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Chiral Perturbation Theory and Mesons Johan Bijnens

1. Introduction

This talk is dedicated to my friend and collaborator Ximod&swho died since the previous
Chiral Dynamics in Berne in 2009. For those of you who like nok more | recommend looking
up the slides from my talk at the symposium in Granada in himorg [[I]. We have been very
frequent collaborators for a long time.

| will not attempt to give an overview of Chiral Perturbatidheory (ChPT) for mesons in this
talk. Even with the restrictions to mesons the subject ig kage. | have given several review talks
earlier [2[B] as well as written a review article of mesontRT at two-loop ordef]4]. References
to other reviews and lectures can be found on my ChPT webgig¢he remainder there has
admittedly a strong bias towards my own work.

I will give a short introduction to ChPT where | emphasize thajor ideas underlying the
method. Afterwards | will give an overview of the work thatshiaeen happening in Lund in this
area in the last few years. In addition there are many moke tal this conference related to
mesonic ChPT. As far as the plenary talks are concerned #resthe experimental tests from
NA48 [B] and KLOE [J], the connection with dispersion retats [,[P] and the connection with
lattice QCD [1p-f12]. Most of the talks in the working group @nldstone Bosons also fall under
the topic of this talk.

The remainder is first a short introduction to ChPT, then aengew of the latest fit of the
low-energy-constants, a few remarks about hard-pion-CédWell as some comments about ap-
plications of ChPT beyond QCD and some leading logarithnoutations to high orders. The
treatment is extremely cursory for all cases.

2. Chiral Perturbation Theory

ChPT in its modern form was introduced by Weinbérg [13], amd<&r and Leutwylef T1L{f,]15].
The best way to characterize ChPT is:

Exploring the consequences of the chiral symmetry of QGD
and its spontaneous breaking
using effective field theory techniques
A good reference that shows in detail all the underlying asgtions is [1p].
For an effective field theory, one needs to indicate thremgthi the relevant degrees of free-
dom, a power-counting principle to have predictivity anel #issociated range of validity. For ChPT
these are

Degrees of freedom: The Goldstone Bosons from the spontaneous breaking of tred sfmme-
try present in QCD in the massless limit.

Power-counting: Dimensional counting in momenta and masses where mesoresnasd mo-
menta are counted the same in the standard counting.

Range of validity: The breakdown scale is when effects that are not includedrbec¢mportant.
For mesonic ChPT these are clearly the meson resonances ial#évant channelsd\, is
thus clearly the end of the range.
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rules: one loop example:
p? (P)?(1/p?)?p" = p*

Figure 1: We need to pick —  1/p?
a vacuum expectation value (p?) (1/p?) p* = p*
indicated by the arrow. The  [d%p p*
massless mode corresponds
to an excitation along the bot- Figure2: An example of the power-counting, on the left the rules for
tom of the valley. the lowest order vertex, propagator and loop integration.tt@ right

showing how it leads to the two one-loop diagrams begfigvhile the
tree level lowest-order vertex [¥.

Let me show these now in a little more detail. Quantum Chromathics (QCD) fong equal mass
quarks has an obvious global symmetry under the continudeschange of the quark®U(ng).
Looking at the purely strong Lagrangian (density)

Zoco= ) [iqLPaL +idrPdr — Mg (drAL +0LOR)] (2.1)
g=u,d,s

we see that in the limit ofny = O there is actually the larg&U(ng ) x SU(ng )r global symmetry.
Another way to see is that in the massless case left- and-heyided are no longer related by
Lorentz-transformations since we cannot go the rest-fran@emassless patrticle.

The global chiral symmetrU(3),. x SU(3)r in QCD is spontaneously broken to the vector
subgroupSU(3)y by the vacuum expectation valieg) = (q.gr+graL) # 0. Since in this process
8 generators are broken we get 8 Goldstone Bosons and ttegactions vanish at zero momentum.
This is shown pictorially for one broken generator in fjgThe fact that the interaction vanishes at
zero momentum allows us to introduce a proper power-cograiang the lines discussed nJ13].
This is shown for the example afrr-scattering at one loop in Fifj 2.

