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Abstract

We have constructed a consistent system of equations for the Yang-Mills quantum-wave fluctu-

ations in the classical Yang-Mills condensate based on canonical quantization in the Heisenberg

representation. Such a quasi-classical system has been thoroughly analyzed in the linear and quasi-

linear approximations, both analytically and numerically. We have found that interaction between

waves and condensate triggers a significant transfer or swap of energy from the condensate to the

wave modes in the SU(2) gauge theory. Remarkably, a similar energy swap effect has been found in

the maximally-supersymmetric N = 4 Yang-Mills theory, as well as in the two-condensate SU(4)

gauge theory. Such a generic feature of Yang-Mills dynamics opens up vast phenomenological

implications in ultra-relativistic Yang-Mills plasma physics.
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I. INTRODUCTION

A consistent non-perturbative theory of the Yang-Mills (YM) vacuum responsible e.g.
for spontaneous chiral symmetry breaking and color confinement phenomena in quantum
chromodynamics (QCD) [1–3], has not yet been created. Self-interacting YM fields play an
important role in yet poorly known quark-gluon plasma dynamics at high and low tempera-
tures, including the problem of QCD phase transition, as well as complicated QCD dynamics
at large distances. Also, the role of non-Abelian gauge fields in the early Universe evolution
has been intensively studied in many different aspects, in particular, in the context of the
Dark Energy [4–6] and non-Abelian fields driven inflation without the presence of a scalar
field (“gauge-flation”) [7]. Moreover, the modern dark energy can be in principle generated
by quantum gravity corrections to the QCD vacuum energy [8, 9]. Very recently, it was
understood that the unknown non-perturbative dynamics of the quantum-topological and
quantum-wave modes of the YM vacuum could also be responsible for (partial or complete)
compensation of the QCD instanton vacuum energy to the ground state energy of the Uni-
verse at cosmological scales [9, 10]. Thus, yet poorly known non-perturbative dynamics of
the YM vacuum is one of the biggest theoretical issues of modern quantum field theory, and
this situation strongly motivates us to search for a proper dynamical approach to the YM
vacuum physics.

The major goal of our paper is to study dynamical properties of the spatially-
inhomogeneous wave modes in the homogeneous YM condensate (YMC) incorporating in-
teractions between the waves and the condensate in the simplest one-condensate SU(2) YM
theory. The wave modes are interpreted as particles after quantization procedure which con-
stitute the ultra-relativistic YM plasma, and our purpose is to study the plasma properties
taking into account its interactions with the condensate in a theoretically consistent way.

We work in Hamilton gauge – the only known gauge which allows to formulate the YM
theory in the Heisenberg representation beyond the perturbation theory (for more details,
see e.g. Ref. [11]). Moreover, it is a ghost-free gauge which is important for our study since
the Faddeev-Popov ghosts [12] do not have a physical interpretation in plasma physics. In
the considered case we analyze the evolution of the homogeneous YMC in real time, and the
Heisenberg representation is the most useful one for this purpose.

Let us mention a few aspects of the YM theory in Hamilton gauge which are important
for our analysis. Typically, the YM theory is formulated in terms of the functional (or path)
integral [11]. After introducing the Hamilton gauge into the functional integral for YM
fields, one defines the S-matrix and all the incident propagators. As one of the attractive
features of Hamilton gauge, the asymptotic states of such S-matrix automatically contain
transverse modes only, without introducing extra selection rules. In the functional integral
approach, the propagators in the YM theory are defined as Green functions of the equations
of motion in Hamilton gauge, and the longitudinal modes of the YM field give a certain
contribution to these propagators while they disappear in asymptotic states.

In our analysis, we take the following theoretically consistent pathway1 which has cer-
tain methodological advantages for interacting systems of YM waves and YM condensates
compared to the standard functional integral formulation:

1 Of course, we do not say anything new here for the S-matrix theory and the gain is purely methodological

since this scheme can be consistently extended to an interacting system of the YM field and the YMC

relevant for our purposes here.
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• First, one starts with the YM Lagrangian in Hamilton gauge and writes down the
Lagrange equations of motion in the operator form following to the Bohr’s correspon-
dence principle;

• Second, since the zeroth component of the YM field A0 is absent in the YM Lagrangian
written in Hamilton gauge, there are no explicit constraint equations in the system of
corresponding Lagrange equations. But this does not lead to any loss of information
since the equations of constraint can be obtained as integrals of motion of the system
of Lagrange equations;

• Third, from the Lagrange formulation of the YM theory one can turn to the Hamilton
(or canonical) formulation and canonical quantization in a theoretically consistent way.

Let us discuss the third point of the above scheme in more detail. In the case of free YM
field (without its interactions with the condensate), free longitudinal YM mode does not
have any proper frequency and dispersion, thus in the Minkowski space without the conden-
sate this mode is aperiodic. The latter has three consequences: (1) it does not contribute to
the Hamiltonian; (2) it is impossible to calculate its contribution to the YM propagator as
a vacuum expectation value of time-ordered operator product; (3) there is a problem with
canonical quantization. The first consequence is essentially one of the advantages of the
Hamilton gauge which excludes any non-physical degrees of freedom from the Hamiltonian.
The other two consequences point out to the fact that the YM theory in Hamilton gauge
cannot be constructed according to standard algorithms of a non-degenerate field theory.
We found a simple alternative way to resolve the latter issue: in a system without the YMC
we introduce extra “virtual” infinitesimal terms, which are proportional to an infinitesimal
parameter, into the YM Lagrangian in Hamilton gauge. These terms are chosen in such a
way that the longitudinal mode acquires a small dispersion proportional to the infinitesimal
parameter which allows to perform canonical quantization in the standard way and to cal-
culate a contribution of this mode to the YM propagator as a vacuum expectation value of
time-ordered operator product. After canonical quantization procedure and construction of
the YM propagator, the infinitesimal parameter is safely turned to zero leading to exactly
the same S-matrix as the one defines in the standard functional integral formulation. This
methodological trick therefore leads to theoretically consistent results and allows to realize
the scheme described above in practice.

Consider now physically interesting case of the YM wave modes interacting with the
YMC. Here, the situation changes significantly, namely, in this case an important physical
effect of dynamical generation of the longitudinal plasma waves as collective excitations (also
known as plasmons) of macroscopic medium takes place. The latter effect is well-known in
physics of ordinary plasma [13] as well as quark-gluon plasma [14, 15] (see also Ref. [16] and
references therein). These longitudinal waves acquire both proper frequency (proportional
to density of the medium) and dispersion (proportional to thermal wave velocity squared).

A complete theory of quark-gluon plasma accounting for interactions between waves is
very complicated and is not yet constructed. In this paper, we consider a simple one-
condensate toy-model as our starting point where interactions between wave modes and
condensate are taken into account only while interactions between different wave modes are
not included. Physically, this situation corresponds to a YM system in the beginning of
its time evolution with a few wave modes interacting with the condensate such that the
interactions between waves are negligibly small compared to interactions of the waves with
the condensate. Noticeably enough it turns out that even in this model the longitudinal
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modes acquire proper frequencies providing their periodic dynamics in agreement with pre-
vious considerations in the literature. Moreover, it turns out that as soon as one extracts
the homogeneous condensate in the initial YM Lagrangian in Hamilton gauge, the canonical
quantization of longitudinal modes automatically appears to be natural and theoretically
consistent without introducing any “virtual” infinitesimal terms discussed above. Of course,
the longitudinal (plasma) waves in the condensate get excited together with transverse ones
so they contribute to observable quantities and must be taken into consideration on the
same footing to the transverse ones. Based on the canonical framework we present in this
paper and play out in the simplest one-condensate model, one may further extend this study
incorporating effects of mutual interactions between different wave modes. Certainly, the
latter have to be taken into account in a complete theory of ultra-relativistic gluon plasma.

