
each pathway designates every sample in a data set as either active or inactive,
with an associated p-value.
Table IV.3 shows p-values and pathway activity status, for five samples in
the van ’t Veer data set. For example, in the first sample the RANK pathway
is designated as inactive with a p-value of 0.004, whereas the inactiveness of
the ER-induced pathway cannot be considered significant. The full tables for
all samples and pathways in all 3 data sets are provided in the Supplement.
Table IV.4 shows the number of samples that are active and inactive at the
5% level, for every pathway in the van ’t Veer data set. The table also contains
the family-wise p-value, defined in Methods, which gives the probability of
observing at least this total number of significant samples for a pathway. The
family-wise p-value assumes that the samples are independent, which is only
approximately true since the mean expression value of a gene across all samples is zero. Corresponding tables for the two other data sets can be found in
the Supplement. We note that the most significant pathways according to this
measure are mostly the same as with the correlation based scores, although
the p-values are numerically different.

IV.2.4 Association between sample-wise pathway activity
and clinical classifications
We analyzed the association between sample-wise pathway activity and clinical classifications using contingency tables. For every pathway and data set,
we divided the samples into three groups: Samples where the pathway was
active at a 5% significance level, samples where it was inactive at a 5% significance level, and insignificant samples referred to as undecided. For each data
set, contingency tables of pathway activity versus clinical classifications were
created, and χ2 p-values were calculated.
In the data set of Golub et al., the only available clinical classification is tumor type, i.e., ALL or AML. Table IV.5 shows the contingencies for the Insulin
pathway and the Il-1 pathway. Seven out of 29 pathways have contingency
tables with a χ2 p-value below 0.01.
For the breast cancer data set of van ’t Veer et al., we investigated six clinical classifications: metastasis status (0), estrogen receptor status (20), progesterone receptor status (12), lymph node status (12), BRCA mutations (15) and
histological grade (8). The numbers in parentheses refer to the number of significant contingency tables at the 0.01 level. The total number of pathways
was again 29. For metastasis status, only 97 out of the 117 samples were labeled in the original data set, and this may contribute to the low degree of association between this clinical classification and pathway activity. However,
similar results were obtained for the data set of Sotiriou et al., which indicates
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that it may be difficult to obtain any association between the pathways analyzed in this work and breast cancer metastasis status. Table IV.6 shows the
contingency between estrogen receptor status and the ER-induced pathway.
As expected, there is a strong association between presence of the estrogen receptor protein, and the activity status of the ER-induced pathway. Somewhat
more surprisingly, there are also strong associations between ER status and
many other pathways. Similar results are obtained for the data set of Sotiriou
et al., but with fewer significant associations.
A general tendency of the contingency table analysis is illustrated in table IV.7. Lowering the pathway activity p-value cutoff makes the association
to clinical classifications more specific but less sensitive. The complete set of
contingency tables for all three data sets can be found in the Supplement.

IV.3 Conclusions
We have shown that downstream target genes of signal transduction pathways behave coherently in gene expression tumor data sets. First, we confirmed that downstream targets of transcription factors are correlated across
samples. We then demonstrated that the same holds true for downstream targets of an entire pathway, even after discounting the correlations due to genes
having a common transcription factor. The correlations for entire pathways
were found to be more significant than those for individual transcription factors.
The presence of significant correlations confirms the expectation that gene
expression is controlled by the activity of pathways. However, these correlations do not tell us in which samples a pathway is active or inactive. To
reveal this, we devised the Group Sample Score. With this score we classified
the samples into those where the pathway was significantly active, significantly inactive or undecided, respectively. As seen in table IV.4, the number
of significant samples is, for most pathways, much higher than the random
expectation.
In many cases, the active/inactive pathway status was highly correlated
with independent clinical classifications. This confirms the relevance of pathways for understanding of the underlying biology. Furthermore, the activity
status of one or more pathways may be used to subdivide the samples into
groups with distinct biological characteristics. Such a subdivision is feasible
if, for instance, tumors of a certain clinical diagnosis are an agglomerate of
several subtypes.
The Group Sample Score is natural if a pathway either induces all its downstream targets, or represses them. However, in most pathways some downstream genes are induced, while others are repressed. To account for a mixture of induction and repression, one should include a sign, or more generally
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a weight, to each term in the sum. Such a weight might even depend on the
type of tissue and the environment. Since this information was not readily
available for the studied pathways, all genes were weighted equally. Nevertheless, we obtained significant results, indicative of a dominant trend among
the downstream genes. For the estrogen receptor (ER) pathway, we did have
information about the sign, but instead of introducing a more general score
for this pathway alone, we split the ER pathway into two parts, with induced
and repressed genes, respectively. In the breast cancer data set of van ’t Veer
et al. [15], there were 50 genes in the induced part and 27 in the repressed. As
seen in tables IV.2 and IV.4, the ER-induced pathway was highly significant,
whereas the repressed pathway was not. The full pathway was also highly
significant, although to a lesser extent. The significance of the full pathway is
thus due to the induced genes, which constitute a majority of the downstream
targets. The situation is similar for other pathways and data sets.
It should be stressed that correlations, and the pathway activity status observed in a sample, are only defined relative to the other samples in the same
data set. If a pathway were active in all samples, it would not show up in
our significance test. The status of a pathway, as we define it, is given by the
downstream genes, and the connection to ligands, receptors and other pathway components cannot be inferred from this analysis.
Table IV.1 shows that the most significant transcription factor in the breast
cancer data set of van ’t Veer et al. is NF-κB. This transcription factor is also
the most one in the leukemia data set of Golub et al., whereas NF-κB1 is the
most significant one in the data set of Sotiriou et al. Recently, NF-κB has been
shown to be involved in the transformation from benign to malignant cells
in inflammation-associated cancers. Pikarsky et al. [18] demonstrate this in
a mouse model of human hepatocellular carcinoma, where the inflammatory
mediator tumor necrosis factor α (TNF-α) is shown to play an important role
as an activator of NF-κB. Greten et al. [19] find similar results in a mouse
model of colitis-associated cancer.
Our current knowledge of pathways, and of downstream targets of transcription factors, is far from complete. However, we find that the results presented herein constitute a proof of concept for analyzing microarray gene expression in the context of signal transduction pathways.

IV.4 Methods
IV.4.1 Pathway information and UniGene clusters
Transcription factors for 23 pathways were extracted from T RANSPATH [12].
The downstream target genes of those transcription factors were obtained
from T RANSFAC [13]. Since our study contains breast cancer data, we have
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augmented the pathway information with the Estrogen Receptor (ER) pathway compiled from [14], where 89 direct target genes were identified. 59
of them were induced by the ER complex and 30 were repressed. 8 out of
the 89 genes were previously verified. We employ all six combinations of induced/repressed/all and verified/all, yielding 6 versions of the ER pathway.
The 29 pathways employed are listed in table IV.2. Downstream target genes
were represented as UniGene IDs (http://www.ncbi.nlm.nih.gov/UniGene),
using UniGene Hs build 171. For the analysis of the data sets, gene identifiers
were converted into UniGene IDs and expression values of clones belonging
to the same UniGene cluster were averaged.

IV.4.2 Data Sets
The following three publicly available data sets were analyzed:
1) The breast cancer data set of van ’t Veer et al. [15], consisting of samples
from 117 patients, of which 46 developed metastases. After UniGene merging
the data set contains 20663 genes.
2) The breast cancer data set of Sotiriou et al. [16], consisting of 99 samples
of different clinical classifications, with 4878 genes after UniGene merging.
3) The leukemia data set of Golub et al. [17], derived from bone marrow
samples from 38 patients, 27 of which were diagnosed with Acute Myeloid
Leukemia (AML) and 11 with Acute Lymphoblastic Leukemia (ALL). After
UniGene merging and removal of genes with no variance across the samples,
4701 genes remain.

IV.4.3 Normalization of microarray data
The data sets in [15, 16] are given in the form of log ratios of expression values in the samples versus a reference. The data set in [17] is given in the
form of Affymetrix average difference values. For the calculation of Group
Correlation Score and Exclusive Group Correlation Score the affymetrix average
difference values were logarithm transformed, since the Pearson correlation is
very sensitive to single outlier samples. For the Group Sample Score the original
differences were kept. We denote the expression value for gene g in sample
s by x gs , with missing values allowed. We normalized the expression values
in two steps. First, for each sample, the mean of all genes was subtracted, in
order to ensure that no samples are up- or down-regulated on average. The
transformed expression values satisfy:

∑ xgs = 0
g

for all s .

(IV.1)
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Second, for each gene, the mean of all samples was subtracted from the expression values of that gene, yielding:

∑ xgs = 0

for all g .

(IV.2)

s

The second normalization implies that the expression value of a gene is measured relative to the same gene in other samples.

IV.4.4 Pearson correlation p-values
To determine if a group of downstream target genes is significantly co-expressed, a total score of the group is needed. Two scores were used here, both
based on the Pearson correlation of a pair of genes, g and h:
r g,h = q

∑s ( x gs − x̄ g )( xhs − x̄h )
q
,
∑s ( x gs − x̄ g )2 ∑s ( xhs − x̄h )2

(IV.3)

where the sums exclude missing values and x̄ g is the mean of expression values for gene g.
The Group Correlation Score is defined as the sum of squares of Pearson
correlations among all pairs of genes in a group of genes:
GCS =

∑ r2g,h ,

(IV.4)

g6=h

where the sum runs over all genes in the group. The square ensures that both
correlations and anti-correlations contribute to the score. We use the Group
Correlation Score for the downstream target genes of a single transcription factor, as well as for those of an entire pathway.
The Exclusive Group Correlation Score, on the other hand, is only applicable
for the downstream targets of a pathway. It is defined as
EGCS =

∑

r2g,h ,

(IV.5)

TF ( g)∩ TF (h)=∅

where the sum runs exclusively over pairs of genes g and h that do not share
any transcription factor.
The p-value of a score is defined as the fraction of random cases, drawn
under the null hypothesis, which achieve a higher score than the score tested.
For both scores, GCS and EGCS, our null hypothesis is reshuffling of the genes
on the microarray. This null hypothesis keeps the structure and overlap of all
pathways fixed, but changes the identity of the genes.
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IV.4.5 Pathway activity for individual samples
For each sample, s, and pathway, PW, the Group Sample Score is defined as
follows:
GSSs =

∑

x gs ,

(IV.6)

g⊂ PW

where the sum runs over all downstream target genes of the pathway.
The null hypothesis is again reshuffling of the genes from the microarray.
We are interested in pathways both with high and low scores. Hence, we consider the p-values for the score being higher (p+ ) and lower (p− ) than random,
respectively, and the final p-value is given by two times the smaller of these
two p-values:
p = 2 · min( p+ , p− ) .

(IV.7)

The pathway is said to be active (+) if p+ < p− , and inactive (−) otherwise.

IV.4.6 Family-wise p-value
If N independent hypotheses are tested simultaneously, the probability to obtain K or more p-values below q is given by a binomial distribution:
µ ¶
i
= ∑
q i (1 − q ) ( N −i ) .
N
i=K
N

pfw

(IV.8)

We refer to this probability as the family-wise p-value.