The basic principle just described has been used in very mianymstances. One needs to
decide which chiral perturbation theory is appropriatetti@r problem at hand. Some examples are

e Which chiral symmetrySU(Ns). x SU(N¢)g, for Nt = 2,3,... and extensions to (partially)
quenched

e Or beyond QCD

e Space-time symmetry: Continuum or broken on the latticds¥i, staggered, mixed action

e \Volume: Infinite, finite in space, finite T

e Which interactions to include beyond the strong one

e Which particles included as non Goldstone Bosons

e My general belief: if it involves soft pions (or sdft, ) some version of ChPT exists.
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2 flavour 3 flavour 3+3 PQChPT
P’ | FB 2 | F,Bg 2 | Fy,Bg 2
p* | II,h0 743 | LI,HF 10+2 | L HF 1142
PP | o 52+4| CI 90+4| K = 112+3

Table1: The number of terms at LQ [19], NLQ [, ]15]and NNLD]17] foastiard mesonic ChPT.

An important technical step is the inclusion of externald&ebr sources. This allows to make
the chiral symmetry local[L4, [I5]. The manifold at the bottom of the potential in a syatiy
breakdownSU(ng ). x SU(ng) x SU(ng )y is also anSU(ng ) manifold. We thus parametrize this
by anng x ng matrix which forns = 3 is

770 Ns
— + —= " K+
V2O
U(p) = explivV2®/Fy), with ®(x) = r .M o (2.2)
(@) = expliv2e/F) (x) NN
K- Ko 2
V6
The lowest-order (LO) Lagrangian is
Fé oK t t
2o =" {(PuU'DHU) + (XU + XU}, (2.3)

with the covariant derivativéd,U = d,U —ir U +iUl,, and the left and right external cur-
rents/fields/sources:(l), = v, + (—)a,. The scalar and pseudo-scalar external densities are in-
clude viay = 2By(s+ip). The latter allow the inclusion of quark masses via the saddasity:
S= ./ +---. The notation implies a flavour tra¢8) = Trg (A). The next-to-leading-order (NLO)
Lagrangian was worked out by Gasser and Leutwyldr [14, 18]res 10+2 terms. The next-to-
next-to-leading-order (NNLO) Lagrangian is also knon][4% well as its infinities[[18]. The
number of terms is summarized in Tab. 1. All the cases listev@ have extra terms in the La-
grangian with the exception of finite volume and temperatiméd in most cases the Lagrangian
is known to NLO. The constants in the Lagrangian are oftearrefl to as low-energy-constants
(LECs).

So, what does ChPT really predict given the large numbeeefdonstants. It relates processes
with different numbers of pseudo-scalars and includepisand the eightfold waySU(3)y). The
chiral logarithms can be seen in the two-flavour ChPT NLO esgion for the pion mags]14]

. (2BM\?[ 1 (2BA) .,
m?T_zBm+< = ) [32nzlog 2 +2A5() |+

(2.4)

with M2 = 2B and remember tha = By, F # Fo, the constants in two and three flavour ChPT
are not necessarily the same. The chiral logarithm is th2B@) term. The infinities are treated
by the relation between the bare and renormalized couplngisthe renormalized couplings do
depend on the renormalization scal@nd the scheme used.

Litis not a gauge symmetry since no kinetic terms for the exeields are included.
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In two-flavour ChPT [I4] one uses conventionally the qutlmiti_: %I{(u) — Iog“ﬁ—gf.
which are independent of the scaleFor 3 and more flavours, some of theare zero and one uses
the renormalized constant$(u) directly. The result is in principle independent @fbut when
estimating some of the constants some choices might ber ltlette others. The most standard
value isy = m, = 0.77 GeV since if we choosg ~ my, mk the chiral logarithms vanish and if we
pick a larger scale of about 1 GeV thef(u) ~ 0 and arguments using a large number of colours,
N; — o are strongly violated.