The effect of dynamical generation of longitudinal modes in a YM medium and their
dynamical role described above is well-known in the literature [16] and we discuss it here
only for completeness and validation of our approach. The basic new result of our study
is observation that the interactions between the YM waves and the condensate in a simple
SU(2) YM theory trigger a significant energy transfer in one particular direction, namely,
from the condensate to the wave modes2. Such a specific energy swap effect between the two
vacuum subsystems may have serious consequences to the theory of non-perturbative YM
vacuum and, in particular, may have important phenomenological implications e.g. in the
theory of QCD phase transition in early Universe and in particle production mechanisms in
the hot cosmological plasma.

To start with, we have constructed the exact quasi-classical equations for the wave modes
and the condensate, and investigated them in the linear approximation (in small wave am-
plitudes limit). In this case, the equations of motion have a characteristic form of Mathieu
equations having certain regions of parametric resonance instability which leads to an in-
crease of amplitude of the waves. As was argued above, the constraints written for the
system of interacting homogeneous YMC and inhomogeneous waves do not allow to exclude
the longitudinal modes, such that these extra d.o.f. acquire their own dynamical properties
due to interactions between the two subsystems.

As a consequence of energy conservation, an increase of the YM waves energy reflected
in a corresponding increase of their amplitudes has to be accompanied by a corresponding
decrease of the YMC energy. In particular, this fact must be taken into account in derivation
of the quasi-linear YMC equation of motion where the “back reaction” effect of the wave
modes to the YMC is consistently incorporated. The numerical analysis of the resulting
system of equations has indeed revealed the energy swap effect satisfying the energy con-
servation: a decrease of the YMC energy is exactly compensated by an increase of energy
attributed to the wave modes, which is an important test of our calculations. In addition,
we have investigated the energy spectrum of the free YMC steady-state solutions of the
corresponding Schrödinger equation. Interestingly enough, it has been found that its energy
spectrum corresponds to a potential well of the fourth power.

Further, we have generalized our study to the maximally (N = 4) supersymmetric YM
(SYM) theory (see e.g. Ref. [17]). As one of the specific features of this theory is its con-
formality such that its β-function disappears (i.e. the coupling constant does not acquire
radiative corrections and therefore does not run), which significantly simplifies our calcu-
lations. The N = 4 SYM theory includes four different fermion fields, three scalar and

2 The existence of longitudinal modes is not critical for the observed energy transfer effect.

4



pseudoscalar fields. We have shown, both numerically and analytically, that interactions of
supersymmetric wave modes with the YMC lead to similar energy swap effect from the YMC
to the (pseudo)scalar wave modes as it was earlier observed for the vector wave modes. We
also studied the heterogenic system of two interacting YMCs in the SU(4) gauge theory and
similar energy swap effect has been found. These findings strongly suggest that the observed
dynamics in energy balance of the interacting YM system (wave + condensate) is a general
phenomenon and specific property inherent to YM theories. Inclusion of colored fermion
modes into our quasi-classical analysis is relevant for particle production mechanisms in
early Universe and will be done elsewhere.

The paper is organized as follows. In Section II we derive the equations of motion for
the YMC and YM wave modes in the first (linear) approximation. An extension to the
quasi-linear case accounting for the leading-order “back reaction” effect of the wave modes
to the YMC has been performed and thoroughly investigated in Section III. In Section IV
we apply our quasi-classical approach to the N = 4 super-Yang-Mills theory. Section V
contains a discussion of the two-condensate SU(4) model. A few concluding remarks were
made in Section VI. Appendix A is devoted to details of the Hamilton formulation of the
YM theory where the YM propagator has been derived by using the method of infinitesimal
parameter. Finally, canonical quantization of the YM wave modes in the classical YMC has
been performed in Appendix B as a consistency check of our quasi-classical analysis.

II. YANG-MILLS DYNAMICS IN THE LINEAR APPROXIMATION

A. An overview of degenerate Yang-Mills theory

For a comprehensive introduction to the theory of YM fields we refer to the standard
quantum field theory textbooks [11, 18]. At first, we would like to remind a few important
basics of the classical degenerate YM theory useful for our analysis below.

The Lagrangian of a pure YM field is

L = −1

4
F a
µνF

µν
a , (2.1)

where
F a
µν = ∂µA

a
ν − ∂νA

a
µ + g eabcAbµA

c
ν

is the YM stress tensor as usual. Here, we work with the SU(2) symmetry group with
isotopic a = 1, 2, 3 and Lorentz µ, ν = 0, 1, 2, 3 indices. There are twelve equations of
motion in the degenerate case given by

∂µF a
µν − gF b

µνeabcA
µ
c = 0 . (2.2)

Imposing the Hamilton (or Weyl) gauge

Aa0 = 0 , (2.3)

we end up with nine equations of motion

∂0F
a
0k = ∂iF

a
ik − gF b

ikeabcA
c
i , (2.4)
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and three constraints in the form of first integrals of motion

∂0(∂iF a
i0 − gF b

i0eabcA
i
c) = 0 . (2.5)

The total time derivative here can be removed in degenerate case, i.e.

∂iF a
i0 − gF b

i0eabcA
i
c = 0 . (2.6)

B. First-order Yang-Mills equations of motion

It has been demonstrated in Refs. [4, 5] that due to isomorphism of isotopic SU(2) and
spatial SO(3) symmetry groups the unique (up to scaling) SU(2) YM configuration can be
parameterized in terms of a scalar time-dependent field. This field contains both electric
and magnetic components. One can therefore introduce a mixed space-isotopic basis such
that in this basis the YM vector field Aaµ transforms into a tensor field Aik with two spatial

indices3 i and k. The isotopic symmetry group SU(2) and the group of spatial 3-rotations
SO(3) are isomorphic which allows to introduce the mixed orthonormal space-isotopic basis
eai as follows

eai e
a
k = δik , eai e

b
i = δab . (2.7)

Thus, a trivial projection of the Yang-Mills vector field Aai in the basis eai can be represented
as follows [4, 5]

eaiA
a
k = Aik , Aik = δikU(t) + Ãik , (2.8)

Here, the spatially-homogeneous time-dependent scalar field U(t) corresponds to the YM

vacuum condensate (YMC). The quantum-wave part Ãik is spatially-inhomogeneous and
describes motion of YM quanta, namely, physical particles after quantization.

The representation (2.8) enables us to rewrite the YM equation of motion (2.4) through

the YMC, U = U(t), and the wave modes, Ãik, separately as follows

− δlk(∂0∂0U + 2g2U3) + (−∂0∂0Ãlk + ∂i∂iÃlk − ∂i∂kÃli − gelmk∂iÃmiU − 2gelip∂iÃpkU

− gelmi∂kÃmiU + g2ÃklU
2 − g2ÃlkU

2 − 2g2δlkÃiiU
2) + (−gelmp∂iÃmiÃpk

− 2gelmpÃmi∂iÃpk − gelmp∂kÃmiÃpi + g2ÃliÃikU + g2ÃliÃkiU + g2ÃikÃilU

− 2g2ÃiiÃlkU − g2δlkÃpiÃpiU) + g2(ÃliÃpkÃpi − ÃpiÃpiÃlk) = 0 . (2.9)

The constraint equation (2.6) provides an extra condition:

∂i∂0Ãli − gelmi∂0UÃmi + gelmi∂0ÃmiU + gelmp∂0ÃmiÃpi = 0 . (2.10)

The equation (2.9) is separable by averaging over the Heisenberg state vector. To the

leading (zeroth) order in Ãik ≪ U fields, the equation for the YMC becomes

∂0∂0U + 2g2U3 = 0 . (2.11)

3 Since there is not zero index in the considering gauge, in what follows one can use only lower indices for

contravariant tensors and covariant derivatives, while repeated indices are assumed to be summed up.
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which has to be fulfilled in order to find the equations of motion for the free YM wave modes

in the first (linear) approximation. It is convenient to turn to Fourier transforms for Ãik
modes and expand them over the tensor basis [19]. In terms of symmetric and antisymmetric

parts, the tensor field Ãik reads

Ãik = ψik + eiklχl . (2.12)

Then, we expand the Fourier transforms of antisymmetric χl and symmetric ψik modes into
the tensor basis as