Supplement
The supplementary material referred to in the text can be found at http://
www.biomedcentral.com/1471-2105/6/163/suppl/S1.
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IV.5 Tables
TF
NF-κB
RelA
ER Complex(i)
NF-κB1
STAT1α
C/EBPα
ER-induced (v)
ER
STAT6
ER (v)
GATA-1
Elk-1
c-Rel
STAT4
SMAD-3

# of DT
19
11
50
10
2
21
5
77
6
7
7
4
3
3
6

p-value
4e-04
8e-04
2e-03
2e-03
6e-03
7e-03
7e-03
8e-03
8e-03
2e-02
2e-02
6e-02
6e-02
7e-02
7e-02

Table IV.1: The 15 most significant transcription factors (TF) in the van ’t Veer et al. [15]
data set, and their number of downstream targets (DT). p-values are based on the
Group Correlation Score. In all 54 TFs were studied for this data set. ER means both
induced and repressed ER-pathway and (v) means that the pathway has been verified
in a second experiment (see [14]).
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Pathway
IL-1
fMLP
TLR4
EDAR
ER-induced
RANK
Oncostatin M
PDGF
ER
ER-induced(v)
IL-4 - STAT6
TGF-β network
EGF
ER (v)
Insulin
VEGF
TNF-α
TPO
PRL
IFN
IL-10
IL-12 - STAT4
c-Kit
ER-repressed
B-cell antigen receptor
T-cell antigen receptor
Wnt pathway
ER-repressed(v)
IL-2 - STAT5

99

# of TF
5
9
9
6
1
6
1
8
1
1
1
7
12
1
7
3
8
6
6
6
2
1
4
1
4
4
2
1
2

# of DT
21
27
41
41
50
41
2
15
77
5
6
23
53
7
45
8
61
10
10
10
7
3
87
27
10
10
8
2
4

GCS p-value
1e-04
4e-04
9e-04
3e-03
3e-03
3e-03
5e-03
6e-03
7e-03
7e-03
8e-03
1e-02
1e-02
2e-02
2e-02
2e-02
2e-02
3e-02
3e-02
3e-02
5e-02
7e-02
8e-02
1e-01
3e-01
3e-01
4e-01
6e-01
8e-01

EGCS p-value
4e-01
1e-01
1e-03
5e-02
n/a
5e-02
n/a
2e-02
n/a
n/a
n/a
1e-02
1e-02
n/a
4e-02
2e-02
5e-02
2e-02
2e-02
2e-02
5e-02
n/a
6e-02
n/a
3e-01
3e-01
3e-01
n/a
7e-01

Table IV.2: Pathways in the van ’t Veer et al. [15] data set, ordered by significance and
their number of transcription factors (TF) and downstream targets (DT). Also shown
are Group Correlation Score (GCS) and Exclusive Group Correlation Score (EGCS) pvalues. ER pathway notation as in table IV.1.
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ER-induced
EDAR
IL-1
RANK
TNF-α
EGF network
ER
ER-induced (v)
TLR4
fMLP
Insulin
ER (v)
TGF-β network
c-Kit
ER-repressed (v)
VEGF
IL-10
IFN
PRL
TPO
PDGF
Oncostatin M
T-cell antigen rec.
B-cell antigen rec.
IL-12 - STAT4
ER-repressed
IL-2 - STAT5
IL-4 - STAT6
Wnt

1
0.7066 (−)
0.0052 (−)
0.0074 (−)
0.0058 (−)
0.0014 (−)
0.2868 (−)
0.9994 (−)
0.4940 (−)
0.1584 (−)
0.0122 (−)
0.9274 (−)
0.9382 (−)
0.1102 (+)
0.2892 (−)
0.3518 (+)
0.6526 (−)
0.3984 (−)
0.3934 (−)
0.3984 (−)
0.3852 (−)
0.9488 (+)
0.2746 (−)
0.2092 (−)
0.1978 (−)
0.3458 (+)
0.5724 (+)
0.1816 (−)
0.8268 (−)
0.8484 (−)

2
0.0000 (+)
0.1514 (−)
0.0416 (−)
0.1506 (−)
0.1744 (−)
0.3030 (−)
0.0002 (+)
0.0136 (+)
0.2572 (−)
0.0432 (−)
0.0182 (−)
0.0084 (+)
0.7054 (+)
0.0282 (−)
0.0566 (+)
0.3174 (+)
0.5984 (+)
0.7678 (+)
0.7726 (+)
0.7500 (+)
0.4568 (−)
0.2986 (−)
0.1006 (−)
0.1040 (−)
0.4402 (+)
0.4596 (+)
0.8828 (−)
0.1670 (−)
0.1054 (−)

3
0.4822 (+)
0.1294 (−)
0.0158 (−)
0.1340 (−)
0.2596 (−)
0.4522 (−)
0.3074 (+)
0.1670 (+)
0.2624 (−)
0.0004 (−)
0.3926 (−)
0.0680 (+)
0.8274 (−)
0.3000 (−)
0.0588 (+)
0.4388 (−)
0.8164 (−)
0.4792 (−)
0.4794 (−)
0.4736 (−)
0.6370 (−)
0.1848 (−)
0.0094 (−)
0.0142 (−)
0.8902 (+)
0.3936 (+)
0.4774 (−)
0.9212 (−)
0.0878 (−)

4
0.1648 (+)
0.8566 (+)
0.3848 (+)
0.8598 (+)
0.4044 (+)
0.9360 (−)
0.7624 (+)
0.3060 (+)
0.7778 (+)
0.7188 (+)
0.6116 (+)
0.0806 (+)
0.3528 (−)
0.7884 (−)
0.0426 (+)
0.9372 (−)
0.8188 (+)
0.7824 (+)
0.7840 (+)
0.8056 (+)
0.5418 (−)
0.1428 (+)
0.9426 (+)
0.9484 (+)
0.6424 (+)
0.1784 (−)
0.7768 (−)
0.3412 (−)
0.5868 (−)

5
0.4106 (+)
0.0010 (−)
0.0088 (−)
0.0022 (−)
0.0030 (−)
0.2138 (−)
0.7886 (−)
0.3310 (+)
0.1856 (−)
0.0362 (−)
0.7898 (+)
0.3266 (−)
0.7902 (−)
0.0470 (−)
0.0034 (−)
0.8526 (−)
0.2442 (−)
0.5702 (−)
0.5782 (−)
0.5588 (−)
0.6680 (+)
0.7450 (+)
0.6404 (−)
0.6508 (−)
0.1982 (−)
0.0830 (−)
0.3486 (+)
0.1430 (+)
0.3756 (−)

Table IV.3: The individual sample pathway activity p-values and sign for each pathway
and five of the van ’t Veer breast cancer samples. Bold face indicates significant (i.e.,
p-value ≤ 0.05) pathway activity in the sample. ER notation as in table IV.1.
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Pathway
ER-induced
EDAR
IL-1
RANK
TNF-α
EGF network
ER
ER-induced(v)
TLR4
fMLP
Insulin
ER (v)
TGF-β network
c-Kit
ER-repressed (v)
VEGF
IL-10
IFN
PRL
TPO
PDGF
Oncostatin M
T-cell antigen receptor
B-cell antigen receptor
IL-12 - STAT4
ER-repressed
IL-2 - STAT5
IL-4 - STAT6
Wnt

+
30
30
25
29
29
29
28
21
28
24
22
17
20
20
11
11
12
11
11
10
9
6
11
11
7
7
5
5
4

−
37
30
34
30
29
29
29
34
27
31
21
21
18
14
17
15
13
14
14
14
12
15
8
7
9
6
7
3
4

family-wise p-value
2e-55
6e-46
1e-44
1e-44
2e-43
2e-43
4e-42
1e-39
1e-39
1e-39
6e-26
6e-21
6e-21
3e-17
4e-12
1e-10
7e-10
7e-10
7e-10
3e-09
4e-07
4e-07
6e-06
2e-05
2e-04
6e-03
1e-02
2e-01
2e-01

Table IV.4: This table shows the number of samples (out of 117) in the van ’t Veer data
set with pathway status active (+) or inactive (−) and with Group Sample Score p-value
≤ 0.05. Also shown are the corresponding family-wise p-values. ER notation as in
table IV.1.
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Insulin pw(+)
Insulin pw(−)
Insulin pw(U)
p-value: 5e-04

ALL
1
15
11

AML
5
0
6

IL-1 pw(+)
IL-1 pw(−)
IL-1 pw(U)
p-value: 1e-05

ALL
0
19
8

AML
6
0
5

Table IV.5: Contingency tables for the ALL/AML status versus the Insulin and IL-1
pathways in the leukemia data set of Golub et al. [17]. Active, non-active and undecided pathways are denoted +, − and U, respectively.

ER-ind pw(+)
ER-ind pw(−)
ER-ind pw(U)
p-value: 2e-14

ERp ERp ERp
low med. high
0
5
25
31
3
3
8
16
26

RANK pw(+)
RANK pw(−)
RANK pw(U)
p-value: 1e-11

ERp ERp ERp
low med. high
25
2
2
1
5
24
13
17
28

Table IV.6: Contingency tables of estrogen receptor protein (binned at three levels: 0,
5-50, 60-100) versus the ER-induced and RANK pathways in the breast cancer data set
of van ’t Veer et al. [15]. Same notation as in table IV.5.

cutoff : 0.05
IL-12/STAT4 pw(+)
IL-12/STAT4 pw(−)
IL-12/STAT4 pw(U)
p-value: 3e-06

L+
0
9
80

L−
7
0
21

cutoff: 0.1
IL-12/STAT4 pw(+)
IL-12/STAT4 pw(−)
IL-12/STAT4 pw(U)
p-value: 2e-05

L+
2
13
74

L−
8
0
20

Table IV.7: Contingency table of lymph node infiltration status versus the IL-12/STAT4
pathway in the van ’t Veer data set. The left and right tables are obtained with a pathway activity cutoff at 0.05 and 0.1 respectively. Same notation as in table IV.5.
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Recent ChIP experiments of human and mouse embryonic stem cells have elucidated the architecture of the transcriptional regulatory circuitry responsible
for cell determination, which involves the transcription factors OCT4, SOX2,
and NANOG. In addition to regulating each other through feedback loops,
these genes also regulate downstream target genes involved in the maintenance and differentiation of embryonic stem cells.
A search for the OCT4–SOX2–NANOG network motif in other species reveals that it is unique to mammals. With a kinetic modeling approach, we
ascribe function to the observed OCT4–SOX2–NANOG network by making
plausible assumptions about the interactions between the transcription factors at the gene promoter binding sites and RNA polymerase (RNAP), at each
of the three genes as well as the target genes. We identify a bistable switch
in the network, which arises due to several positive feedback loops, and is
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switched ON/OFF by input environmental signals. The switch stabilizes the
expression levels of the three genes, and through their regulatory roles on the
downstream target genes, leads to a binary decision: when OCT4, SOX2, and
NANOG are expressed and the switch is ON, the self-renewal genes are ON
and the differentiation genes are OFF. The opposite holds when the switch is
OFF.
The model is extremely robust to parameter changes. In addition to providing a self-consistent picture of the transcriptional circuit, the model generates several predictions. Increasing the binding strength of NANOG to OCT4
and SOX2, or increasing its basal transcriptional rate, leads to an irreversible
bistable switch: the switch remains ON even when the activating signal is removed. Hence, the stem cell can be manipulated to be self-renewing without
the requirement of input signals. We also suggest tests that could discriminate
between a variety of feedforward regulation architectures of the target genes
by OCT4, SOX2, and NANOG.

c 2005 the authors. This is an Open Access article distributed under the terms of the Creative
°
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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V.1 Introduction
Embryonic stem (ES) cells possess the unique property of being able to retain their capacity for self-renewal and potential to form cells of all three embryonic germ layers (endoderm, mesoderm, ectoderm). Understanding the
factors that determine the ability of embryonic stem cells to maintain their
self-renewal and pluripotency, and the interplay of these factors, is of utmost
relevance for both developmental biology and stem cell research. Over the
last two years a trio of transcription factors have emerged – OCT4, SOX2, and
NANOG – which play a key role in determining the fate of ES cells [1–4].
Many of these findings appear to hold both for human and murine systems,
but some distinct differences exist with regard to target genes of these transcriptional regulators and external factors. For example, LIF and BMP4 are
critical external factors which maintain mouse, but not human, ES cells in
vitro [5–7]. In contrast, BMP4 induces trophoblast differentiation of human
ES cells [7], and this is accompanied by down-regulation of OCT4. Factors
involved in maintaining and propagating human ES cells are bFGF, Activin
A, and the BMP antagonist Noggin [8–10]. The wnt pathway is important
for both murine and human ES cell maintenance [11]. We consider networks
that apply to both mouse and human. For reasons of simplicity, we use the
symbols SOX2, OCT4, and NANOG for both species.
Recently, two genome-wide studies were performed, in which these transcription factors were localized at promoter regions of human and mouse
embryonic stem cells [3, 4]. Several transcriptional bindings were discovered: NANOG binds to the promoter regions of OCT4 and SOX2, as well
as to its own. In addition, the OCT4–SOX2 heterodimer regulates NANOG,
OCT4, and SOX2 individually. What emerges is a compact network with
self-regulation and positive feedback. As pointed out in [3, 4] and revealed
by another large gene perturbation study with mouse ES cells [12], OCT4,
SOX2, and NANOG also regulate a number of other genes. Many of these
target genes are themselves transcription factors; some are responsible for
maintaining embryonic stem cells by controlling self-renewal and pluripotency, and others perform key developmental functions that include differentiation into extra-embryonic, endodermal, mesodermal, and ectodermal cell
types [3]. Such genes, which are crucial for development, are found to be repressed in embryonic stem cells. Henceforth, when we refer to differentiation
genes, we imply a set of genes that are up-regulated upon differentiation of
embryonic stem cells and are negatively regulated by NANOG, OCT4, and
SOX2. Similarly, by stem cell genes we mean those genes that are expressed in
embryonic stem cells and are positively regulated by the three transcription
factors. Thus, in this study we concentrate on target genes regulated by all
three factors.
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The three transcription factors OCT4, SOX2, and NANOG thus regulate
genes with two distinct and opposing functions: self-renewal and differentiation. The target genes are regulated both by OCT4 and NANOG individually,
and by the combined effects of OCT4–SOX2 and NANOG [3, 4]. Furthermore,
since OCT4–SOX2 activates NANOG, the target genes are at the receiving end
of a feedforward loop [13]. We explore the consequences of this architectural
feature after establishing the dynamics of the core of the network.
The core transcriptional network that emerges from [3, 4, 12] is depicted
in figure V.1. We have investigated whether similar architectures exist in the
gene regulatory networks of other organisms. Our study suggests that the architecture is unique to higher organisms, and it cannot be found outside the
embryonic stem cell system from the available databases. In figure V.1 we include additional signals, denoted A+ , A− , B+ , and B− . Signals A+ and A−
positively and negatively regulate the expression of OCT4 and SOX2. The majority of Oct4 binding sites at target genes in ES cells are Sox–Oct composite
elements [4,14] and here we consider OCT4 and SOX2 as common target genes
of signals A+ and A− . Signals B+ and B− positively and negatively regulate
NANOG expression, respectively. We do not consider signals that act either
positively or negatively on all three factors, since this situation is covered by
the presence of A+ and B+ or A− and B− . Several growth factors triggering
certain signal transduction pathways required for keeping ES cells in an undifferentiated and multipotent state as well supporting their self-renewal have
been described in the literature as mentioned above. These factors can be different for human and mouse ES cells. However, a signal pathway positively
controlling both mouse and human embryonic stem cells is, for example, the
wnt pathway (A+ or B+ ). It is currently not known which of the three transcription factors are directly regulated by wnt in ES cells. An example of a
negative external signal (A− or B− ) is BMP4, which induces trophoblast differentiation in human ES cells [7]. In principle, signals A+ , A− , B+ , and B−
can also represent internal factors such as p53. p53 can be induced by DNA
damage and negatively regulates NANOG in mouse ES cells [15]. It has been
hypothesized that such a program gives the stem cell the opportunity to initiate differentiation, thereby reducing the impact of DNA damage [15].
We will discuss the dynamics of the transcriptional network as a function
of the inputs A+ , A− , B+ , and B− . The operator sites on OCT4, SOX2, and
NANOG at which these factors act, are assumed to be far from the binding
sites for OCT, SOX2, and NANOG, and hence no direct interactions between
the factors and the trio of transcription factors occur.
We use the Shea–Ackers approach [16–20] to construct a stoichiometric
model, which describes the dynamics of OCT4, SOX2, and NANOG. Using these tools we can describe the regulation of downstream target genes
by OCT4, SOX2, and NANOG, and explore the switch between self-renewal/
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Figure V.1: The core transcriptional network of the embryonic stem cell. Genes and
proteins are represented as single entities. Each outgoing arrow represents a protein
(the outgoing merging arrows from OCT4 and SOX2 represent complex formation).
Each ingoing arrow represents a protein with a role as a transcription factor. Signals
A+ (e.g., the wnt signaling protein) trigger the system to sustain self-renewal and
pluripotency, whereas signals B− (e.g., p53) shut it off, thereby leading to differentiation. It should be noted that there are also signals A− that repress OCT4 and SOX2.
These variants are not shown here since the effects will be similar to those of B− . OCT4,
SOX2, and NANOG individually as well as jointly target stem cell and differentiation
genes. We model the set of target genes that are jointly regulated by OCT4, SOX2, and
NANOG. The nature of the regulation at the target genes is not specified, since we
explore all the possibilities. However, the final effect of the regulation is indicated.