A question which often comes up is in which quantities to exjpan particular whether to use
lowest-order or physical quantities. |1 would like to strasse that the expansion is in momenta and
masses but that it isot unique. There simply is no best way to do the expansion siglegions
between the masses, e.g. the Gell-Mann—Okubo relatiost. eBut even more, often there are
relations between the kinematical quantities and massesexample isiK scattering withs+
t +u=m?+ mZ, or one can even use the scattering angle as a kinematicatityuaA related
note is that there can be remainipgdependence in a calculation where fhelependence is then
higher order. A naive example was discussed in the talk andedound in [2D] showing that the
apparent convergence of the chiral series can differ verghndepending on what quantities one
expands in. In general, | prefer using the physical masgses $iiresholds are correct and the chiral
logarithms do come from physical particles propagatingweleer, sometimes there are simply too
many choices of physical masses possible, especially trafyaquenched and staggered ChPT,
and for the sake of simplicity it might be easier to keep ldwmder masses everywhere.

3. Determining low-energy-constantsin the continuum

Lattice QCD has now reached the stage where they can startieing the ChPT LECs. A
review is the FLAG collaboration[[?1] and talks at this caefece that had results on LECS are
[£9, 22 {2h].

For the two-flavour constants the status has not really @thnguch since the previous chiral
dynamics. The constants to I, are determined from ChPT at ordgf and the Roy equation
analysis inrrr and Fs [Rg]. A related talk is[[26].1s andlg come fromR, and it — ¢vy [27, [28]
and fromMy — Ma [R9]. Some related work using similar sum rules[ig [30]. Imdasion:

l; = —0.4+0.6, l,=4.34+0.1, l3=2.9+24,
Iy =4.440.2, ls = 12.24-+0.21, lg—I5=3.0+0.3,
l¢=16.0+0.5+0.7.

andl; ~ 5-102 from 1°-n mixing [[[4]. In the two-flavour case the contribution fronetbrder
p® LECs was small so the uncertainty on estimating those is emytimportant.

The uncertainty on estimates of the orgrLECs, theC/, in the three flavour case is much
more important becausnﬁ,m,z, > m2. The largelC! dependent contributions make their estimates
much more relevant. Typically, if the term multiplying a pemlar C leads to a kinematical depen-
dence it can be measured and the estimates tested. Butdlg taly to a higher order quark-mass
dependence they lead to experiment in a 100% correlated \itaythe orderp* LECs, theL!.
Here we really need the lattice, typically the latter type&Cpheed scalars to estimate their values
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Figure 3: The quality of the relations found irﬂSl]. Shown are the NL@a&NNLO predictions for
combinations of observables with vanishes NNLO LEC contidns as well as the experimental/dispersive
results for the same combinations.

from resonance exchance and are thus intrinsically ledsaatnated. In addition, often the large
N. suppressed terms in the ordgf lagrangian contribute with large coefficients as well arid al
estimates so far of the LECs rely on lafjeto a large extent. One big question is thus whether we
are really testing ChPT or simply doing a phenomenologic¢allfi order to answer this question
a systematic search for relations that are independenedtivas done[[31]. We found there 35
relations between 76 observables and of these 13 had swifft@éa to study their success. There
were 7 relations inrt scattering which worked about the same for two and three dlaG@GhPT.
The two relations involving, did not work well in either case. Of the 5 extra relations Iuimg
rrrand ik scattering three worked well, one of the bad ones involsednd the last one had very
large NNLO corrections. The final relation involvg, and did not work well probably because
ChPT fails to describe the quadratic slope inEhrm-factor [32,[38]. The quality of the relations
is shown in Fig[]3. The conclusion is that three flavour ChRirt‘ef” works taking into account
that the relations involve very large correlations and that the experimental or dispersive input
errors might be underestimated.