χ~pl = sσl η
~p
σ + nlλ

~p , (2.13)

and
ψ~pik = ψ~pλQ

λ
ik + ϕ~pσ(nis

σ
k + nks

σ
i ) + (δik − nink)Φ

~p + ninkΛ
~p , (2.14)

respectively, where the coefficients satisfy the following conditions

Qλ
ik = Qλ

ki , Qλ
ii = 0 , piQ

λ
ik = 0 , pksk = 0 . (2.15)

Thus, instead of nine components of the Aik tensor, we have introduced nine new d.o.f. In
Eqs. (2.13) and (2.14), 3-vectors ni and sk are the longitudinal and transverse unit vectors,
respectively, and ~p is the corresponding Fourier 3-momentum. In what follows, we omit
the Fourier momentum index ~p. Next, let us rewrite the general equation of motion (2.9)
(after a proper subtraction of the YMC equation (2.11)) through new d.o.f. to the linear
approximation as the following system of equations

∂0∂0ψλ + p2 ψλ + igp U Qλγ ψγ = 0 , (2.16)

and

∂0∂0Λ + 2igp λU + 2g2U2 (2Φ + Λ) = 0 ,

∂0∂0Φ+ p2Φ + 2igp λU + 2g2U2 (2Φ + Λ) = 0 ,

∂0∂0λ+ p2 λ− igp (2Φ + Λ)U + 2g2U2 λ = 0 ,

∂0∂0φσ +
p2

2
φσ −

p2

2
eσγ ηγ − igp U eγσ φγ = 0 ,

∂0∂0ησ +
p2

2
ησ −

p2

2
eγσ φγ + igp U eγσ ηγ + 2g2U2 ησ = 0 , (2.17)

where we introduced the following shorthand notations:

eαβ ≡ eikms
α
i nks

β
m , Qλγ ≡ elipniQ

λ
lkQ

γ
kp . (2.18)

Therefore, one arrives at the system of nine equations of motion for nine d.o.f. Finally, the
equations of constraint (2.10) can be conveniently transformed to the following explicit form
in terms of new d.o.f.

∂0(ip∂0 Λ− 2g λ ∂0U + 2g ∂0λU) = 0 , (2.19)

∂0(ip∂0 φγ + ipeγσ ∂0ησ − 2g ηγ ∂0U + 2g ∂0ηγ U) = 0 . (2.20)

It is straightforward to check that these two constraints are automatically satisfied for a
solution of the system of YM equations (2.16) and (2.17). Note, in a degenerate YM theory,
these constraints do not explicitly contain time derivatives, i.e.

ip∂0Λ− 2gλ∂0U + 2g∂0λU = 0 , (2.21)

ip∂0φγ + ipeγσ∂0ησ − 2gηγ∂0U + 2g∂0ηγU = 0 , (2.22)
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which are thus the first integrals of motion in this case.
For further considerations and consistency checks, it is instructive to represent quadratic

Lagrangian and Hamiltonian densities of the SU(2) YM wave modes interacting with the
YM condensate U = U(t) in terms of the new d.o.f. as follows

Lwaves
YM =

1

2

{
∂0ψλ ∂0ψ

+
λ + ∂0φσ ∂0φ

+
σ + ∂0Φ ∂0Φ

+ +
1

2
∂0Λ ∂0Λ

+ + ∂0ησ ∂0η
+
σ

+ ∂0λ∂0λ
+ − p2 ψλψ

+
λ − p2

2
φσφ

+
σ − p2ΦΦ+ − p2

2
ηση

+
σ − p2 λλ+

+
p2

2
eγσ(ησφ

+
γ + φγη

+
σ )− igp U eσγηση

+
γ + igp U Qλγψλψ

+
γ

+ igp U eσγφσφ
+
γ + igp U (2Φλ+ − 2λΦ+ + Λλ+ − λΛ+)

− 2g2U2 ηση
+
σ − 2g2U2 λλ+ − g2U2 (4ΦΦ+ + 2ΦΛ+ + 2ΛΦ+ + ΛΛ+)

}
,

(2.23)

Hwaves
YM =

1

2

{
∂0ψλ ∂0ψ

+
λ + ∂0φσ ∂0φ

+
σ + ∂0Φ ∂0Φ

+ +
1

2
∂0Λ ∂0Λ

+ + ∂0ησ ∂0η
+
σ

+ ∂0λ ∂0λ
+ + p2 ψλψ

+
λ +

p2

2
φσφ

+
σ + p2ΦΦ+ +

p2

2
ηση

+
σ + p2 λλ+

− p2

2
eγσ(ησφ

+
γ + φγη

+
σ ) + igp U eσγηση

+
γ − igp U Qλγψλψ

+
γ

− igpUeσγφσφ
+
γ − igp U (2Φλ+ − 2λΦ+ + Λλ+ − λΛ+)

+ 2g2U2 ηση
+
σ + 2g2U2 λλ+ + g2U2 (4ΦΦ+ + 2ΦΛ+ + 2ΛΦ+ + ΛΛ+)

}
.

(2.24)

It is straightforward to check that the system of equations (2.16) and (2.17) can be obtained
directly from Eqs. (2.23) or (2.24) in usual way. Finally, the complete effective SU(2) YM
Hamiltonian density properly including the YMC dynamics can be represented in terms of
Hwaves

YM (2.24) as follows:

HYM =
3

2
(∂0U∂0U + g2U4) +

∑

~p

Hwaves
YM , (2.25)

which will be used below in studies of the dynamical properties of the “waves + condensate”
system below.

C. Free Yang-Mills Condensate

The equation of motion which determines dynamical properties of the YMC, U = U(t),
has been derived to the leading order in the previous subsection and is given by Eq. (2.11).
Its numerical solution is shown in Fig. 1(left). To a good accuracy, the latter exhibits a
non-linear oscillation pattern and can be approximated by a quasi-harmonic function with
frequency of oscillations depending on their amplitude, e.g.

U ≃ U0 cos(ωt+ φ0) , ω = kgU0 , k =
2π

B(1
4
, 1
2
)
≃ 1.2 (2.26)
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where B(x, y) is the Euler beta function. The maximal error of this approximation is limited
by ∆U/U . 0.07.
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FIG. 1: Numerical solution of the YM equation of motion (2.11) for the time dependence of free

YMC potential, U = U(t), and its analytical approximation (2.26) for a fixed initial phase φ0 = 0

(left) and numerical result for the energy spectrum of free YMC, En, and its continuous analytical

approximation (2.29) (right).

The energy spectrum of quasi-harmonic YMC fluctuations can be found in standard way
from the Schrödinger steady-state equation and is shown in Fig. 1(right). Starting from the
Hamiltonian density for free YMC

H =
3

2

[
(∂0U)

2 + g2U4
]

one arrives at the Schrödinger equation

[1
6

d 2

dU2
+
(
E − 3

2
g2U4

)]
Ψ = 0 . (2.27)

It straightforward to show that the free YMC spectrum corresponds to a potential well of
the fourth power. Numerical calculation provides us with the first few energy levels in the
spectrum (see also, Ref. [20]), e.g.

En = Ẽn
g2/3

31/3
, Ẽ0 ≃ 0.5 , Ẽ1 ≃ 1.9 , Ẽ2 ≃ 3.7 , Ẽ3 = 5.8 , Ẽ4 = 8.13 , . . .

(2.28)
For practical use, it is convenient to come up with an approximate analytic formula for the
lower end of this spectrum, e.g. in the following form

Ẽn = (1.06 + 0.395n0.53)(n+ 0.5) , n = 0, 1, 2, . . . (2.29)

The maximal error of this formula for the first thirty energy levels does not exceed 4%.

D. Wave modes

Now, consider dynamics of the wave modes in the linear approximation (without taking
into account for the “back reaction” of wave modes to condensate) encoded in the system of

9



YM equations (2.11), (2.16) and (2.17). In fact, Eq. (2.16) is a closed system of two equations
for two functions ψk, k = 1, 2, and thus can be analyzed separately. By an appropriate choice
of the frame of reference, the matrices Qλ

ij and vector ni can be represented in the following
simple form:

Qλ=1
ij =




1 0 0
0 −1 0
0 0 0


 , Qλ=2

ij =




0 1 0
1 0 0
0 0 0


 , ni = (0, 0, 1) .