pluripotency and differentiation – two very different outcomes.
The transcriptional network of figure V.1 contains positive feedback loops,
which will turn out to give rise to bistable switch-like behavior, for a wide
range of dynamical model parameters. Through the feedback loops, the expression of OCT4, SOX2, and NANOG can be jointly triggered or blocked
by the environmental signals. We will argue that this switch-like behavior is
highly useful in the context of stem cells, as it gives a clear separation of two
very different cell fates: either stem cell state is maintained and differentiation
is blocked, or self-renewal and pluripotency of the ES cell is lost and differentiation is initiated. In Boolean terms, the stem cell genes should be ON and
the differentiation genes OFF, or the other way around, depending on whether
the trio of transcription factors are all ON or OFF. The model explains, qual-
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itatively, several experimentally observed results concerning the behavior of
OCT4, SOX2 and NANOG and their downstream target genes for maintaining an ES cell and for differentiation with respect to upstream signals. We use
the model to generate several predictions. These predictions could be used to
further validate the model or to pinpoint missing components.

V.2 Results
Our system naturally divides into two parts: 1) The “stem cell box” with the
tightly interacting OCT4, SOX2, and NANOG genes; and 2) their downstream
targets – the stem cell and differentiation genes. After modeling each of these
subsystems individually, the integrated model is described.

V.2.1 The stem cell box
Architecture
In figure V.1 we consider the basic transcriptional circuit as described in [3].
We identify a central core, or stem cell box, consisting of OCT4, SOX2, and
NANOG. OCT4 and SOX2 form a heterodimer, OCT4–SOX2, which positively
regulates OCT4 and SOX2 [14] and NANOG [21]. NANOG, in turn, regulates
both OCT4 and SOX2, and from perturbation studies this regulation appears
to be of an activating nature [3, 4]. NANOG also regulates itself, and from [4]
this autoregulation can be inferred to be positive. In summary, what emerges
is a network with many positive feedback loops.
In [14], the authors report two interaction motifs encountered in the mutual
regulation of OCT4 and SOX2. One motif is autoregulation, where OCT4 and
SOX2 regulate themselves. The other motif discussed is mutual activation,
where OCT4 and SOX2 activate each other. This motif can sometimes establish
switch-like behavior, where either both genes are ON or both are OFF. In the
case of the OCT4–SOX2 submodule in figure V.1, both these motifs stem from
the formation of a heterodimer, OCT4–SOX2, which binds to the promoter
regions of both SOX2 and OCT4. Furthermore, NANOG, which is activated
by OCT4 and SOX2 through the action of the heterodimer, directly regulates
OCT4 and SOX2 as an activator, thereby providing further positive feedback.
Phylogeny of architecture
Prior to exploring the dynamics of the stem cell box, we examine whether its
architecture occurs in the gene regulatory networks of other species. Such a
search may lead to a better understanding of the network, if one could compare its functionality across different organisms. Our network motif searches
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Figure V.2: Putative network motifs related to the system of OCT4, SOX2, and
NANOG. The motif in (A) captures the regulatory interactions of the system at the
gene–gene level. Because (A) was not observed in any of the databases for lower organisms (see text), we searched for the same subgraph without autoregulations (B),
followed by its two-gene counterpart with positive regulation (C). Finally, one of the
activations was replaced with two repressions in series, yielding (D). A small number
of instances of (C) and (D) were found in the databases (see text).

are described in detail in Materials and methods. The network in figure V.1
can be reduced to varying degrees to yield the stylized interaction networks
shown in figure V.2. We searched for the occurrences of the networks in figure V.2 as subgraphs of the transcriptional networks of Escherichia coli [22],
Saccharomyces cerevisiae [23], and Drosophila melanogaster [24]. In the available
network data, little was found that looked anything like the stem cell box. The
closest match was given by three Drosophila genes (Krüppel, Knirps, and Giant) whose interactions match those of figure V.2B. However, far from forming
a compact module with positive feedbacks, these three fly genes form part of
the highly connected gap gene network, responsible for setting up spatial patterns during early embryonic development [25, 26]. This is achieved through
a system of mutual activations and repressions, such that five of the six pairwise interactions between Krüppel, Knirps, and Giant are repressions. This
leads to dynamics very different from those of the embryonic stem cell box.
A search for switch-like modules of only two genes produced the mutually
activating genes CAT5 and CAT8 in yeast, and achaete and scute in Drosophila.
In both cases, one of the genes is also activating itself, thereby strengthening
the bistable behavior.
We conclude that with available data on transcriptional networks from
other species, one cannot find evidence for motifs resembling the central core
of the embryonic stem cell box of figure V.1. Some phylogenetic investigations
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on the component level (i.e., on genes) revealed only weak homologies [3]. For
example, for NANOG there is only a 50% homology with its chicken counterpart.
Dynamical model
From the nature of the connections as described earlier in the Architecture
section, we know that the heterodimer OCT4–SOX2 on its own serves as an
activator for all three genes (OCT4, SOX2, and NANOG), and we surmise that
it also works as an activator when in complex with NANOG. The model (see
Materials and methods) is based on cooperative binding of the heterodimer
and NANOG to promoters, as is realized if the heterodimer first binds to a
promoter and then recruits NANOG.
As explained in the Introduction, we also assume that the signals A+ , A− ,
B+ , and B− act additively on OCT4, SOX2, and NANOG complexes, i.e., the
signals do not directly interact with the three transcription factors in any way.
Furthermore, signal A+ has the effect of increasing the concentrations of
OCT4, SOX2, and subsequently NANOG, through positive feedback loops,
whereas the signal A− has the opposite effect. Similarly signals B+ and B−
have opposite effects when they activate/suppress NANOG, respectively. In
our calculations, we have sought to focus on A+ and B− , the former activating OCT4 and SOX2, and the latter suppressing NANOG. Since our model
assumes a recruitment mechanism wherein an OCT4–SOX2 heterodimer first
binds to the DNA and then recruits NANOG, it turns out that the option B+
is not very effective in increasing levels of OCT4, SOX2, and NANOG, if initially these start out at low values. However B− is more effective in decreasing the levels of OCT4 and SOX2 through the positive feedback loop through
NANOG. Hence we use A+ to activate the network, and B− to deactivate it.
With the assumptions above, a set of differential equations emerge, which
describe the behavior of OCT4, SOX2, NANOG, and OCT4–SOX2, with concentration levels [O], [S], [ N ], and [OS], respectively:
d[O]
η1 + a1 [ A+ ] + a2 [OS] + a3 [OS][ N ]
=
dt
1 + η2 + b1 [ A+ ] + b2 [OS] + b3 [OS][ N ]

− γ1 [O] − k1c [O][S] + k2c [OS]
η3 + c1 [ A+ ] + c2 [OS] + c3 [OS][ N ]
d[S]
=
dt
1 + η4 + d1 [ A+ ] + d2 [OS] + d3 [OS][ N ]
− γ2 [S] − k1c [O][S] + k2c [OS]
d[OS]
= k1c [O][S] − k2c [OS] − k3c [OS]
dt
d[ N ]
η5 + e1 [OS] + e2 [OS][ N ]
=
− γ3 [ N ] .
dt
1 + η6 + f 1 [OS] + f 2 [OS][ N ] + f 3 [ B− ]

(V.1)
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A+
0
1
0
0
1
1
0
1

OS
0
0
1
0
1
0
1
1

N
0
0
0
1
0
1
1
1

R
0
0
0
0
0
0
0
0

1
β 1 [A+ ]
β 3 [OS]
−
−
−
β 2 [OS][N]
−

A+
0
1
0
0
1
1
0
1

OS
0
0
1
0
1
0
1
1

N
0
0
0
1
0
1
1
1

R
0
0
0
0
0
0
0
0

1
β 4 [A+ ]
β 6 [OS]
−
−
−
β 5 [OS][N]
−

0
1
0
0
1
1
0
1

0
0
1
0
1
0
1
1

0
0
0
1
0
1
1
1

1
1
1
1
1
1
1
1

e1 [R]
α1 [A+ ][R]
α3 [OS][R]
−
−
−
α2 [OS][N][R]
−

0
1
0
0
1
1
0
1

0
0
1
0
1
0
1
1

0
0
0
1
0
1
1
1

1
1
1
1
1
1
1
1

e2 [R]
α4 [A+ ][R]
α6 [OS][R]
−
−
−
α5 [OS][N][R]
−

Table V.1: Logic underlying eqs. ( V.5) and (V.6) for the expression of OCT4 (A) and
SOX2 (B). Input concentrations are denoted by [A+ ], [OS], [N], and [R] for the signals
A+ , the OCT4–SOX2 complex, NANOG, and RNAP, respectively. In the cases where
transcription is unlikely to occur, the rate is denoted by − and assigned to zero in the
calculations. The upper and lower parts of the tables correspond to ZOFF and ZON in
eq. (V.4), respectively.