The previous major fit to determine thé using NNLO formulas dates back to 20(1][34].
Given that many more calculations in three flavour ChPT at BNiave been performed since
and that the experimental input used then has also changeghdate has become necessary. This
was done in[[35] and the main results are summarized in[Jabh&.old programs in the isospin
conserving versions were rewritten in C++ for this purpo$ae first column uses the old input
values and reproduces the oldffif][34] which was done isospiation included. The next columns
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fit10iso  NA48/2 Fq/Fr All % All

old data i, 1K, (r3) ms/mM
10°L; | 0.3940.12 0.87 089 0.88-£0.09
10°L, | 0.73+012 Q79 080 063 0.61+0.20
10%L5 | —2.34+0.37 -311 -309  —306 | —3.04+043
10°L), =0 =0 =0 0.60 0.754+0.75
10°LL | 0974011 091 |0.73] 0.58 0.58+0.13
10%L =0 =0 =0 0.08
1%L | -0.30+0.15 -030 —-026  —022 | -011+015
10°L5 | 0.60+0.20 059 049 040 0.1840.18
X2 0.26 001 001 120 1.28
dof 1 1 1 4 4

Table2: The main new fit of thé& of [@]. The various columns show the changes w.r.t. the oluf [@].

give the results from including the NA48/2 data on the forietdes [3§], the new value d¥ /Fr,
the inclusion ofrtrt, K scattering and the scalar radius and finally the new valuespf. The
LEC that changed most at each step is put in a box. In the fisaltrene note significant values
for the Nc-suppressed constarit$, Lg, albeit with large errors and the fact the the lalgerelation
2L] =L} no longer holds well.

A large number of variations on the fit were tried [n][35] bytileg 11 free and varying the input
used for theCl. All of these gave similar values for thg. However, a problem occurred when
including the relation between the 2 and 3-flavour LEC{ dj.[3 order for getting this relation
to work well we needed nonzero values for at least sbigsuppresse@!. In [B3] a large effort
was done to find reasonable looki@fthat allowed to get good fits to all of the inputs. Many were
found but there is no good ground to prefer any of these. Man&wspecially in trying to include
lattice results is definitely needed. For now, fit All of Tfpa@d [38%] should be regarded as the
standard values for the .

4. Hard pion ChPT

The usual formulation of the powercounting in mesonic CHPJ] pssumes that all the mo-
menta in all diagrams are soft and this allows the powerdogrib work as simple dimensional
counting. In baryon and heavy meson ChPT one takes a stégifuithere is a line with a heavy
mass running through all diagrams but in a way all spatial ewtan can still be considered small.
In vector meson ChPT it has been argued that it is possibléstoiraclude diagrams where lines
take a hard momentum, but not a hard mésk [38]. This type ahzgts was used by Flynn and
Sachrajda[[39] to obtain results fét3 in the heavy Kaon limit also away from the end-point.
These arguments, as described below were generalized pliebEp a larger number of processes
in [BJ—{43]. Some doubt on the simple arguments has beenneesien [44 [4p].

The underlying idea behind hard pion ChPT is that nonarwiigs in the the light masses,
e.g. pion, come from soft lines in the diagrams. The coupliofsoft particles and in particular
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soft pions are constrained by current algebra via
, i
im (1(q)a|O|B) = — = (al | Q5 0] 1B). (4.1)
q—>0 Fr(