Further, introducing superpositions

ψ1 ≡ ψ′
1 + ψ′

2 , ψ2 ≡ i(ψ′
1 − ψ′

2)

equation (2.16) in the above basis falls apart into two independent equations for ψ′
1,2

∂0∂0ψ
′
1 + (p2 + 2gpU)ψ′

1 = 0 ,

∂0∂0ψ
′
2 + (p2 − 2gpU)ψ′

2 = 0 ,

which are recognized as Mathieu equations. Here, U = U(t) is a solution of YMC equation
(2.26). Notably, the parametric resonance (or instability) domains are well known for this
type of equations. In particular, for the tensor ψk mode the first such parametric reso-
nance instability domain can be found approximately as 0.15g U0 . p . 4.55g U0, where
U0 ≡ U(t = t0) is an initial value of YMC. Other wave modes have different resonance-like
instability domains which can be found numerically.
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0
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15
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F
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0

FIG. 2: Example of normalized numerical solution of the system of YM equations (2.11), (2.16)

and (2.17) for one of the wave modes, Φ = Φ(t), in the case of monotonic growth of oscillations for

p = 0 (left), and in the resonance-like instability domain with harmonic impulses for a particular

value p = 0.1g U0 (right).

An analytical analysis of remaining equations (2.17) is less feasible due to the presence
of quadratic term in YMC, ∼ U2. In addition, our numerical study has shown that one
should not use the approximation (2.26) in this case such that dynamics of the wave modes
becomes very different from the well-known picture of parametric resonance in the case
of Mathieu equations. Nevertheless, exact numerical analysis of the complete system of
equations reveals the existence of the resonance-like instability domains for all of the wave
d.o.f. analogical to the rigorous parametric (Mathieu) resonance one of the ψk mode.

As an example, in Fig. 2 we represent the normalized numerical solution for one of
the wave modes, Φ = Φ(t), for two distinct cases: a solution with monotonically growing
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amplitude for p = 0 (left) and a solution from the parametric resonance-type instability
domain with harmonic impulses for a particular value of momentum p = 0.1 g U0 (right). The
observed growth of Φ amplitude or, equivalently, its energy is triggered by its interactions
with the YMC. The same effect has been observed for all other modes as well. We thus
conclude that the particles energy dynamically increases in the course of time evolution of
“particles + condensate” system due to parametric resonance-like instability of numerical
solutions of the non-linear YM equations.

E. Free Yang-Mills field and longitudinal d.o.f.

Let us consider the limiting case of free YM field without taking into account its interac-
tions with the YMC, i.e. setting U = 0 in Eqs. (2.16) and (2.17). In this case we have the
following reduced system

∂0∂0Λ = 0 , ∂0∂0Φ + p2Φ = 0 , ∂0∂0λ+ p2λ = 0 , ∂0∂0ψλ + p2ψλ = 0 ,

∂0∂0φσ +
p2

2
φσ −

p2

2
eσγηγ = 0 , ∂0∂0ησ +

p2

2
ησ −

p2

2
eγσφγ = 0 ,

and two constraints
ip∂0Λ = 0 , ip∂0φγ + ipeγσ∂0ησ = 0 ,

since the considered case with U = 0 corresponds to a degenerate YM theory. Notably, now
the constraints allow to eliminate three d.o.f., namely, Λ and ηα, which can be associated
with three unphysical longitudinal polarisations of free gauge field Aaµ such that

Λ = 0 , ηα = eαβφβ . (2.30)

Thus, in the considering limiting case the constraints reduce the number of physical d.o.f.
from nine down to six transverse ones. Note, such a reduction is not possible for non-zeroth
interactions with the YMC, e.g. when U 6= 0 in Eqs. (2.16) and (2.17). This is because
in the general case the constraints (2.21) and (2.22) cannot be represented in the form of
motion integrals as it used to take place in the standard case without the YMC such that
the longitudinal d.o.f. cannot be eliminated anymore. This fact essentially means that
interactions of the wave modes with the homogeneous YMC dynamically generate three
additional d.o.f. Λ and ηα, such that both the longitudinal and transverse polarisations of
interacting YM field have the status of physical d.o.f. and therefore must be treated on the
same footing. The latter statement is in a good agreement with the canonical quantization
procedure (see Appendices A and B) and is confirmed by numerical analysis of the complete
system (2.16) and (2.17).

III. “BACK REACTION” OF THE WAVE MODES TO THE CONDENSATE

A. Dynamics of YMC in quasi-linear approximation

Due to energy conservation the growth of energy of the wave modes observed in the
previous Section has to be followed by a certain redistribution of energy between YMC
and wave modes. In order to take into account this effect consistently it is necessary to
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incorporate second-order contributions to the YMC equation for U = U(t) (2.11) which
account for interactions between condensate and particles as follows

∂0∂0U + 2g2U3 +
g2

6
U

∑

~p

〈
2ηση

+
σ + 2λλ+ + 4ΦΦ+ + ΛΛ+ + 2ΦΛ+ +

2ΛΦ+ + 2η+σ ησ + 2λ+λ+ 4Φ+Φ+ Λ+Λ + 2Φ+Λ + 2Λ+Φ
〉
+

ig

12

∑

~p

p
〈
2Λ+λ− 2Λλ+ + 2Φ+λ− 2Φλ+ + 2λΦ+ − 2λ+Φ−

Qλσ(ψλψ
+
σ − ψ+

λ ψσ)− eσγ(φσφ
+
γ − φ+

σ φγ) + φ+
σ ησ − φση

+
σ +

η+σ φσ − ησφ
+
σ + eσγ(ηση

+
γ − η+σ ηγ)

〉
= 0 . (3.1)

Here, the averaging 〈. . . 〉 is performed over the Heisenberg vector state. Since equal wave
modes with different momenta do not interact with each other then all their products disap-
pear upon the averaging, so only products of different (interacting) modes remain. Besides,
all linear and cubic terms in waves also disappear in the considering quasi-linear approxi-
mation as well.

The effective second-order Hamiltonian density incorporating the “back reaction” effect of
the wave modes to the YMC can be represented as a sum of three components corresponding
to the free YMC, HU, free wave modes (or particles), Hparticles, and the term accounting for
interactions between these two subsystems, Hint, respectively. Let us consider for simplicity
interactions of the YMC with three wave modes Φ, Λ and λ only which form a closed
subsystem of equations and hence can be considered separately. In this case extracting the
corresponding contributions from the effective Hamiltonian density HYM given by Eq. (2.25)
we obtain

HU =
3

2

(
∂0U∂0U + g2U4

)
+ . . .

Hparticles =
1

2

∑

~p

(
∂0Φ∂0Φ

+ +
1

2
∂0Λ∂0Λ

+ + ∂0λ∂0λ
+ + p2ΦΦ+ + p2λλ+

)
+ . . .

Hint =
1

2

∑

~p

[
g2U2

(
λλ+ + 2ΦΦ+ +

1

2
ΛΛ+ + ΦΛ+ + ΛΦ+

)
+

igp U
(1
2
λΛ+ − 1

2
Λλ+ + λΦ+ − Φλ+

)]
+ . . . ,

where dots stand for omitted contributions from other modes. It can be seen from these
expressions that interaction term Hint is not sign-definite in distinction to positively-definite
condensate HU and waves Hparticles contributions.

In our numerical analysis and in all the plots in this paper we consider the complete
system of all nine wave d.o.f. and YMC including interactions between them. We found
that wave-condensate interactions lead to a decrease of amplitude of the YMC oscillations
in time as is seen in Fig. 3 (left). An analogical picture of damping of the condensate
oscillations is observed in the reduced (closed) system of Φ, Λ and λ wave modes and the
YMC. We have also calculated the energy evolution of particles and condensate shown in
Fig. 3 (right). These plots clearly illustrate the energy transfer (swap) effect from the YMC
to particles due to interactions between them.
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FIG. 3: Time dependence of the YMC in the quasilinear approximation in the complete system of

wave modes (left), and the evolution of condensate HU, YM wave modes (or particles) Hparticles,

and interaction term Hint contributions to the total energy in the complete system of wave modes

(right). The illustrated numerical solutions are physical for relatively small wave amplitudes, i.e.