Here ai , bi , ci , di , and f i are constants related to the free energies of binding of
transcription factors to the operator regions of OCT4, SOX2, and NANOG.
These implicitly take into account interactions between the transcription factors and/or RNA polymerase. The basal transcription rates, which are thought
to be low, are denoted by ηi , while γi and k ic denote decay rates and kinetic
constants, respectively. The derivation of eq. (V.1) and the parameter values
are found in tables V.1 and V.2, Materials and methods, and the Supplement.
Macroscopic rate equations are appropriate here since the number of transcripts, known from SAGE and MPSS data [27, 28], appears to be sufficiently
high that stochastic effects can be neglected.
In figure V.3, we show the steady state concentrations of OCT4–SOX2 and
NANOG, from eq. (V.1), as functions of A+ when B− is kept at a low level.
The corresponding curves for OCT4 and SOX2 (not shown) look qualitatively
the same. The curves in figure V.3 demonstrate the system’s bistable switchlike behavior with respect to the input signal A+ . As A+ is increased, the
levels of OCT4 and SOX2 start to grow, and this leads to the formation of
more OCT4–SOX2, with the consequence that OCT4 and SOX2 are further activated. This positive feedback loop is further enhanced by NANOG, which

V

114

Embryonic stem cell switch
B−
0
1
0
0
1
1
0
1

OS
0
0
1
0
1
0
1
1

N
0
0
0
1
0
1
1
1

R
0
0
0
0
0
0
0
0

1
β 9 [B− ]
β 8 [OS]
−
−
−
β 7 [OS][N]
−

0
1
0
0
1
1
0
1

0
0
1
0
1
0
1
1

0
0
0
1
0
1
1
1

1
1
1
1
1
1
1
1

e3 [R]
−
α8 [OS][R]
−
−
−
α7 [OS][N][R]
−

Table V.2: Logic underlying eq. ( V.7) for the expression of NANOG with the same
notation as in table V.1. The input concentration of the signal B− is denoted by [B− ].

is itself activated by OCT4–SOX2 and hence provides further positive feedback to OCT4, SOX2. At some threshold of the input signal A+ , the positive
feedback loops abruptly trigger all three genes to be turned ON. Decreasing
the signal will turn OFF the three genes again, but because of hysteresis this
will happen at a lower threshold of A+ . The positive feedback loop through
NANOG determines these thresholds. The NANOG feedback to OCT4 and
SOX2 is also amplified by the positive autoregulation of NANOG. As we will
explain in the next section, this autoregulation plays an additional, important
role in modulating the responses of the target genes.
Activating the signal B− in figure V.1 will lower the level of NANOG, and
then the feedback from NANOG shuts down OCT4 and SOX2. By this mechanism B− can turn OFF the switch. The steady state curves in figure V.4 were obtained from initial conditions with the signal A+ present and at a level where
the switch is ON. We then compute the steady state values of OCT4–SOX2
and NANOG as functions of B− . As B− is increased, NANOG is increasingly repressed, reducing its ability to positively regulate OCT4 and SOX2,
and ultimately the switch is turned OFF. Due to the presence of the input
signal A+ , there is still some residual expression of OCT4 and SOX2, but at
a much lower level than when the switch is ON. The two states, i.e., OCT4,
SOX2, and NANOG being ON/OFF, allow target gene regulation such that the
expressions of stem cell and differentiation genes are mutually exclusive, in
particular if the regulation makes use of all of OCT4, SOX2, and NANOG.
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Figure V.3: Steady state behavior of the OCT4–SOX2 and NANOG concentration levels
as functions of the signal A+ . There are two turning points (saddle-node bifurcations
are marked as SN, and the dotted line connecting the SNs indicates unstable states)
leading to a hysteretic curve. The arrows indicate how to interpret the hysteresis curve.
As A+ is increased beyond A ' 87 (arbitrary units), the system switches ON, and
thereafter as the stimulus is decreased below (A ' 58), the switch turns OFF. The
ON / OFF states refer to high/low levels of OCT4, SOX2, and NANOG.

The concept of bistability in a genetic regulatory network has long been
hypothesized to have a role in differentiation [29]. It seems likely that for
cell-fate decision systems, especially in stem cells where distinct possibilities
are faced by the cell, an external signal concentration can switch a system to
its final state [30]. Bistability naturally leads to hysteresis, the retention of
memory, whereby the cell can maintain its state even on removal of the external signal. Recent work [31, 32] has experimentally demonstrated hysteresis
in mammalian gene networks. In signaling and genetic networks, bistability
arises from the nonlinearity and positive feedback loops of the protein–protein
and protein–gene interactions [33–36]. Switch-like behavior is seen in most
systems that have autoregulation, positive feedback, and mutually antagonistic interactions, as has been demonstrated in several synthetic circuits [37–39].
With regard to stem cells, several examples where autoregulatory transcription factors are involved in cell fate are discussed in [30]. In theoretical models
that describe regulation of stem cells, autoregulatory and mutually antagonistic interactions have been argued to lead to switch-like behavior [31, 40–42].
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Figure V.4: Steady state behavior of OCT4–SOX2 and NANOG concentration levels as
a functions of the signal B− . The system is a bistable switch with respect to the B−
concentration. As the threshold is crossed (B ' 36, arbitrary units), NANOG turns
OFF, and OCT4 are SOX2 are reduced to lower levels. Since the signal is still present
(A− = 100), OCT4 and SOX2 do not decline to very low levels.

We have examined the robustness of switch-like behavior of the stem cell
box to changes in parameter values (see the Supplement for details). The system exhibits bistability for a wide range of parameter values, such as transcription factor binding efficiencies, degradation rates, and basal transcription rates. In particular, due to the positive feedback loops between OCT4,
SOX2, and NANOG, the model predicts that increasing the binding efficiency
of NANOG to OCT4 and SOX2 leads to stronger positive feedback, and then
less activation from A+ is required to turn the switch ON. For even higher values of the binding efficiency, the lower threshold in A+ for turning the switch
OFF drops to zero, creating an irreversible switch (see the Supplement).
In conclusion, the stem cell box has the interesting dynamics of being
turned ON by a signal, A+ , exemplified by wnt in mouse and human embryonic stem cells, and turned OFF by an opposing factor, B− , which in mouse
embryonic stem cells could be p53.
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Figure V.5: Coherent (A) and incoherent (B) feedforward network motifs.

V.2.2 Regulation of target genes
As mentioned before, the target genes of the stem cell box considered here are
either regulated individually by OCT4–SOX2 and NANOG or by their joint
actions [3, 4]. In what follows we confine ourselves to the latter alternative.
Experimentally it is known that when the three transcription factors are expressed, the stem cell target genes are ON and the differentiation target genes
are OFF, and vice versa. In what follows we will focus on target genes that are
regulated by the joint actions of OCT4, SOX2, and NANOG as shown in figure V.1. From a dynamical standpoint, these target genes are more interesting
than those regulated by only one of the three transcription factors.
The OCT4–SOX2 heterodimer regulates NANOG, and together OCT4–
SOX2 and NANOG then regulate the target genes. This is a realization of
the feedforward loop motif [22] (see figure V.5). Feedforward loops can lead
to two types of dynamics depending the interaction between the two signals that control the target gene. In the coherent case (figure V.5A), the feedforward loop can act as a low pass filter, only responding to persistent signals [13, 43, 44]. However, in the incoherent case (figure V.5B), the target gene
activity can react strongly to transients, since the suppressing signal is delayed
by passing through NANOG from OCT4–SOX2. This has been suggested to
be a general mechanism for improving response times in transcriptional networks [45]. Recently, it has also been argued that such incoherent feedforward
loops could be very important in establishing spatial stripes and pulsed temporal expression profiles of transcription factors involved in developmental
processes [46].
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Whether the feedforward mechanisms governing the stem cell and differentiation genes are coherent or incoherent is not known. Here we explore the
steady state properties of two different alternatives:
Stem cell genes: OCT4–SOX2 activator, NANOG weak repressor;
differentiation genes: OCT4–SOX2 activator, NANOG repressor.
II. Stem cell genes: OCT4–SOX2 activator, NANOG activator;
differentiation genes: OCT4–SOX2 repressor, NANOG repressor.
I.

The first case, which has the same architecture for regulating both types of target genes, is explored in some detail here. The second case will be commented
upon in the next section.
To focus on the dynamics of the feedforward regulation of target genes, we
will here assume a fixed OCT4–SOX2 concentration, i.e., exclude the effects of
the feedback of NANOG to OCT4 and SOX2. In the next section we integrate
the stem cell box of the previous section with the feedforward regulation.
We assume the following regulatory mechanism at the target genes: OCT4–
SOX2 binds to the target genes as an activator and recruits NANOG. Together the OCT4–SOX2, NANOG complex then acts as a repressor for the
target genes. For low OCT4–SOX2 concentrations, the target genes are activated. As the level is increased, the NANOG concentration grows, thereby
enabling OCT4–SOX2 and NANOG to repress the target genes. The steady
state response of this circuit is therefore maximal at an intermediate OCT4–
SOX2 concentration, giving rise to a behavior of an “amplitude filter” [47, 48].
The circuit functions as a “concentration detector”, providing maximal output
for inputs within a certain range [46, 49].
With constant input concentration [OS] to the system (figure V.5B), we obtain for the target gene transcription rates [TG]:
d[ TG ]
η7 + g1 [OS]
=
− γ4 [ TG ] .
dt
1 + η8 + h1 [OS] + h2 [OS][ N ]

(V.2)

Eq. (V.2) is derived in Materials and methods, and the parameter values are
found in the Supplement. In figure V.6 we plot state values of NANOG concentration and the target gene expression as functions of the OCT4–SOX2
concentration ([OS]). We also compare with the case where NANOG lacks
autoregulation. In figure V.6A, as [OS] increases, NANOG is activated, and
since it is autoregulatory, at some threshold of [OS], NANOG is fully turned
on. NANOG then binds cooperatively with OCT4–SOX2 at the target genes,
causing repression of those genes. This can be seen in figure V.6B, where we
plot differentiation gene expression. We observe a phase of linear growth with
[OS], when the target genes are activated and the level of NANOG is low, followed by a rapid decline when NANOG becomes highly activated. As expected, this system behaves like an amplitude filter, whereby the response of
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Figure V.6: Steady state concentrations of NANOG (A) and the target genes (B) as
functions of the input OCT4–SOX2 concentration [OS] for the feedforward motif with
autoregulation (FF-Autoreg) and the feedforward motif without autoregulation (FF).
The concentrations of the stem cell and differentiation target genes as a function of [OS]
are shown in C. The arrow in C indicates that if such a value of [OS] is reached, then
the differentiation target genes could be shut OFF, whereas the stem cell target genes
would be ON. Thus the same incoherent architecture for both sets of genes achieves
the desired result.

the differentiation target genes peaks at a certain input of [OS]. It is interesting to compare this response with the case where NANOG lacks autoregulation, i.e., a simple feedforward network (see the Supplement for parameter
values). Figure V.6A for this case shows that NANOG levels are fairly low,
and in figure V.6B the differentiation target gene expression, although showing a peaked behavior, is significantly wider compared with the case where
NANOG is autoregulatory. Hence, with a simple feedforward network, it is
not possible to adequately suppress the differentiation target genes. In figure V.6C, we compare the steady state behavior of the stem cell gene expression with that of the differentiation genes, when the binding of NANOG to
OCT4–SOX2 is weaker at the stem cell genes than at the differentiation genes.
As can be seen, the expression of the differentiation target genes vanishes
at the same time as expression of the stem cell target genes saturates, even
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though the regulatory mechanisms are qualitatively the same. The role of
NANOG autoregulation in the incoherent feedforward loop is to provide a
sharper cutoff, leading to a narrower amplitude bandwidth, for the differentiation gene expression as a function of [OS]. These characteristics, which are
achieved by one and the same architecture, are summarized as follows:
Stem cell genes. NANOG is recruited weakly by OCT4–SOX2, causing
only minor repression of the stem cell gene, so that it is expressed at a significant level. The binding strengths and the concentration of [OS] determine
the final expression level as is described by the amplitude filter curve (figure V.6C).
Differentiation genes. NANOG binds with higher affinity to OCT4–SOX2,
so that the OCT4–SOX2, and NANOG complex are very effective at repressing
the differentiation genes. When the [OS] concentration level is much higher
than the optimum level (i.e., at the [OS]-value at which the target gene expression peaks), the target genes are completely repressed.
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Figure V.7: Steady state values of the target gene expression as a function of the input
concentration A+ , for the differentiation genes (A) and stem cell genes (B), using the
integrated model with incoherent feedforward architecture. Once the stem cell box is
ON , the [OS ] level is fixed by the switch. For example, if it is larger than ' 100, the
stem cell genes are expressed and the differentiation genes are shut OFF.
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V.2.3 Integrating the parts
We next integrate the stem cell box with the feedforward regulation of the
target genes by closing the loop, i.e., NANOG feeds back to the OCT4 and
SOX2 genes. With the same incoherent feedforward architecture for both sets
of target genes, as discussed earlier, figure V.7 shows the expression levels as
functions of A+ . Figure V.7A shows how the differentiation gene expression
grows almost linearly with A+ , but drops off above a certain level of the input signal A+ . At this threshold, the stem cell box is turned ON, and OCT4,
SOX2, and NANOG rise to high levels, and cooperatively bind to the target
genes to repress them. We note the sudden sharp drop of the amplitude filter curve, due to the bistable switch behavior, which ensures almost complete
repression of differentiation target genes. Figure V.7B shows the steady state
values of the stem cell genes, which differ from the differentiation genes of figure V.7A only by the lower binding efficiency of NANOG (see the Supplement
for parameter values). At a certain threshold of A+ , the stem cell box is turned
ON and the concentrations of OCT4–SOX2 and NANOG saturate at high levels. Since NANOG only effects weak repression of the self-renewal genes, the
activation by OCT4–SOX2 dominates. Thus, the self-renewal genes are highly
expressed at a certain threshold of A+ , as determined by the amplitude filter
curve (figure V.6).
Next we consider case II for the regulation of the target genes. Here the
stem cell genes are regulated with both OCT4–SOX2 and NANOG as activators, and differentiation genes are regulated with both OCT4–SOX2 and
NANOG as repressors. In figure V.8A we show the stem cell target gene exOS
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Table V.3: Logic for the target genes with the same notation as in table V.1. (A) Stem cell
target genes with OCT4–SOX2 as an activator and NANOG as a repressor (eq. ( V.8)).
(B) Stem cell target genes with both OCT4–SOX2 and NANOG as activators (eq. ( V.9)).
(C) Differentiation target genes with OCT4–SOX2 as a repressor and NANOG as an
activator (eq. (V.10)).
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Figure V.8: Steady state values of the target gene expression as a function of the input
concentration A+ for case II (see text), for stem cell genes (A) and differentiation genes
(B).