and nothing prevents hard pions to be present in the statesr |3). One thus expects that by
heavily using current algebra it should be possible to abtairal logarithms for almost any pro-
cess. one can always expand in soft momenta over hard maffaeg¢amasses in a way which
is analogous to the treatment of infrared divergences in QEI® general argument was already
described in my previous chiral dynamics tdlk [3] and candumél in [4D {4P] as well. It roughly
goes as follows: Take any diagram with a particular exteamal internal momentum configura-
tion. Identify the soft lines and cut them. The resultingtgganalytic in the soft stuff and should
thus be describable by an effective Lagrangian with cogptionstants dependent on the external
given momenta (Weinberg’s folklore theorem][13]) Lagramgin hadron fields with all orders of
derivatives. This effective Lagrangian should be thoudhdsoa Lagrangian in hadron fields but
all possible orders of the momenta included: possibly amitefinumber of terms If symmetries
are present, the Lagrangian should respect them. The prndbléhat the simple power-counting
is gone In some cases we can argue that up to a certain order @xpansion in light masses, not
momenta, matrix elements of higher order operators arecigléuto those of lowest order, first
done in [39] forK,3 and later generalized. The Lagrangian should be completeeineighbour-
hood of the original process and loop diagrams with thiscéiffe Lagrangian should reproduce the
non-analyticities in the light masses. The latter is theialypart of the argument.

A check at two-loop order has been performed for the pionovembd scalar form-factor in
[T, A2] and was found to work well. Applications to tBeD — 1K, n vector form-factors can
be found in [4R] and to some charmonium decayd if [43]. In figshow how the inclusion of the
chiral logarithms improves the relation between Ehe; mandD — K form-factors [4R] using the
CLEO data[4p].

Recently [44[ 4], the test done at two loops was extendedjteehorders. What was found
there was that the hard pion ChPT prediction held to all ardier the elastic intermediate state
but failed in a three loop calculation of the inelastic f@aricle-cut part. For details | refer to
(4, [4%]. The arguments for the general method are the sarfioe B& divergences, SCET,...,so |
do believe these to be valid. Something like hard pion ChRlilshexist. The arguments for the
proportionality to the lowest order are much weaker andrassthat each soft propagator has a
free momentum. The calculation df]45] was done using d&pemethods and a full calculation
at 3 loops will be very difficult but would allow a better studywhy the arguments failed. The
ultimate would of course be to find a proper power-countingeurthe given assumptions.

5. Beyond QCD

The methods of effective field theory and in particular ChBit also be used for extensions. A
simple extension is to take QCD wibhlight flavours but one can also envisage usihfgrmions in
different representations of the gauge group. The reptasems can be complex, real or pseudo-
real so we have in general three generic cases to study fepth@aneous breaking of the global
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Figure4: The left plot shows the form-factdr. in D — rrev andD — Kev decays from CLEO|E6]. In the
right hand side th® — Kev has been corrected with the chiral logarithms#ig_, 7 = 1ok Fo_n/Fpo—k

[B2.

symmetries[[47, 48]
SU(N) x SU(N) — SU(N), SU(2N) — SO2N), SU(2N) — SH2N). (5.1)

The cases correspond to a complex, real and pseudo-reakegpation for thé fermions. The
global symmetry group in the latter two caseSi$(2N) since both fermion and antifermion are in
the same representation of the gauge group. Many one-lcojitsexisted especially for the first
case, the equal mass case has been pushed to two-loop offif{E1]. The main observation
[A] is that the whole machinery developed for ChPT can beditbover with a few simple mod-
ifications to the three cases given above. This allowed ugitimpn the calculations for the mass
and decay constantf J49], meson-meson scattefig [50]neneléctroweak precision parameters
[pT]. The main idea was that lattice calculation can use ouméilas to extrapolate to the massless
case, see e.g [52].

The main trick involved is that in all cases mesons can beritest by a unitary matrixJ =
exp(i@dX3/(v/2F)) with the X2 a different set of generators for the three cases. All flagouns
in the equal mass case can be done using the relations

1 1

(XAXB) = (A)(B) — _(AB), (XA XTB) = (AB) — L (ANB).