Ãik ≪ U corresponding to t/TU . 1.
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FIG. 4: Particle momentum dependence of the ratio of averaged absolute value of the wave ampli-

tude at a fixed final t > t0 (when most of the energy of the system is concentrated in waves) to the

initial amplitude at t = t0 (when all energy of the system is concentrated in the YMC). The latter

ratio accounts for the maximal deviation in the wave amplitudes within the time interval between

t and t0. The results are shown for transverse Φ and longitudinal Λ modes.

In addition, interactions between the YMC and wave modes (particles) lead to a redistri-
bution of energy between the modes with different impulses which rather strongly depends
on particles momentum due to parametric resonance-like instability of YM solutions. The
latter happens because the interaction strength, and hence the energy transfer intensity, de-
pends on amplitude of impulses which is different for different modes and particles momenta
(for a given mode). As an illustration of this effect, in Fig. 4 we show the particle momen-
tum dependence (in dimensionless units) of the ratio of averaged absolute value of the wave
amplitude at a fixed final t > t0 (when most of the energy of the system is concentrated in
waves) to the initial amplitude at t = t0 (when all energy of the system is concentrated in
the YMC). The results are shown for transverse Φ and longitudinal Λ modes and are quali-
tatively the same for all the other modes. We notice that an increase in wave amplitude due
to parametric instability may be rather strong close to the peak regions in corresponding
energy spectra. One therefore observes the ultra-relativistic particles production effect with

13



momenta close to the resonant momenta p ∼ gU0 in a vicinity of maxima points in Fig. 4.
As the main physical result to be emphasized here, we have found the significant energy

swap effect between the YMC and particle-like modes of the ultrarelativistic YM plasma
due to their interactions in quasilinear approximation. Due to energy conservation it is
clear that the parametric resonance for the ψk mode or a resonance-like instability for other
modes in general is accompanied by an energy flow from the YMC to the waves. So the
resonance-like instability of the quantum-wave solutions in the classical condensate is the
physical reason of the energy swap effect. Note, that in Fig. 3 (right) we should restrict
ourselves to maximal time scales of about one period of YMC fluctuations, t/TU . 1. At
larger time scales t/TU > 1 the amplitude of the wave fluctuations becomes comparable
to the amplitude of condensate fluctuations so the considering quasilinear approximation
breaks down there. Let us study sensitivity of our solutions with respect to higher-order
corrections in detail.

B. Stability of results with respect to higher-order corrections

So far we have considered the SU(2) YM wave dynamics in the classical YM condensate
in the first (leading or linear) approximation, while the YMC dynamics – in the leading
(linear) and next-to-leading (quasi-linear) approximations. The range of applicability of our

quasi-classical analysis is limited to small quantum-wave fluctuations Ãik in the condensate

U considered as a classical background, i.e. in the Ãik ≪ U asymptotics.
It has been demonstrated above that the interactions between the wave modes and the

condensate lead to an increase of energy accumulated by the wave modes at expense of a
corresponding decrease of YMC energy. This means that as some point in evolution of the
system the amplitude of wave modes becomes too large so that the initial approximation

Ãik ≪ U breaks down. Such a breakdown can be noticed in numerical results in the quasi-
linear approximation, e.g. in YMC dynamics given by a numerical solution of Eqs. (2.16),
(2.17) and (3.1) illustrated in Fig. 5 by red line. It is clearly seen from this figure that
at relatively large time scales increasing the time domain of effective energy swap from
the condensate to waves, the YMC energy becomes singular and unbounded. The latter
anomaly is due to breakdown of the quasi-linear approximation. In what follows, we show
that inclusion of the principal part of the higher-order terms into the linear equations (2.16)
and (2.17) for the wave modes allows to eliminate such anomalies and reveals qualitative
stability of the energy swap effect under consideration.

The equations of motion for the wave Ãik modes in a given order are normally constructed
after elimination of the equation of motion for the YMC from generic Eq. (2.9). Denote the

left side of Eq. (2.9) as Ylk such that equations for the Ãlk modes take the following form

Ỹlk = Ylk − 〈Ylk〉 = 0 , (3.2)

where 〈. . . 〉 denotes averaging over the Heisenberg state vector as usual. For simplicity, we
take into account the last two terms in Eq. (2.9) only. Omitting all other higher-order terms
in Eq. (3.2) we have

∂0∂0Ãlk − ∂i∂iÃlk + ∂i∂kÃli +

g elmk∂iÃmiU + 2g elip∂iÃpkU + g elmi∂kÃmiU −
g2 ÃklU

2 + g2 ÃlkU
2 + 2g2 δlkÃiiU

2 + g2 (ÃpiÃpiÃlk − ÃliÃpkÃpi) + · · · = 0 . (3.3)
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FIG. 5: Time evolution of the YMC in the complete quasi-linear problem given by a numerical

solution of Eqs. (2.16), (2.17) and (3.1) (red line) and in the problem with extra higher order terms

included (3.6) (blue line).

Now let us multiply Ỹlk(x, t) by Ãlk in a different space-time point (x′, t′) in order to make
the terms of the fourth order such that

〈Ãlk(x′, t′)Ỹlk(x, t)〉 = 0 , (3.4)

due to Eq. (3.2). Here each fourth-order term can then be transformed as follows

〈ψ1ψ2ψ3ψ4〉 = 〈ψ1ψ2〉〈ψ3ψ4〉+ 〈ψ1ψ3〉〈ψ2ψ4〉+ 〈ψ1ψ4〉〈ψ2ψ3〉 , (3.5)

Omitting Ãlk(x
′, t′) function and performing Fourier transform of the remaining terms we

obtain

∂0∂0Ãlk + p2 Ãlk − p2 nink Ãli + igp elmkniÃmi U +

2ig p elipni∂iÃpk U + ig p elminkÃmi U − g2 Ãkl U
2 +

g2 Ãlk U
2 + 2g2 δlkÃii U

2 − g2

4

[
Ãli

∑

~p

〈ÃpiÃ+
pk + Ã+

piÃpk〉+

Ãpk
∑

~p

〈ÃliÃ+
pi + Ã+

li Ãpi〉+ Ãpi
∑

~p

〈ÃliÃ+
pk + Ã+

li Ãpk〉 −

2Ãpi
∑

~p

〈ÃpiÃ+
lk + Ã+

piÃlk〉 − Ãlk
∑

~p

〈ÃpiÃ+
pi + Ã+

piÃpi〉
]
+ · · · = 0 . (3.6)

We notice here that the third-order terms have transformed to effective mass terms given by
averages of various two operator products. In particular, Fig. 5 (blue line) illustrates that
such higher-order effective mass terms eliminate formal singularities in the YMC such that
the numerical solution stabilizes and the energy swap effect discussed above remains at the
qualitative level.

Certainly, this simplified analysis is not complete and is aimed only at illustrating that
inclusion of the major part of higher-order terms significantly improves and stabilizes the
results of the quasi-linear model. In a fully consistent model one has to take into account
contributions from all the higher-order terms both in the wave equations of motion and in
the YMC equation simultaneously, which will be done elsewhere.
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IV. SUPERSYMMETRIC EXTENSION OF PURE YM THEORY

Now we would like to extend our analysis to the N = 4 supersymmetric Yang-Mills
theory with SU(2) which contains additional spinor, scalar and pseudoscalar d.o.f. (see e.g.
Ref. [17]). The corresponding Lagrangian reads

LSUSY = −1

4
F a
µνF

µν
a +

i

2
λ̄ak′γ

µDµλ
a
k′ +

1

2
(DµC

a
(i))

2 +
1

2
(DµB

a
(i))

2 − (4.1)

g

2
ǫabcλ̄ak′(α

(i)
k′l′C

b
(i) + β

(i)
k′l′γ5B

b
(i))λ

c
l′ + (4.2)

g2

4

[
(ǫabcCb

(i)C
c
(j))

2 + (ǫabcBb
(i)B

c
(j))

2 + (ǫabcCb
(i)B

c
(j))

2
]
. (4.3)

Here a, b, c = 1 ... 3 are the isotopic SU(2) indices, i, j = 1 ... 3 numerate different types
of scalar C and pseudoscalar B fields, k′, l′ = 1 ... 4 numerate different flavors of fermions
λ. Next, we decompose additional supersymmetric modes into transverse and longitudinal
components in momentum space as follows

C
(i)~p
k = nkK(i) + sαkM(i)α ,

B
(i)~p
k = nkK

′
(i) + sαkM

′
(i)α ,

λk
′~p
k = nkϑ

k′ + sαk ζ
k′

α .