pression, which as expected shows a sudden rise to an almost constant value,
as a function of the input signal. Figure V.8B shows the differentiation target gene expression being shut off at a certain threshold of the input signal
A+ . Eqs. (V.1) and (V.2) were used to generate the curves in figure V.8 with a
modification in eq. (V.2) consistent with the type of regulation considered (see
table V.3B and the Supplement).
Both cases I and II comply with the fact that the stem cell genes are expressed and differentiation genes are repressed when the switch is ON, and
vice versa. We propose possible tests to distinguish between the cases in the
Discussion. In case I, both sets of target genes are controlled by the same architecture, and one might speculate that this is more likely from an evolutionary
standpoint.
Effects of weak feedback from NANOG to OCT4 and SOX2.
We now turn to the effects of reducing the feedback from NANOG to OCT4
and SOX2 on the regulation of the target genes. This is illustrated using the incoherent feedforward architecture (case I). If the binding strengths of NANOG
to OCT4 and SOX2 are decreased, the positive feedback is reduced and the
bistable behavior is lost, which affects the expression levels of the target genes.
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Figure V.9: Steady state values of target gene expression as a function of the input
concentration A+ , for the differentiation and self-renewal genes for the cases when
NANOG binds weakly or strongly to the OCT4 and SOX2 genes. (A) The effects of
weak feedback from NANOG to the OCT4 and SOX2 genes. The inefficient binding of
NANOG to these genes leads to a loss of the switch-like behavior. (B) The consequence
of weak NANOG binding on the target gene expression. With weak feedback, the
expression level does not fall off sharply as compared to the case with strong feedback,
thereby demonstrating that strong feedback is essential to prevent the differentiation
target genes from being expressed.

Figure V.9A shows OCT4, OCT4–SOX2, and NANOG for weak bindings of
NANOG to OCT4 and SOX2 as a function of A+ . Each of these rises steadily
but with no switch-like behavior. In figure V.9B we show the response of the
differentiation target genes (dashed line) using the same parameters. Note the
relatively slow fall of the curve, which indicates that the differentiation target
genes cannot be in a repressed state even for a large signal A+ . In comparison, figure V.9B shows the response of the target genes (solid line) for the case
where the feedback of NANOG to OCT4–SOX2 is strong. The switch-like behavior is now recovered, which ensures a more rapid falloff of the target genes.
Weak feedback from NANOG to OCT4 and SOX2 can be counterbalanced by
increasing the autoregulatory feedback of NANOG, since increased NANOG
levels are then available for binding to OCT4 and SOX2, thereby restoring the
positive feedback loop. We have confirmed this behavior with simulations
(data not shown). Hence, feedback of NANOG to OCT4 and SOX2 is comple-
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mentary to NANOG autoregulation, and in a sense they are both “fallback”
options to recovering the switch-like behavior.

V.3 Discussion
The embryonic stem cell transcriptional network architecture appears to be
unique. Our data analysis has shown that the transcriptional subnetwork between OCT4, SOX2, and NANOG has no counterparts in available information from non-mammalian genomes. Hence, one cannot rely on phylogenetics to confirm and deduce the function of the architecture. Instead, dynamical
modeling of the system is called for [33, 47]. To this end, a continuous differential equation model based upon the Shea–Ackers formalism [18] was employed, and using this we have developed a model for the core transcriptional
dynamics of embryonic stem cells involving the OCT4, SOX2, and NANOG
genes, their self-regulation, as well as their regulation of stem cell and differentiation target genes.
We have identified a bistable switch in the network consisting of the OCT4,
SOX2, and NANOG genes, which arises due to positive feedback loops:
OCT4 and SOX2 regulate each other through the formation of a heterodimer.
This heterodimer regulates NANOG, which feeds back to OCT4 and SOX2.
NANOG also binds to its own promoter region as an activator, and this autoregulation acts to further strengthen the positive feedback loop. The two
states of the stem cell box switch, where the trio of transcription factors are
all ON or OFF, correspond to stem cell and differentiation, respectively. The
switch was found to be robust with respect to model parameters (see the Supplement), a property arising from the architecture. The stem cell box can be
switched ON by a signal A+ , where examples may include wnt for mouse
and human ES cells and LIF for mouse ES cells. Suppression of NANOG by
the signal B− , exemplified by p53 in mouse, turns the switch OFF. We speculate that it is perhaps more practical to use B− to turn the switch OFF, than
to remove the signal A+ , since external growth factors positively regulating
the three transcription factors might still be present in the environment of an
ES cell when it starts to differentiate. One way this can be achieved is that
DNA damage in mouse induces p53, which can down-regulate NANOG, and
ultimately induce differentiation. Recent experiments [4] show that the transcriptional stem cell network for mouse is similar to that for human embryonic
stem cells [3]. It is interesting to speculate whether p53 has the same effect in
human embryonic stem cells, i.e., repressing NANOG and shutting OFF the
stem cell box, thereby leading to differentiation. Since our model applies to
both mouse and human embryonic stem cells, several of the generic predictions that the model offers can be tested in either organism.
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Next we considered the regulation of target genes by OCT4, SOX2, and
NANOG, pointing out that if the target genes are regulated individually by
OCT4, SOX2, and NANOG, then the stem cell box dynamics take care of keeping the stem cell genes ON and the differentiation genes OFF. We therefore
focused on those target genes that are jointly regulated by the OCT4–SOX2
heterodimer and NANOG.
Two options for the regulation of target genes were modeled, and we found
that both were consistent with the requirement that stem cell genes are ON and
differentiation genes are OFF when the stem cell box is ON. Below we suggest
possible tests to discriminate between the two options. We also argue that an
incoherent feedforward loop with autoregulation gives rise to an “amplitude
filter” effect, which provides the required repressive behavior of differentiation target genes when the switch is ON, and a stable expression level for the
stem cell target genes if the binding of NANOG to the target gene is weak.
Both sets of genes can thus be regulated with the same architecture. In this
case the autoregulation plays two roles: it enhances the positive feedback loop
for the stem cell box; it also decreases the bandwidth of the amplitude filter,
thereby providing a sharper cutoff.
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Figure V.10: Steady state concentrations of OCT4–SOX2 and NANOG as functions of
the signal A+ . There is only one turning point leading to a irreversible bistable switch.
At the threshold A+ ' 80 the system switches ON, and it remains ON even when the
stimulus is removed.
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Figure V.11: Steady state concentrations of OCT4–SOX2 and NANOG as functions of
the signal B− . At the threshold B ' 41 the system switches OFF, and it remains permanently OFF even when B− is removed.

V.3.1 Predictions
We now discuss several predictions that emerge from this model.
1) We have explored the parameter space of the model (see the Supplement) and found that if the binding efficiency of OCT4–SOX2 and NANOG to
both OCT4 and SOX2 is increased, one obtains an irreversible bistable switch.
In figures V.10 and V.11, the OCT4–SOX2 and NANOG concentrations are
shown as functions of the signals A+ and B− , respectively. As compared with
the corresponding curves in figures V.3 and V.4, the irreversible nature of the
switch with such binding efficiencies is clear. Once the signal A+ activates the
system and the stem cell box is turned ON, it remains ON even with subsequent removal of the signal. If now a pulse of B− is applied, NANOG will be
repressed, and its feedback to OCT4 and SOX2 will shut down the stem cell
box. On removal of B− , the stem cell does not go back to a stem cell state, but
instead differentiates. One is therefore able to obtain differentiated cells “on
demand”.
2) Overexpression of NANOG has recently been shown to propagate the
self-renewal of human embryonic stem cells over several generations [50],
even on reduction of the signal A+ . Overexpression of NANOG can be interpreted in our model as a highly leaky transcription rate of NANOG (i.e., high
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Figure V.12: The effects of overexpression of NANOG on the OCT4–SOX2 and
NANOG concentrations. (A) The OCT4–SOX2 and NANOG concentrations show irreversible bistability when NANOG is overexpressed through a high value for the basal
rate of transcription (i.e., η5 ). Hence its expression remains ON even on removal of
the signal A+ . (B) The OCT4–SOX2 and NANOG concentrations still exhibit bistable
behavior with negligible basal rate of transcription for NANOG, but require the signal
A+ for the stem cell box to be ON (similarly to figure V.3).

values for η5 in eq. (V.1)). In figure V.12A, the OCT4–SOX2 and NANOG concentrations exhibit irreversible bistability. When NANOG is overexpressed it
binds to OCT4 and SOX2 and turns ON the stem cell box. Even when the signal A+ is removed, the NANOG basal rate is so high that it continues to provide the impetus for the switch. In comparison, figure V.12B shows reversible
bistable behavior (similar to figure V.3) when the basal rate of transcription
for NANOG is negligible, and the signal A+ is required for the stem cell box
to be ON.
3) The architecture of the feedforward loop governing the target genes is
consistent with the loss of expression of stem cell target genes and expression of differentiation target genes on suppression of OCT4–SOX2, e.g., by
reducing the signal A+ . One can further test whether the feedforward regulation of the stem cell target genes is incoherent or coherent by increasing
the binding efficiency of NANOG to the target genes. This results in decreasing/increasing expression of the stem cell target genes for options I and II,
respectively.
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4) Analogous to the above case, decreasing OCT4–SOX2 has different effects on the differentiation target genes, depending on the type of architecture
which applies: with option I, decreasing OCT4–SOX2 from a high level, at
which the differentiation genes are repressed, first leads to an increase in expression of the differentiation target genes, as the OCT4–SOX2 level passes
through the maximum of the amplitude filter curve (see figure V.7A), then
passes through the linear region, and finally decreases to zero. With option
II, the gene expression jumps to a high value and thereafter remains almost
constant (figure V.8B). These two predictions require that the expression levels of the target genes be measured as a function of the dosage of the signal
A+ . Perhaps a more favorable option would be to measure the above with
respect to a signal which shuts OFF NANOG, similar to the effects of p53 as
seen in mouse embryonic stem cells.
The model suffers from a few deficiencies. Overexpression of OCT4 initiates differentiation [1, 51, 52]; similarly, expression of NANOG initiates differentiation in mouse [50] and this is not taken into account in our model.
Also, it is likely that the target stem cell genes are also involved in transcriptional control of OCT4, SOX2, and NANOG [53]. Given that OCT4 also binds
to some downstream genes individually, not always together with SOX2 and
NANOG [3, 4], one can easily imagine mechanisms to account for what is observed in [1, 51, 52]. However, there is insufficient knowledge available for a
falsifiable extension of the model to explain this effect.
Future work will elaborate on the effects of stochastic fluctuations in protein concentration of NANOG, OCT4, and SOX2 on the regulatory behavior of
the target genes. Bistability is one way to counter chatter in input noise [54],
and hence we expect that the bistable behavior of the stem cell box should be
robust to input environmental fluctuations compared with the case where it is
ultrasensitive [55]. Preliminary analysis of the incoherent feedforward nature
of the regulation shows that along with the amplitude filtering of a signal,
noise in the OCT4–SOX2 input as well as NANOG fluctuations contribute
significantly to the target gene output noise. It is therefore likely that target genes must have significant feedback mechanisms to suppress the noise,
but yet to be responsive to the signal. Finally, recent computational modeling [56] has shown how it is possible to combine single cell behavior to population dynamics by studying effects of external factors. A better understanding of the core transcriptional dynamics will aid in such population studies,
thereby etching out a clearer picture of pathways that control stem cell selfrenewal/pluripotency and differentiation.
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Figure V.13: Stoichiometric map of the model corresponding to figure V.1. All protein
species are assumed to have a first-order degradation rate. The lines ending with dots
could be either activating or repressing, depending on the choice of model.

V.4 Materials and methods
A stoichiometric map for more detailed model considerations corresponding
to figure V.1 is shown in figure V.13. SBML models for this map are available
at http://www.sys-bio.org/stemcells.