(X2AX?B) = <A>2<B> + :—2L<AJSBTJS> — <2A—|\:3F> . (XPA)(X?B) = %(AB} + %(AJSBTJS> - </;>|\f,:B> :

(XPAX?B) = —<A>2<B> + %<AJABTJA> - <2A—|\:3F> , (XBA)(X®B) = %(AB> - %(AJABTJA> - 7</;>|\f,:8> :
(5.2)

The lines are for the complex, real and pseudo-real C&Ség’iﬁ<? :)) yda= (? _OI ) .
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QCD Adjoint 2-colour

a n3- 4 34

16nlg + 8L +4H; 32nLg+8Lg+4H; 32nLg+ 8Lg+4H;
o | 3(-1+3) 31tk Eran) 31422
dv | —24(n?—1) (La+t8) | —12(2n2+n—1) (2La+8) | —12(2n —n—1) (2La+t2)
e g Ha- g2 g o)
fy | 48(Ks+nKjg+n?Ky,) A T
ov | 8(P—1) (La+3iLg) | 4(2n®+n-1)(2La+3ilg) | 4(2n*—n—1)(2La+ iLs)

Table 3: The coefficients appearing the corrections to the vacuupeetation-value for the three generic
cases with flavours. Table from[[49]. We have defined the abbreviatlops L}, — 2LL andLg = LL — 2L§.

As an example | quote the results for the vacuum expectatareyqg) for all three cases.

(da) = (@9)ro + (@) nLo + (A NNLO -
({@do= ;\‘ (OriOLi +OLiGRi)Lo = —NEBoF?
=L,NF

A(M?) M?
?*bv@ :

A(M2)2 2R (M2
(@dnnLo = (ALo (CVA(NI ) + MZAM®) (dv + Sl )+ M—4 (fv+ i)) . (5.3)

{dnLo = (dA)Lo (av

F4 F4 162/ F4 1612

| used herevi? = 2Bgrh andA(M?) = —%;2 Iog'x'—j . The coefficients appearing are given in Tgb. 3.
Note the similarity between the different results and thisterce of a number of largerelations

between the various cas¢s|[49].

6. Leading logarithms

The last part on which | want to report is some recent prognesalculating leading logarithms
in effective field theories. Some of this is also mentionetihétalk by Kampf[5B]. The underlying
argument goes something like: Take a quantity with a sincgéesF (M). The dependence on the
scale in field theory is typically logarithmic, so with= log(u/M)we get

F=Fo+FL+F§+FA2+FAL+F¢+F5L+ - (6.1)

The leading logarithms are the terms wiRl'L™. The F' can be more easily calculated than the
full result. This follows from the fact that for any physiaglantity u (dF/du) = 0 and ultraviolet
divergences in Quantum Field Theory are always local. lom@alizable theories this is embedded
in the renormalization group but for effective field thesrgich as QCD there is no simple recursive
argument. Weinberg already argued that one can get awaynliftone-loop calculations to obtain
the leading logarithmg13]. This was proven [n][54] and inomswhat simpler way in[[b5].
The underlying reason is that the cancellation of nonlooardences gives a set of consistency
relations between contributions of different loop ordeeaplained in[5p]. In the massless case
[F7—[59] this leads to an almost analytic expression to vegly brders since the diagrams remain

10
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fairly simple to all orders. In the massive case diagrams aity number of external legs show
up but the whole process can be automatized sinde jn [55]strealized that the Lagrangians at
higher order do not need to be minimal. Obtaining the minibwdrangian at each order would
have been essentially impossible. In the massive caseldispad results relate to tf&N) model,
masses in[35], decay constants and vacuum expectatioesvatwell as form-factors and meson-
meson scattering irf [p0] and the anomalous se¢tdr [61]. Sida toSU(N) x SU(N) has been
done in the massless caf€|[59] and is in progress for theveassie. | refer to the original papers
for more results but a few highlights are that the lakgénumber of flavours) limit is not a good
approximation for any of the quantities calculated. Theeseseem to converge in the expected
regions. None of the leading logarithms calculated seerbs inusually large. Unfortunately the
hope that we might recognize the general result for arlyitkaproved in vain.
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