Also, we perform the corresponding tensor decompositions for the YM field Aaµ which enters
the covariant derivative Dµ and stress tensor Fµν in the same way as is done above.

Next, let us rewrite the supersymmetric part of the Lagrangian density (4.3) in terms of
new Fourier modes K, M, ϑ and ζ . The N = 4 supersymmetric YM Lagrangian density
(2.23) is given in terms of wave modes and condensate by

LSUSY =
1

2

{
∂0ψλ ∂0ψ

+
λ + ∂0φσ ∂0φ

+
σ + ∂0Φ ∂0Φ

+ +
1

2
∂0Λ ∂0Λ

+ + ∂0ησ ∂0η
+
σ +

∂0λ ∂0λ
+ − p2 ψλ ψ

+
λ − p2

2
φσ φ

+
σ − p2ΦΦ+ − p2

2
ησ η

+
σ − p2λ λ+ +

p2

2
eγσ(ησφ

+
γ + φγη

+
σ )− igp U eσγηση

+
γ + igp U Qλγψλψ

+
γ +

igp U eσγφσφ
+
γ + igp U (2Φλ+ − 2λΦ+ + Λλ+ − λΛ+)−

2g2U2 ηση
+
σ − 2g2U2 λλ+ − g2U2 (4ΦΦ+ + 2ΦΛ+ + 2ΛΦ+ + ΛΛ+) +

1

2
∂0K(i)∂0K

+
(i) +

1

2
∂0M(i)α∂0M

+
(i)α −

1

2
p2K(i)K

+
(i) −

1

2
p2M(i)αM

+
(i)α −

igp U eβαM(i)αM
+
(i)β − g2U2K(i)K

+
(i) − g2U2M(i)αM

+
(i)α +

1

2
∂0K

′
(i) ∂0K

′+
(i) +

1

2
∂0M

′
(i)α ∂0M

′+
(i)α −

1

2
p2K ′

(i)K
′+
(i) −

1

2
p2M ′

(i)αM
′+
(i)α −

igp UeβαM ′
(i)αM

′+
(i)β − g2U2K ′

(i)K
′+
(i) − g2U2M ′

(i)αM
′+
(i)α +

i

2
ϑ̄k

′

γ0∂0ϑ
k′ +

i

2
ζ̄k

′

α γ0∂0ζ
k′

α − p

2
nkϑ̄

k′γkϑ
k′ − p

2
nkζ̄

k′

α γkζ
k′

α −
i

2
gUeilmnis

α
mϑ̄

k′γlζ
k′

α − i

2
gUeilmnms

α
i ζ̄

k′

α γlϑ
k′ − i

2
gUeilms

α
i s

β
mζ̄

k′

α γlζ
k′

β

}
, (4.4)
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and the corresponding Hamiltonian density (2.24) has a form

HSUSY =
1

2

{
∂0ψλ ∂0ψ

+
λ + ∂0φσ ∂0φ

+
σ + ∂0Φ ∂0Φ

+ +
1

2
∂0Λ ∂0Λ

+ + ∂0ησ ∂0η
+
σ +

∂0λ ∂0λ
+ + p2 ψλψ

+
λ +

p2

2
φσφ

+
σ + p2ΦΦ+ +

p2

2
ηση

+
σ + p2 λλ+ +

p2

2
eγσ(ησφ

+
γ + φγη

+
σ ) + igp U eσγηση

+
γ − igp U Qλγψλψ

+
γ −

igp U eσγφσφ
+
γ − igp U (2Φλ+ − 2λΦ+ + Λλ+ − λΛ+) +

2g2U2 ηση
+
σ + 2g2U2 λλ+ + g2U2 (4ΦΦ+ + 2ΦΛ+ + 2ΛΦ+ + ΛΛ+) +

1

2
∂0K(i) ∂0K

+
(i) +

1

2
∂0M(i)α ∂0M

+
(i)α +

1

2
p2K(i)K

+
(i) +

1

2
p2M(i)αM

+
(i)α +

igp U eβαM(i)αM
+
(i)β + g2U2K(i)K

+
(i) + g2U2M(i)αM

+
(i)α +

1

2
∂0K

′
(i) ∂0K

′+
(i) +

1

2
∂0M

′
(i)α ∂0M

′+
(i)α +

1

2
p2K ′

(i)K
′+
(i) +

1

2
p2M ′

(i)αM
′+
(i)α +

igp U eβαM ′
(i)αM

′+
(i)β + g2U2K ′

(i)K
′+
(i) + g2 U2M ′

(i)αM
′+
(i)α +

p

2
nkϑ̄

k′γkϑ
k′ +

p

2
nkζ̄

k′

α γkζ
k′

α +
i

2
g U eilmnis

α
mϑ̄

k′γlζ
k′

α +

i

2
g U eilmnms

α
i ζ̄

k′

α γlϑ
k′ +

i

2
g U eilms

α
i s

β
mζ̄

k′

α γlζ
k′

β

}
. (4.5)

The equations of motion for the extra supersymmetric d.o.f. K, M, ϑk
′

, ζk
′

α can be con-
structed in the standard way as Lagrange (or Hamilton) equations based upon Eq. (4.4) (or
Eq. (4.5))

∂0∂0K(i) + p2K(i) + 2g2U2K(i) = 0 , (4.6)

∂0∂0M(i)α + p2M(i)α + 2igp U eαβMβ + 2g2U2M(i)α = 0 , (4.7)

γ0∂0ϑ
k′ + ip njγjϑ

k′ − g U eiklγknis
α
l ζ

k′

α = 0 , (4.8)

γ0∂0ζ
k′

α + ipnjγjζ
k′

α − g U eiklγks
α
i s

β
l ζ

k′

β − g U eiklγknls
α
i ϑ

k′ = 0 . (4.9)

The equations for pseudoscalar modes K ′ and M ′ are the same as equations for K (4.6) and
M (4.7), respectively. A numerical analysis of these equations in the linear approximation
(with free YMC) has shown that qualitative behavior of the (pseudo)scalar modes is analog-
ical to that of the YM wave modes discussed above. Finally, the equation of motion for the
YMC in the quasi-linear approximation accounting for “back reaction” effects of the wave
modes (including supersymmetric ones) to the condensate reads

∂0∂0U + 2g2 U3 +
g2

6
U

∑

~p

〈
2ηση

+
σ + 2λλ+ + 4ΦΦ+ + ΛΛ+ + 2ΦΛ+ +

2ΛΦ+ + 2η+σ ησ + 2λ+λ+ 4Φ+Φ+ Λ+Λ + 2Φ+Λ + 2Λ+Φ
〉
+

ig

12

∑

~p

p
〈
2Λ+λ− 2Λλ+ + 2Φ+λ− 2Φλ+ + 2λΦ+ − 2λ+Φ−
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Qλσ(ψλψ
+
σ − ψ+

λ ψσ)− eσγ(φσφ
+
γ − φ+

σ φγ) +

φ+
σ ησ − φση

+
σ + η+σ φσ − ησφ

+
σ + eσγ(ηση

+
γ − η+σ ηγ)

〉
+

g2

6
U

∑

~p

〈
K(i)K

+
(i) +K+

(i)K(i) +M+
(i)αM(i)α +M(i)αM

+
(i)α

〉
+

ig

12

∑

~p

p
〈
eαβ(M+

(i)αM(i)β −M(i)αM
+
(i)β)

〉
+
g2

6
U

∑

~p

〈
K ′

(i)K
′+
(i) +

K ′+
(i)K

′
(i) +M ′+

(i)αM
′
(i)α +M ′

(i)αM
′+
(i)α

〉
+
ig

12

∑

~p

p
〈
eαβ(M ′+

(i)αM
′
(i)β −

M ′
(i)αM

′+
(i)β)

〉
− ig

6

∑

~p

〈
elmpnms

α
p ϑ̄

k′γlζ
k′

α +

elmpnps
α
mζ̄α

k′
γlϑ

k′ + elmps
α
ms

β
p ζ̄α

k′
γlζ

k′

β

〉
= 0 .