V.4.1 Derivation of transcription rates
We use rate equation models, which are deterministic and deal with molecular concentrations rather than with individual molecules. For small molecule
numbers, one can use Monte Carlo simulations of the master equation [57].
However, in our case, it appears that the number of transcripts involved is
about 50 to 100 [27], which should be a sufficient number for a deterministic approach. A commonly used approach for deterministic models is to use
Michaelis–Menten equations or variants thereof, e.g., Hill equations. We follow the Shea–Ackers formalism [16], described in detail for several kinds of
gene regulation in [18–20]. The advantage here is the transparency of the relative importance of the different interactions between transcription factors and
RNA polymerase and the close relationship between theory and experiment.
We explicitly consider the binding/absence of transcription factor and RNAP
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at the gene promoter region, such that it is easy to convert the combinatorial
approach taken here to a particular reaction scheme. We re-derive this wellknown result for the sake of completeness in the the Supplement.
We assume that the process of binding/unbinding of transcription factors
and RNAP takes place over a time scale much smaller than the rate of change
of the concentrations of all the proteins in the network. This corresponds to
thermodynamic equilibrium at the promoter region of each gene. The transcription rate is then given by the fraction of cases when the RNAP is bound.
We compute the partition function [18], by enumerating all the possible cases
by which the different combinations of proteins bind to the gene. For the
OCT4 and SOX2 genes, we assume four binding sites corresponding to (i)
the signal transcription factor (A+ ), (ii) the heterodimer OCT4–SOX2 (OS),
(iii) NANOG (N), and (iv) RNA polymerase (R). There are sixteen possible
combinations by which these four proteins can bind to the DNA. The same
holds for NANOG, where in addition to OCT4–SOX2, NANOG, and RNAP,
we also assume the existence of a signal B− which has the effect of suppressing NANOG (similar to the effect that p53 has on mouse ESC). We model the
stem cell and differentiating downstream target genes as being regulated by
OCT4–SOX2, NANOG, and RNAP. Hence they have three binding sites and
eight possible combinations by which various combinations of proteins can
bind. For each such combination there is an associated free energy of binding
∆G. The transcription rate is proportional to the relative probability that the
polymerase is bound to the gene. This probability can be computed using the
partition function, which for OCT4 and SOX2 regulation reads
Z=

∑ [ A+ ]i [OS] j [ N ]k [ R]l exp(−∆Gijkl /RT ) ,

(V.3)

ijkl

where i, j, k, l = (0, 1) corresponds to unoccupied/occupied binding sites, respectively, and where ∆Gijkl is the corresponding free energy, and T and R are
the temperature and gas constant, respectively. If the transcription factor is an
activator, its free energy to bind in combination with the RNAP is very low,
and hence it is favored. In contrast, for an inhibitor the opposite is true, and
hence it is unlikely that a repressor and RNAP will bind. The cooperativity,
or in some cases the repulsion between proteins, is what generates the regulatory rules. If ZON and ZOFF represent the partial sums for the cases where
the DNA is bound and not bound, respectively, then the transcription rate is
proportional to
P=

ZON
.
ZON + ZOFF

(V.4)
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V.4.2 Regulation of OCT4, SOX2, and NANOG
We model the stem cell box using the formalism defined by eqs. (V.3) and (V.4).
For both ZON and ZOFF in eq. (V.3) the number of terms grows exponentially
with the number of players. For example, with three transcription factors and
RNAP, one has eight terms in each of them, leading to sixteen parameters for
the free energies. If one has access to sufficient dynamical measurements in
terms of time series, one could in principle determine the parameters. For
the embryonic stem cell switch, this is not the case. However, with some information about the nature of the interactions and the requirement of switch
behavior, it is natural to assume that the interactions are dominated by a few
terms and to evaluate the consequences of the assumption, including features
such as robustness. More specifically we assume that NANOG cannot bind
to the OCT4 and SOX2 unless recruited by the OCT4–SOX2 complex. Also
it is reasonable to assume that the signal A+ is only effective when the promoter region is not occupied by the OCT4–SOX2, or the OCT4–SOX2 together
with NANOG. Furthermore, we assume that A+ , OCT4–SOX2–NANOG, and
OCT4–SOX2 are activators. We make a modeling simplification by assuming
that the OCT4–SOX2 heterodimerization occurs before binding to the OCT4,
SOX2, NANOG, and target genes. A more detailed model – which assumes
that OCT4 first binds to the DNA, recruits SOX2, and then this further recruits
either RNAP or NANOG, the latter as a repressor – yields qualitatively the
same type of dynamics. Hence the model we describe deals with the OCT4–
SOX2 complex as an input to OCT4, SOX2, NANOG, and the target genes.
For the OCT4 and SOX2 genes, the emerging “truth tables” are shown in tables V.1 and V.2. The corresponding rates of occupancy of the promoters are
proportional to
POCT4 =

(e1 + α1 [ A+ ] + α2 [OS][ N ] + α3 [OS])[ R]
1 + e1 [ R] + ( β 1 + α1 [ R])[ A+ ] + ( β 2 + α2 [ R])[OS][ N ] + ( β 3 + α3 [ R])[OS]
(V.5)
and
PSOX2 =

(e2 + α4 [ A+ ] + α5 [OS][ N ] + α6 [OS])[ R]
,
1 + e2 [ R] + ( β 4 + α4 [ R])[ A+ ] + ( β 5 + α5 [ R])[OS][ N ] + ( β 6 + α6 [ R])[OS]
(V.6)
respectively. The parameters αi and β i are related to the free energies for the
cases when RNAP binds and does not bind, respectively. In eqs. (V.5) and
(V.6), and table V.1, as well as in subsequent equations for the RNAP occupancies, the terms which only depend on [ R], for example e1 R and e2 R, represent
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leaky transcription; small probabilities are assigned for the RNAP to bind to
the gene, even in the absence of any activators. The occupancies of eqs. (V.5)
and (V.6) are converted into a transcription rate, by multiplying it by a numerical constant, which can be regarded as an average rate of transcription.
For the NANOG gene, we assume that NANOG cannot bind unless recruited by the OCT4–SOX2 complex. Also, the signal B− can act only when
the promoter region is unoccupied by either the OCT4–SOX2 complex or the
OCT4–SOX2–NANOG complex. B acts as a repressor, whereas OCT4–SOX2
and OCT4–SOX2–NANOG are activators. The rate of occupancy of the promoter (see table V.2) is therefore proportional to
PNANOG =

(e3 + α7 [OS][ N ] + α8 [OS])[ R]
.
1 + e3 [ R] + β 9 [ B− ] + ( β 8 + α8 [ R])[OS] + ( β 7 + α7 [ R])[OS][ N ]
(V.7)

The functional form of the transcription rates used in eq. (V.1) follows directly
from eqs. (V.5), (V.6), and (V.7).

V.4.3 Regulation of target genes
For the downstream target genes, which are co-regulated by OCT4–SOX2 and
NANOG, we explore two different types of regulation; cases I and II, respectively (see earlier text). In case I the same incoherent architecture is shared
by the stem cell and differentiation target genes. For the latter, the scheme
used is that the OCT4–SOX2 complex is an activator. However, the OCT4–
SOX2 complex recruits NANOG, and together this complex acts as a repressor.
The other two possibilities are that for the stem cell genes both OCT4–SOX2
and NANOG are activators, and that for the differentiation target genes both
OCT4–SOX2 and NANOG are repressors (case II).
In table V.3 we show the various truth tables for the target genes. From
table V.3A, we obtain the regulation with common architecture for the stem
cell target genes, which uses the incoherent feedforward structure.
PSELF/DIFF =

(e4 + α11 [OS])[ R]
.
1 + e4 [ R] + (α11 [ R] + α10 )[OS] + α12 [OS][ N ]

(V.8)

The functional form of the transcription rate used in eq. (V.2) follows from the
above. With the assumption that both OCT4–SOX2 and NANOG are activators, we obtain for the regulation of the stem cell target genes from table V.3B:
PSELF =

(δ2 [OS] + e4 + δ4 [ N ][OS])[ R]
.
1 + e4 [ R] + (δ1 + δ2 [ R])[OS] + (δ3 + δ4 [ R])[OS][ N ]

(V.9)
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Finally, for the last option for the differentiation target genes, for which both
OCT4–SOX2 and NANOG are repressors, we obtain from table V.3C:
PDIFF =

e4 [ R ]
.
1 + e4 [ R] + η1 [OS] + η2 [OS][ N ]

(V.10)

V.4.4 Network subgraph searches
The algorithm used to search for specific subgraphs in the model organism
transcriptional networks is similar to that described in [22]. All n-node subgraphs are enumerated, and based on the interactions between the constituent
genes, each subgraph is expressed in a canonical form with respect to permutations of the n labels. Finally, all but the subgraphs of interest are filtered
out.
Reducing the network in figure V.1 to pure gene–gene interactions yields
a maximally connected three-node directed network as shown in figure V.2A.
We searched for occurrences of this network in the E. coli transcriptional network from the Web site related to [22], the S. cerevisiae transcriptional network
of the yeast proteome database (YPD) [23], and the D. melanogaster network
derived from GeNet [24]. However, none of these searches resulted in any
matches. In fact, the E. coli network does not contain any pairs of mutually
regulating genes, and we therefore disregard it for most of this discussion.
This apparent lack of mutual regulation may seem strange, but recall that we
only consider interactions at the transcriptional level. Protein–protein interactions play a complementary role [58] and might be particularly important in
small, fast-paced organisms such as E. coli.
Widening our search by removing autoregulations (figure V.2B) does not
make any difference for the yeast network, but in Drosophila we then find a
single match. This match corresponds to Krüppel, Knirps, and Giant, three
genes involved in early embryonic development. Although structurally similar (except for the autoregulation), the OCT4/SOX2/NANOG and Krüppel/
Knirps/Giant subnetworks contain radically different interactions (see Results).
In a further attempt to find architectural elements similar to the stem cell
box, we searched for pairs of mutually activating genes, preferably also activating themselves (figure V.2C). This subgraph would correspond to a minimal version of the stem cell switch, without the redundancy of having both
OCT4 and SOX2. The closest match in the yeast network consists of CAT5 and
CAT8, which act as activators for each other. Additionally, CAT5 activates
itself. In Drosophila the same relationship exists between achaete and scute.
We also note that the human hematopoietic switch consisting of the genes
PU.1 and GATA1 looks much like figure V.2C, in which PU.1 and GATA1 upregulate themselves, but repress each other, essentially resulting in a bistable
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switch, which separates two differentiation paths in hematopoietic stem cells
[59]. The symmetry between the two final states here contrasts to the asymmetry between the two states of the stem cell box.
Finally, since a series of two repressions in some sense amounts to a positive regulation, we expanded the search to include the motif shown in figure V.2D, where the presence of A prevents B from repressing C, thus making
C follow A. No instances of this type of mutual activation were found in yeast,
but in the Drosophila dataset it appeared three times, involving the genes engrailed and hedgehog. However, these two genes are highly connected in the
regulatory network, and many other genes could affect the would-be switches
to the point where their behavior is far different from that of a simple bistable
switch.

V.4.5 Simulations
All simulations were carried out using the Systems Biology Workbench (SBW/
BioSPICE) tools [60]: the network designer JDesigner and the simulation engine Jarnac [61]. Bifurcation diagrams were computed using SBW with an
interface to MATLAB [62], and a bifurcation discovery tool [63]. Bifurcation
plots were also computed and cross-checked using Oscill8 (http://source
forge.net/projects/oscill8), an interactive bifurcation software package
which is linked to AUTO [64], and SBW [60]. In all our simulations the species
concentrations are regarded as dimensionless, whereas the kinetic constants
have dimensions of inverse time, with dimensionless Michaelis–Menten constants. All models are available as standard SBML or Jarnac scripts.