Taking into consideration only additional scalar and pseudoscalar fields in numerical analysis
we notice that the qualitative picture of YMC dynamics shown in Figs. 3 is not changed.
Also, energy of extra d.o.f. grows effectively due to the energy swap effect in the parametric
resonance-like instability region similarly to other YM wave modes. Note, a consistent
analysis of equations (4.8) and (4.9) for the spinor modes ϑk

′

, ζk
′

α can only be performed in
the framework of quantum field theory approach, which is planned for further studies.

V. TWO-CONDENSATE MODEL

As has been pointed out in the beginning of Section II, the YMC is a dynamical vac-
uum object which can be introduced for the SU(2) YM field in Hamilton gauge based on
isomorphism of SU(2) gauge and SO(3) spatial symmetry groups. Let us consider a higher
gauge group, which would contain a few subgroups isomorphic to SU(2). The simplest group
of this type is SU(4). It contains two SU(2) subgroups which means that the YM field,
described by local SU(4) gauge group, contains two condensates. The main focus of this
Section is to discuss dynamical features of such a heterogenic vacuum system.

The generators of SU(4) gauge group can be written as

λ1 =




0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0


 , λ2 =




0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0


 , λ3 =




1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0


 , λ4 =




0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0




λ5 =




0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0


 , λ6 =




0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1


 , λ7 =




0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0


 , λ8 =




0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0
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λ9 =




0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0


 , λ10 =




0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0


 , λ11 =

1√
2




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


 , λ12 =




0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0




λ13 =




0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0


 , λ14 =




0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0


 , λ15 =




0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0


 (5.1)

The generators λ1, λ2, λ3 and λ4, λ5, λ6 correspond to SU(2) subgroups, and structure
constants are given by

fabc =
1

4i
Tr([λa, λb]λc) . (5.2)

In the Hamilton gauge, two different YMCs Ui = Ui(t), i = 1, 2 corresponding to each
SU(2) subgroup can be introduced in analogy with Eq. (2.8), i.e.

Aai = δa1 i U1 + δa2 i U2 + Ãai , a = 1 . . . 15 , (5.3)

where

δa1 i =




1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
. . .
0 0 0




, δa2 i =




0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
. . .
0 0 0




. (5.4)

The equations of motion are given by general formula from the classical YM theory (2.4).
The equations for free (non-interacting) condensates U1 and U2 can be easily extracted from
Eq. (2.4)

∂0∂0U1 + 2g2U3
1 = 0 , ∂0∂0U2 + 2g2 U3

2 = 0 .

Note, these equations do not contain mixed terms like Un
1 U

m
2 and coincide with Eq. (2.11).

This means that the condensates U1(t) and U2(t) in the SU(4) theory do not interact with
each other directly. As we will demonstrate later, they can interact only by means of particle
exchanges.

The linear equations of motion for the Fourier transformed wave modes Ã~p a
i (we omit

index ~p below) are

∂0∂0Ã
a
k + p2 Ãak − p2 nkniÃ

a
i + 2igp U1 faicniÃ

c
k + 2igp U2 fa(i+3)cniÃ

c
k +

igp U1 fabkniÃ
b
i + igp U2 fab(k+3)niÃ

b
i + igp U1 fabinkÃ

b
i + igp U2 fab(i+3)nkÃ

b
i = 0 .(5.5)

One can show by a direct calculation that equations for the wave modes corresponding to
each of the SU(2) subgroups (with a = 1, 2, 3 and a = 4, 5, 6, respectively) coincide with
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analogical equations in the one-condensate model (2.9) (or with Eqs. (2.16) and (2.17) in
terms of the tensor basis modes).

Now let us investigate the quasi-linear “back reaction” effect of the wave modes to YMCs.
Including next (second) order in waves, the equation for the U1 condensate reads

∂0∂0U1 + 2g2U3
1 +

ig

12

∑

~p

p fkbc

〈
2niÃ

b+
i Ã

c
k − 2niÃ

b
i Ã

c+
k + niÃ

c+
k Ã

b
i −

niÃ
c
kÃ

b+
i + nkÃ

b+
i Ã

c
i − nkÃ

b
i Ã

c+
i

〉
+
g2

12
U1

∑

~p

〈
fkbifbde(Ã

d
i Ã

e+
k + Ãd+i Ãek) +

fkbcfbdk(Ã
d
i Ã

c+
i + Ãd+i Ãci) + fkbcfbie(Ã

e
kÃ

c+
i + Ãe+k Ãci)

〉
+

g2

12
U2

∑

~p

〈
fkb(i+3)fbde(Ã

d
i Ã

e+
k + Ãd+i Ãek) + fkbcfbd(k+3)(Ã

d
i Ã

c+
i + Ãd+i Ãci) +

fkbcfb(i+3)e(Ã
e
kÃ

c+
i + Ãe+k Ãci)

〉
= 0 . (5.6)

The corresponding equation for the second condensate U2 has an analogical form. By a direct
calculation it can be shown from Eq. (5.6), analogical equation for U2 and Eq. (5.5) that
the wave modes corresponding to the first and second SU(2) subgroup interact only with its
own condensate U1 and U2, respectively, in the same way as they do in the one-condensate
model considered above. Remarkably enough, other 27 modes corresponding a = 7 . . . 15
generators of SU(4) interact with both condensates at the same time. This means that
interaction between U1 and U2 condensates is realized via particle exchanges only related to
these remaining 27 wave modes. This effect is explicitly confirmed by a numerical analysis.

In general, time evolution of wave modes of the SU(4) theory and two YMCs is analogical
to the case of one-condensate system illustrated in Fig. 3, i.e. energy of the both condensates
is transferred into the ultra-relativistic YM plasma. This study suggests that the observed
effect of energy swap is a generic feature of YM dynamics.

VI. CONCLUSION

Starting from the basic idea about an important dynamical role of the YMC (2.8), we
have constructed a consistent quasi-classical approach based on Hamilton formulation and
canonical quantization of the wave modes in the classical YMC. This approach has been
applied in analysis of the system of YM wave modes (or particles after quantization) in
the ultra-relativistic plasma interacting with the YMC (in the limit of small interactions
between waves).

Namely, we have derived the YM equations of motion for the waves in condensate in linear
approximation (2.16), (2.17) and (2.11) in the SU(2) gauge theory and numerically inves-
tigated their solutions. In order to understand how interactions of waves with condensate
affect the energy balance between these two subsystems, we have investigated a consistent
problem in the quasi-linear approximation accounting for the “back reaction” effect of par-
ticles to the condensate (3.1). The results of numerical analysis are presented in Figs. 3 and
4 and demonstrate a specific energy swap effect, namely, an effective energy transfer from
the YMC fluctuations to the YM wave modes heating up the ultra-relativistic plasma. The
latter effect can be important for better understanding particle production mechanisms e.g.
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in the hot cosmological plasma which is the matter for further studies. Interaction of the
wave modes with the YMC leads to dynamical generation of effective longitudinal d.o.f in
the plasma increasing the number of physical modes from six to nine. The quantum energy
spectrum of free YMC has been found from stationary Schrödinger equation. It turned out
that this spectrum corresponds to a potential well of the fourth power, and a convenient
analytical approximation to the discrete numerical solution has been proposed.

It has been shown that dynamics of waves and condensate in the extended N = 4
supersymmetric YM theory is analogical to the one of pure YM theory discussed above. In
particular, it has been indicated that interaction of the supersymmetric (pseudo)scalar wave
modes with the YMC leads to a similar energy swap effect between them. We also studied the
heterogenic system of two interacting YMCs in the SU(4) gauge theory and similar energy
swap effect has been found. These findings strongly suggest that the observed dynamics in
energy balance of the interacting YM system (wave + condensate) is a general phenomenon
and specific property inherent to YM theories.

As the main result of this paper, the energy redistribution effect from the YMC to the
YM wave modes has been found and investigated from the first principles of quasi-classical
YM theory in one- and two-condensate cases. This effect can be of major importance
for cosmological processes in the early Universe, in particular, in the processes of particle
production during the preheating period after cosmic inflation which is planned for further
studies. In addition, an extension of the quasi-classical approach to a full quantum field
theory formalism (including fermion modes) could become one of the next important steps
in further theoretical understanding of dynamics of the wave modes interacting with the
condensate.

Appendix A: Hamilton formulation of the Yang-Mills theory

The major difficulties of the canonical quantization of the free YM field (without the
YMC) arise due to the presence of its time-retarded zero component in the Lagrangian (2.1).
One of the ways to resolve this issue is based upon the method of expansion in configuration
space elaborated in Refs. [21, 22]. Here we follow another way using the ghost-free Hamilton
gauge (2.3) and the method of infinitesimal parameter discussed below.

Let us construct the YM propagator in the form of chronologically ordered vacuum av-
erage of operator product. In a realistic case, consider a system of a YM field and a color-
charged multiplet of fermions. The Lagrangian and Hamiltonian densities of such a system
are

L = −1

4
F a
µνF

µν
a + iqfγ

µ
(
∂µqf −

i

2
gAaµλ

aqf

)
−mfqfqf , (A1)

H =
1

2

(
(F a

0k)
2 + (F a

ik)
2
)
− 1

2
g q̄fγ

iAai λ
aqf − iq̄fγ

i∂iqf +mf q̄fqf , (A2)

respectively. Then, the corresponding Lagrange equations of motion read

∂µF a
µν − gF b

µνfabcA
µ
c +

1

2
gqfγνλ

aqf = 0 ,

iγµ∂µqf +
1

2
gγµAaµλ

aqf −mfqf = 0 ,

−i∂µqfγµ +
1

2
gqfγ

µAaµλ
a −mfqf = 0 .
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The canonical quantization procedure is based upon the (anti)commutation relations be-
tween the field operators

[Ea
i (t, ~x), A

b
k(t, ~x

′)]− = −iδikδabδ(~x− ~x ′) ,

[qαf (t, ~x), P
β
f ′(t, ~x

′)]+ = iδαβδff ′δ(~x− ~x ′) ,

where generalized momenta conjugated to the fields Aak and qαf are found as

Ea
k =

δ

δ(∂0Aak)

∫
Ld 3x = F a

0k ,

P α
f =

δ

δ(∂0qαf )

∫
Ld 3x = iq̄αf γ

0 ,

respectively. Here we kept color index α of a quark flavor f for transparency, while it is
often omitted in other places. The system of quantum equations of motion can be written
in Heisenberg representation

∂0F
a
0k = ∂iF

a
ik − gF b

ikfabcA
c
i −

1

2
g q̄fγkλ

aqf ,

iγµ∂µqf +
1

2
g γiAai λ

aqf −mfqf = 0 ,

−i∂µq̄fγµ +
1

2
g q̄fγ

iAai λ
a −mf q̄f = 0 ,

∂0
(
∂iF a

i0 − gfabcF
b
i0A

i
c +

1

2
gq̄fγ0λ

aqf

)
= 0 ,

as well as in the interaction representation

∂0∂0A
a
i − ∂k∂kA

a
i + ∂i∂kA

a
k = 0 , iγµ∂µqf −mfqf = 0 , i∂µq̄fγ

µ +mf q̄f = 0 . (A3)

After Fourier transformation, the equations for longitudinal Aa~p 0 and transverse components
Aa~pλ, λ = 1, 2 of the YM field take the following form

∂0∂0A
a
~p 0 = 0 , ∂0∂0A

a
~pλ + |~p|2Aa~pλ = 0 , (A4)

respectively. The equation for longitudinal mode does not have a wave solution, so it is
impossible to take into account its contribution in the YM propagator constructed as a
vacuum average of the chronologically ordered operator product. In order to resolve this
problem we can modify the Hamiltonian density by means of adding an extra small “virtual”
term depending on an infinitesimal parameter ζ ≪ 1 and vanishing at ζ → 0, i.e.

Hmod =

∫ [1
2

(
∂0A

a
k ∂0A

a
k + ∂lA

a
k ∂lA

a
k − (1− ζ2)∂lA

a
k ∂kA

a
l

)
− iq̄fγ

i∂iqf +mf q̄fqf

]
d3x

After such modification the equation of motion for the longitudinal component becomes

∂0∂0A
a
~p 0 + ζ2 |~p|2Aa~p 0 = 0 , (A5)

such that it acquires an infinitesimal frequency. This modified equation enables us to in-
corporate the longitudinal mode into the YM propagator which is given by (in the limit
ζ → 0)

Dab
ik (x− x′) =

δab
(2π)4

∫ (
δik −

pipk
p20 + iǫ

) d 4p

p2 − p20 − iǫ
e−ip(x−x

′) , (A6)

22



where p0 is the zeroth component of YM quantum momentum p. The fermion propagator
takes the standard form:

Dff ′(x− x′) =
δff ′

(2π)4

∫
(γµp

µ +mf )
d 4p

p2 −m2
f + iǫ

e−ip(x−x
′) . (A7)

As an important test of the proposed method of infinitesimal parameter, the formulas (A6)
and (A7) turn out to coincide with the corresponding Green functions constructed for initial
(non-modified) equations (A3).

Appendix B: Canonical quantization of YM wave modes

Let us now perform canonical quantization of the YM wave modes in the classical YMC
and therefore construct the quasi-classical YM theory. For this purpose, as the matter of
the Bohr’s correspondence principle we introduce operators instead of field functions in the
Hamiltonian density of, for example, the N = 4 supersymmetric YM theory (4.5). Then we
impose (anti)commutation relations to the field operators for each wave mode as follows

PΦ =
1

2
∂0Φ

+ , [PΦ,Φ]− = −i ,

PΛ =
1

4
∂0Λ

+ , [PΛ,Λ]− = −i ,

Pλ =
1

2
∂0λ

+ , [Pλ, λ]− = −i ,

P σ
φ =

1

2
∂0φ

+
σ , [P σ

φ , φγ]− = −iδσγ ,

P σ
η =

1

2
∂0η

+
σ , [P σ

η , ηγ]− = −iδσγ ,

P σ
ψ =

1

2
∂0ψ

+
σ , [P σ

ψ , ψγ]− = −iδσγ ,

P
(i)
K =

1

4
∂0K

+
(i) , [P

(i)
K , K(j)]− = −iδij ,

P
(i)α
M =

1

4
∂0M

+
(i)α , [P

(i)α
M ,M(j)β ]− = −iδijδαβ ,

P k′

ϑ =
i

4
ϑ̄k

′

γ0 , [ϑl
′

, P k′

ϑ ]+ = iδl′k′ ,

P k′α
ζ =

i

4
ϑ̄k

′

α γ0 , [ϑl
′

α, P
k′β
ϑ ]+ = iδl′k′δαβ .

Commutation relations for pseudoscalar modes K ′ and M ′ are the same as for scalar ones
K and M , respectively. In addition, analogical formulas for Hermitian conjugate modes
Φ+, Λ+, etc should be added.

Finally, quantum Hamilton equations in commutators can be constructed in the standard
way. For example, for the Φ mode we have

∂0Φ = i[H,Φ]− . (B1)

Such equations written for all wave modes coincide with the corresponding equations of
motion which were constructed previously (2.16), (2.17) and (4.6) – (4.9). The latter is an
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important validation of our calculations.
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