Supplement
The supplementary material referred to in the text can be found at http://
compbiol.plosjournals.org/archive/1553-7358/2/9/supinfo/10.1371
journal.pcbi.0020123.sd001.pdf.
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With a minimalist model of metabolism, cell growth and transcriptional regulation in a microorganism, we explore when and how regulation of a metabolic
pathway can increase the growth rate of cells in the phase of exponential
growth. This in silico model, which is based on biochemical rate equations,
does not describe a specific organism, but the magnitudes of its parameters
are chosen to match realistic values. Even the crudest transcriptional network
is shown to substantially increase the fitness of the organism, and this effect
persists even when the range of nutrient levels is kept very narrow. With the
introduction of a second nutrient and its metabolic pathway, the extended regulatory system must determine the activation of the two pathways. We show
that maximal growth is achieved when pathway activation is a more or less
steeply graded function of the nutrient concentration. Furthermore, we predict that bistability of the system is a rare phenomenon in this context, but
outline a situation where it may be selected for.
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VI.1 Introduction
The ability to rapidly and effectively respond to external and internal stimuli
is crucial to all life [1]. The entities that transduce such signals in the cell are
a matter of resolution; from biochemical details such as protein phosphorylation, via signal transduction pathways [2, 3], to larger functional modules that
encompass many genes [4, 5].
Evolution shapes life at all these levels, haphazardly performing a local
optimization in the fitness landscape. At whatever level one looks, some components are more important than others, and will experience a higher evolutionary pressure. Central molecular players, rate-limiting enzyme reactions,
important stress response systems, and so forth, will have evolved onto high
fitness peaks with respect to their parameters. The local character of the optimization and the utter vastness of the search space indicate that there may
be higher peaks elsewhere, but also that these cannot be easily found. As an
example, consider the genetic code and how little it varies between different
forms of life [6–8], even though one could well imagine that a radically different code would be beneficial to some organisms. The key is that this is
a system where the parameters under consideration are very closely tied to
many others, and thus difficult to optimize globally. In contrast, the evolution of more modular parts of a system factorizes neatly, so that modularity
confers greater adaptability. A physical manifestation is the existence of plasmids, but the concept applies equally well to the structure of metabolic [9] and
regulatory [10] networks.
A regulatory network can be divided into more or less well-defined small
functional modules, each of which can be assumed to be near a local maximum of its fitness landscape. We can roughly classify these modules according to the consequences of their signal response and their behavior in time:
• Adjustment modules that act to keep the operational parameters of the
cell near an optimum, with a transient behavior that ranges from sluggish to
overshooting depending on what has been favorable over evolutionary time
scales.
• Mode switching modules that drive the system between qualitatively distinct operating regions, in response to some stimulus. Hysteresis may be exploited to reduce the cost of needless mode changes, but there are also cases
where stochastic switching is expected to improve fitness [11].
• Inherently temporal modules which give nontrivial signal responses that
make little sense in a steady state picture of the system, and may even show
cyclic behavior.
The boundaries between these classes are hazy and subjective, and may depend on the context, but our point is that the first two are far simpler than the
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third, and in isolation amenable to study in the steady state limit.
Transcriptional regulation of effector genes is a highly successful strategy.
It is taken for granted that regulation is beneficial to an organism. However, to
our knowledge there has been no detailed study of the evolution of regulation
in a functional context aimed at identifying the fitness advantages of having
a transcriptional regulatory system, and to explain under what conditions a
lack of such regulation would be advantageous. Hence, if we want to understand the evolutionary origins of gene regulatory networks, we must ask
whether and when transcriptional regulation is worthwhile. Only if there are
fluctuations in the environment or the internal state of the organism, is there
room for improvement over the unregulated case. Feedback from the process that would be regulated may well act to provide reliable and beneficial
regulation, alleviating the need for more advanced regulatory mechanisms.
Averaged over the relevant set of external conditions, the improvement afforded by transcriptional regulation must in any case be greater than the total
cost of maintaining the regulatory system. Even then, the regulatory system
may have poor robustness and fail miserably when exposed to new conditions. Over evolutionary time scales, this is likely to happen. In other words,
a fragile system that only provides marginal benefits is not likely to last; this
is “survival of the flattest” [12] at work.
In this paper we study the effects of regulation in the context of metabolism.
A microorganism such as yeast may be given a mixture of sugars, and it will
absorb and catabolize them in some preferred order [13], spending part of the
proceeds on driving the feeding process. To concretize the question of how
to regulate metabolic processes, we consider the simplified view presented
in figure VI.1(A). Here, an organism grows in a medium with one relevant
rate-limiting resource, presumably a combination of carbon and energy, and
several nutrients may be available to provide this resource. Those nutrients
present in the medium can be absorbed by the cell and converted into a useful
form by the actions of different enzymes and other proteins. These proteins
are replenished at the cost of slower growth, and evolution will optimize the
growth rate over a set of environmental conditions by tuning the protein production rates.

VI.2 Results and discussion
VI.2.1 The model
We have implemented a minimalist model of an organism that grows by metabolizing one or more compounds found in its environment. These compounds could represent different sugars, alcohols, or other nutrients, and although the model is not tied to any one particular example, we have glanced
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Figure VI.1: A) A general view of an organism with one or more metabolic pathways.
Solid lines represent the flow of biomass, while dotted lines show regulatory interactions, with arrows for positive regulation and circles where the sign of the regulation
can be varied. Nutrients are transported into the cell, processed by enzymes, and spent
on cell growth and on replenishing the enzymes. Optionally, transcription factors may
detect the presence of nutrients and regulate the enzyme production accordingly. B)
A sketch of the most complete model considered here, where two nutrients, A and B,
are turned into C by their respective enzymes, E X . Nutrients inside the cell activate
the transcription factors, TX → T∗X , which in turn activate or repress the production
of enzymes and each other. For parts of this paper, pieces of the model are removed,
including the entire B side. When the transcription factors are excluded, the rate constants pEA and pEB control the production of enzymes.

VI.2 Results and discussion

145

at the lac operon of Escherichia coli and the carbon metabolism of yeast. Some
assumptions and approximations greatly simplify the model:
• Chemistry can be dealt with in terms of rate equations.
• Michaelis–Menten kinetics [14] are always appropriate.
• The cell contents are homogeneous, and transport processes are purely diffusional.
• Cell growth and division are one continuous process, resulting only in the
dilution of the contents of the cell.
• Molecular concentrations have no hard upper limit.
Furthermore, when the environment is held constant, it is natural to seek
steady state solutions to the equations. If only one stable solution exists, we
use the corresponding growth rate as a fitness measure for the organism.
The differential equations that define the model can be found in Materials
and methods. Their parameters are largely given by basic physics and rudimentary knowledge about living cells, although in some cases only to within
a few orders of magnitude. It should be pointed out that no attempt has been
made to fit the model to experimental data, so although predictions made
from the model may be qualitatively sound, they cannot be expected to agree
quantitatively with any particular organism.
Figure VI.1(B) summarizes the interactions of the model, of which we will
first consider a reduced version. A compound to be catabolized, call it A, exists outside the cell at concentration Aext , and can diffuse into and out of the
cell. Inside the cell, A is converted into metabolite C with the help of an enzyme, EA . The metabolite C is what the cell needs in order to grow and make
more EA . If A represents glucose, then C might represent pyruvate and ATP,
and EA is a whole set of enzymes, transporters, and other proteins. The generality of Michaelis–Menten kinetics as an approximation for one-way reactions
(see, e.g., [15]) is what keeps this vagueness acceptable. In particular, note
that even though we speak of EA as an enzyme, the same rate equations arise
if the main rate limiting step involves transport across the plasma membrane.
Hence our minimalist model is not at odds with the more detailed model of
Barford et al. for sugar uptake by yeast [13], given a sensible choice of parameters for the kinetics.
Let A denote the level of A, and so on. The production of C follows Michaelis–Menten kinetics, depending linearly on each of EA and A but leveling off
at high A. The rates of protein synthesis and cell growth are limited by C at
low nutrient levels, but by translation and DNA replication at higher C. Just
how great the production of EA is depends on the rate constant pEA , which
captures both transcriptional regulation and the amount of protein synthesized per mRNA. Degradation of EA is assumed to occur in the form of exponential decay with a half-life on the order of an hour.
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Figure VI.2: Growth rate as a function of enzyme production over a range of nutrient
concentrations. Dark areas mark where the growth rate is maximized for the respective
Aext , and the solid and dashed white lines indicate 80% and 98% of the maximum,
respectively. Note the nonlinear brightness scale, which accentuates small deviations
from the maximum.

VI.2.2 Optimal enzyme production rate
Before attempting to regulate the enzyme production rate, we need to look at
how much difference this can make to the growth rate over the whole range
of environments. Only then can we know if and when there can be any point
in employing transcriptional regulation.
All model parameters except the rate constant for enzyme production, pEA ,
are fixed, and regulation amounts to adapting pEA to the nutrient concentration, Aext . Hence, we have explored how the steady state growth rate depends
on pEA for many fixed values of Aext , by integrating the equations of the system from some initial state until reaching a fixed point. The growth rate thus
found is normalized such that a value of 1 corresponds to the best possible
growth rate for a given Aext . This quantity, which is shown in figure VI.2, is a
fitness score that reflects how well an organism can compete with others that
are perfectly adapted to a single environment. A tiny difference in growth
rate becomes significant over many generations. Therefore, the gray scale in
figure VI.2 was chosen to resolve small deviations from the maximum growth
rate.
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Figure VI.3: The transcriptional regulation, pEA , that maximizes the growth rate of figure VI.2 (solid) and the corresponding total enzyme production rate, ρEA (dot-dashed).
Also shown are the growth rate as fraction per hour (dashed, right scale) and the cost
of producing the enzyme EA , expressed in terms of the total resource expenditure (dotted, right scale).

Interpreting figure VI.2 is easier if we also consider figure VI.3, which shows
the optimal pEA and the resulting protein production rate, ρEA , as functions of
Aext , along with the growth rate and the fraction of resources (C) spent on
enzyme production as opposed to growth. At very low concentrations, the
cell barely has enough of the nutrient to survive, and it must focus almost all
its energy on building enzyme. Because of the degradation of EA , there is a
point (near Aext = 20 µM) where each molecule of EA costs more molecules
of C to synthesize than it can bring about during its lifetime, and starvation is
inevitable.
When the nutrient is more abundant, the resulting rise in C will lead to
greater enzyme production. Our model assumes a linear relationship for lowto-moderate C, but the dash-dotted line in figure VI.3 indicates that the enzyme production should follow C0.6 to maximize the growth rate. It seems
unlikely that the overall rate of protein synthesis would be adjusted to meet
the needs of a single protein, and it is up to pEA to bride this gap.
With higher enzyme concentrations it is primarily the diffusion of A into
the cell that limits growth. There is a range of intermediate Aext for which
the optimal value of pEA varies relatively little, but with even higher Aext and
faster growth comes greater dilution of the enzyme, and this forces pEA to rise.
If Aext is higher still, the cell divides as fast as it possibly can and yet has much
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C to spare. As we do not take into account that protein synthesis may tie up
machinery also needed for rapid growth and cell division, there is no incentive
to keep pEA down in this limit. Thus, for very high Aext the optimal value of
pEA is the maximum allowed by the model. At the same time, the growth rate
is insensitive to the value of pEA ; when resources are plentiful, how they are
spent is less important.
We see that the fitness conferred by the metabolic pathway depends strongly
on the enzyme production rate constant pEA , except if the nutrient level is always kept within a limited range. Such static conditions may apply to some
obligate symbionts, which can indeed lack the ability to regulate genes involved in important metabolic processes. For example, bacterial symbionts in
aphids have lost most of their transcriptional regulation of amino acid synthesis [16], in a situation analogous to the one studied here in that the fitness gain
from regulation must be weighed against the cost over a range of external conditions. For the vast majority of single-celled organisms, the environment can
not be expected to be so constant. Selection pressure necessitates regulation of
metabolic pathways.

VI.2.3 Transcriptional regulation
To incorporate transcriptional regulation into the model, we add a transcription factor, TA , which like EA is produced from C. TA can act as an enhancer
or repressor for the production of EA , with the sign and strength of the regulation as two independent parameters (see Materials and methods). However,
TA can only function when activated by the presence of A. The fraction in
the active form is directly determined by the level of A as compared to a halfmaximum parameter. Now pEA is no longer a constant, but a function of the
levels of TA and A. In addition to the dilution caused by growth, TA is degraded, albeit at a much lower rate than EA . It would be quite natural to add
autoregulation to TA , to allow it to stabilize its level over a wider range of
growth rates or possibly be more sensitive to Aext , but doing so would make
the results less transparent.
By wiring and tuning a transcriptional network, evolution will tend to
maximize the average growth rate over a succession of environmental conditions. In the limit where the environment very rarely changes, and the organism spends long time intervals in each setting, only the distribution of
conditions matters, not the transitions between them. To keep things simple,
we have defined the fitness of an organism as the mean of the normalized
growth rate across an arbitrary selection of nutrient levels, as shown in figure VI.4. This fitness corresponds to the average growth rate when a similar
number of generations are spent in each of these environments; not an entirely
unreasonable first assumption.
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Figure VI.4: The behavior of a cell with well-tuned transcriptional regulation of the
enzyme production. The normalized growth rate (see figure VI.2) was optimized for
those Aext indicated by points, and the resulting system responds to Aext as indicated
by the thick curve. For comparison, the straight white line shows the best pEA in absence of regulation.

In our equations, the transcriptional network is defined by five parameters, and taking the view that evolution will have had ample time to globally
optimize a system with so few parameters, we have used simulated annealing to pinpoint the parameter values that maximize the fitness measure. The
thick line in figure VI.4 shows the effect that transcriptional regulation has on
pEA , and thereby on enzyme production, for the network of optimal fitness.
The points mark the Aext through which the fitness measure is defined, and
the color filling the points indicates that the achieved fitness is almost indistinguishable from the maximal one, for those Aext that we have optimized for.
A brief explanation of how the evolved transcriptional network operates is in
order.
The transcription factor has become a repressor for the enzyme, and the
downward slope for low-to-moderate Aext is caused by the steadily more produced and activated TA repressing the expression of EA . Some transcriptional
leakage occurs, and there is never that much TA present, so pEA is kept from
falling too low. This explains how an increase in Aext can result in a welladjusted decrease in pEA . Perhaps more surprising, then, is the increase that
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pEA shows for high Aext . The explanation: the time scale for decay and regeneration of TA is roughly one day, and when the generation length is shorter
than that, the level of TA drops because of dilution.
In all, the transcriptional network is extremely good at maximizing the fitness. Without regulation, the best possible fitness is 0.81 (with pEA ≈ 1.8 · 105 ),
but with regulation the fitness rises above 0.99. Adding autoregulation to the
transcription factor will further increase the fitness. We have also examined
the effect of limiting the range of nutrient concentrations to between 100 µM
and 1 mM. Then, the fitness scores of the best unregulated and regulated systems are 0.997 and 0.9996, respectively.
The difference in average growth rate due to regulation should be compared to the effect of adding the gene for the transcription factor to the genome
of the organism, an effect not included in our model. Adding one gene should
slow the growth rate by no more than one part in 1 000, and often far less (see
Materials and methods). This slowdown is far outweighed by the boost that
regulation brings, as long as the nutrient level is not too constant. We conclude
that when the nutrient level varies, transcriptional regulation of the metabolic
pathway carries great benefits for the organism.

VI.2.4 An additional nutrient
Gene duplication plays a major role in the evolution of new functions. A duplicated enzyme or transcription factor will, if not lost, likely be subject to
subfunctionalization [17, 18], a process that may in turn lead to neofunctionalization [19, 20]. To extend the model to the case where a second nutrient is
present in the environment, we mimic a gene duplication event by adding a
set of variables where “A” is replaced with “B”. Thus B is the alternative nutrient, turned into C by enzyme EB , whose production is governed by the rate
constant pEB . Clearly C should then be seen as the first common point along
the metabolic pathways of A and B. Generally, A and B need not be equally
useful for producing C, and the parameters that describe EA and EB may be
quite different. Such a state of affairs may, e.g., apply to the preference for
glucose over fructose in yeast. Still, we will assume that all the relevant parameters are equal between A and B, because a small difference between them
should only distort our conclusions slightly, for instance by shifting the point
of preference for one nutrient over the other.
With the introduction of a the second nutrient comes an increase in the dimensionality of the state space that makes it impossible to visualize the full
gamut of the system. However, we have observed that for any given environment, the growth rate behaves nicely, with a single, rounded peak around
some optimal pEA and pEB (data not shown). The optimum with respect to
one parameter depends very weakly on the value of the other. It is there-
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fore meaningful to keep Aext and pEA fixed while studying the behavior as a
function of Bext and pEB . Figure VI.5 shows how the growth rate depends on
pEB for different Bext , with Aext fixed at 50 µM or 1 mM and pEA optimized
at pEB = 0 (to pEA ≈ 1.5 · 105 or 9 · 104 , respectively, as per figure VI.3). As
expected, the figure reveals that when little B is available, it is best for the
cell not to bother with B at all. However, when Bext comes within a factor
of about ten of Aext , the optimal pEB rises quickly, from zero to a value near
where the optimum would be in the absence of A. That is, the dependence of
pEA on Aext in figure VI.2 also describes the dependence of pEB on Bext when
Bext & Aext . For other values of Aext than those shown in figure VI.5, the only
notable trend is that the transition region is narrower and closer to Aext at low
Aext . An organism that is well adapted to a slowly changing environment will
show a strong, often nonlinear response to the level of B in the region where
3 . Aext /Bext . 30.

VI.2.5 Bistability
After a change in the environmental conditions, and after transients have died
down, the internal state of a cell may depend on the history of the cell, rather
than on the new environmental conditions alone. Bistability, the coexistence of
two stable fixed points in the dynamics, implies such hysteresis, because the
initial state of the system generally determines which fixed point it goes to.
In principle, stochastic effects always make the two states metastable, but the
time scale for spontaneous switching may vary greatly. See [21] for a review.
Evolution does not indiscriminately optimize the steady state growth rate.
The environment changes from time to time, and if moving to a different operating region transiently carries a cost in the form of slowed growth, that cost
must eventually be recuperated. Depending on the typical pattern of changes
in the environment, the best solution for the individual cell may involve hysteresis. In clonal populations, phenotypic heterogeneity caused by bistability
can be advantageous to the genome if it allows at least part of the population
to survive a disaster [22]. Genes can thus hedge their bets by making individuals take risks, but only if a timely response is impossible is this a better
strategy than for the cells to individually adapt to new conditions [23].
The lac operon of E. coli is a well-known example of a regulatory module
tasked with deciding whether to make use of a specific metabolite. This system, in short, contains a positive feedback loop that activates lactose transport
and metabolism when a metabolite of lactose is detected, but only if the glucose level in the environment is comparatively low. Experiments have shown
that the lac system has the potential for bistable behavior when subjected to
artificial inducers [24]. This property of the system is appealing, and we can
immediately picture how it fits into our results in figure VI.5. The steepness
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Figure VI.5: Growth rate as a function of the activation of a second metabolic pathway,
presented as in figure VI.2. The level of metabolite B is varied, while metabolite A
is present at a constant, intermediary level, and pEA is pegged at its optimal value in
absence of B. The sharp transition of the optimal pEB in (A) signals a need for nonlinearity when pEB is actively regulated. The solid and dotted gray line in (A) is used to
illustrate the issue of bistability (see text). What a simple transcriptional network can
accomplish is indicated by the hollow lines.
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and width of the region where pEB switches are, at low Aext , great enough to
allow for bistability at a low fitness cost in the steady state, and the solid and
dotted gray line in figure VI.5(A) shows an example of how a bistable response
might look.
However, it appears that the response of the lac operon to lactose itself, as
opposed to an artificial inducer, is only a steeply graded monostable function,
not a bistable one. A convincing explanation is that with time-varying lactose
levels, a graded response provides significantly faster switching between operating modes [25]. Based on figure VI.5, we posit that a graded response is
advantageous also when the lactose level varies very slowly, because unless
the lac system is very unlike our model in some unforeseen way, the optimal
lac expression is ever a smooth function. Consequently, we expect bistability
in this context to be a rare phenomenon.

VI.2.6 Transcriptional regulation revisited
Regulation of the production of the two enzymes, EA and EB , requires signaling from both A and B, and we have seen that some degree of mutual
exclusivity is desirable. If a new transcription factor, TB , were to be created
by duplication of an autoregulating TA , it might be prudent to retain a full set
of regulations, with TA and TB regulating each other, themselves, and both
enzymes. However, this would introduce an excessive number of parameters
and obscure the issue of how easy it is to achieve beneficial transcriptional
regulation. Therefore, we again use a stripped-down network, this time one
that only includes regulation of EA by TA , of EB by TB , and mutually between
TA and TB .
In the same spirit as for the one-nutrient system, we have optimized the
fitness of the regulatory network over a set of Aext and Bext . The hollow lines
in figure VI.5 illustrate how the resulting network performs, which certainly
is better than with any constant value for pEB .
The two transcription factors become mutual repressors, as one may have
expected. This makes bistability possible even without autoregulation, but
only when we add autoregulation to the model or modify the the parameters
do we see bistable behavior (data not shown). The way we assess the growth
rate in each environment implicitly assumes monostability by denying the
system a history (see Materials and methods), which is an extreme case of
the idea outlined earlier: changes to the environment are infinitely rare, and
bistability can evolve only because it never gets a chance to do any harm.
Nevertheless, this emergence of bistability demonstrates a point: nontrivial
behavior may appear even when not selected for, because of the constraints
that evolution has to work with.
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VI.3 Discussion
We have developed a model for how the steady state growth rate depends on
the activity of metabolic pathways, including their transcriptional control, in
an idealized organism. This represents an implicit way to model the evolution
of transcriptional networks subject to simple metabolic tasks.
A key finding is that even when no alternative pathways exist, transcriptional regulation confers a substantial fitness advantage in all but the most
static environments. In other words, transcriptional control appears to be required for an organism to be competitive, even for a very simple metabolism.
When two pathways are available, as would be the case when two catabolizable sugars are present, the highest growth rate is achieved by sharply
activating the pathway of one nutrient, when the level of that nutrient nears
the level of the other. At low nutrient concentrations this optimal response is
distinctly nonlinear.
In line with previous work [25], we have demonstrated that bistability is
not a desirable feature of metabolic pathway regulation, at least not in a steady
state limit. Nevertheless, optimizing the fitness of a regulatory system can
cause bistability at some nutrient levels, suggesting that such complex behavior can emerge even when it in itself is unfavorable, merely because the underlying mutations have a positive net effect on fitness. This is reminiscent of,
yet different from, how pathway complexity can be increased by the actions
of the evolutionary mechanisms per se [26].
We can also imagine conditions that would promote bistable switching of
metabolic pathways. From figure VI.5, one can imagine the existence of two
distinct overall environmental states, whose respective ranges for the nutrient
concentration overlap. If transitions between the two states are rare, and intrastate fluctuations of the nutrient level are too rapid for regulation to follow,
bistability in the overlapping range can be expected to increase fitness, as it
prevents needless state changes. Such a scheme could perhaps be applied
to the lactose level in a chemostat with E. coli over many generations. As
demonstrated in [27], the expression level of the lac genes can be significantly
altered by fitness-raising mutations in a few hundred generations of growth in
a constant lactose/glycerol medium. Thus it may well be possible to achieve
bistability in the lactose response of E. coli through evolution in a laboratory
setting.
Although our model is crude, it somewhat surprisingly predicts that cells
growing in a very low nutrient medium will have their nutrient uptake and
catabolism up-regulated as compared to when the nutrient is more abundant. Such up-regulation has been seen in yeast under glucose limited conditions [28]. There, the hexose transporter HXT6 and the glycolysis enzymes
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HXK1 and GLK1, along with several other glycolysis proteins, were found to
be significantly up-regulated.
Our predictions are primarily qualitative, not quantitative. For example,
the exact location of the point where the model breaks down in figure VI.2
should not be considered as realistic, as the degradation rate of the enzyme is
higher than it would be in an organism adapted to very low nutrient levels.
Still, a real microorganism may survive periods of starvation through sporulation and other mechanisms outside our model, but will eventually die if the
nutrient levels are too low.

VI.4 Material and methods
We here give the equations and parameters of the full model with two nutrients and transcriptional regulation. For the smaller models discussed in the
text, parameters are set to zero as appropriate. C is the universal currency of
our cell, and takes on the roles of energy carrier and building block. Being
small molecules, A, B, and C have a mass of about mA = 100 Da. The proteins
E and T weigh in at 103 mA , and synthesis of one E or T consumes sprotein = 104
molecules of C. Let C, A, EA , TA , etc. denote the number of molecules in a
cell of fixed volume Vcell = 1 µm3 . Brownian motion sets a limit of about
one collision per molecule pair per second, and this affects many parameters.
Dimensions based on seconds and molecules per Vcell are henceforth implied,
and for brevity we let X represent A or B where their equations are identical.
Transcription factor activation:
TX∗ = TX

X
,
X + KX

(VI.1)

where KX ∈ [10−2 , 106 ], so activation can be made very sensitive to A or B.
Transcriptional regulation of enzyme production:
pEX = p̂EX ¡

wEX rEX TX∗ + 1
¢
,
rEX TX∗ + 1 max(wEX , 1)

(VI.2)

where the maximum rates p̂ EX ∈ [0, 106 ] are limited by ribosome count and
speed. The parameters wEX ∈ [10−6 , 106 ] determine the type of regulation,
ranging from strong repression to linear activation via leakiness and indifference. The strength of TX∗ as a regulator is rEX ∈ [10−4 , 10−2 ], meaning that
hundreds to thousands of transcription factor molecules are needed for regulation. Similarly for pTX , mutatis mutandis.
Enzyme activity:
R X →C

X
,
= EX v X
X + KE

(VI.3)
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where v X = 103 and KE = 106 , which loosely means that one in 1 000 collisions
between X and EX leads to a reaction that takes 1 ns.
Protein production, cell growth, and expansion:
ρE X = pE X

C
,
C + Kprot

ρcell = pcell

C
C + Kcell

and

η=

ρcell
,
scell

(VI.4)

where Kcell = 108 (or ∼ 170 mM) and Kprot = 106 reflect bottlenecks in cell
replication and protein synthesis, a cell takes scell = 1010 molecules of C to
build, and pcell = 107 should give a maximum growth rate of about 20 minutes.
The rate equations:
dX
dt
dEX
dt
dTX
dt
dC
dt

= DX ( Xout − X ) − R X →C − ηX
= ρEX /sprotein − dE EX − ηEX
= ρTX /sprotein − dT TX − ηTX
= R A→C + R B→C − ρEA − ρEB − ρTA − ρTB − ρcell − ηC ,

(VI.5)

where DX = 1 lies between the upper limit set by diffusion and the lower
limit set by the maximum growth rate, dE = 10−3 makes EX rather short-lived
but keeps its level reasonable at maximum production rate, and dT = 10−5 is
a realistic decay rate far slower than dE .
For an upper bound to the reproductive cost of adding an extra gene, consider a prokaryote for which the DNA replication rate is limiting. If this rate
is proportional to the genome size, and there are 1 000 genes, the fitness cost is
on the order of 10−3 . By comparison, the cost of synthesizing the extra DNA
is closer to 10−5 scell .
To find the growth rate in the equations’ steady state, we performed a numeric integration from the state with all variables zero except C = 108 , using
the bsimp stepper from GSL (http://www.gnu.org/software/gsl/). For figure VI.5 we probed for bistability by gradually going from low to high Bext ,
and vice versa.
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