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1 Introduction

Lattice QCD calculations of hadronic quantities of necessity happen in a finite physical
volume. In a box with periodic boundary conditions this leads to spatial momentum
components p’ = (27/L)n; which even for a large 4 fm lattice gives a minimum spatial
momentum of about 300 MeV. In order to access smaller spatial momenta it has been
suggested to use twisted boundary conditions [1-3]. This allows for more momenta to be
sampled. Some early numerical tests were performed in [4].

It is well known that in a finite box Lorentz invariance is broken by the boundary
conditions. In particular, the spatial part of the symmetry group becomes the cubic group



in case of periodic boundary conditions. Imposing twisted boundary conditions on a field
¢ in some spatial directions ¢ via

¢z’ + L) = e Fo(a) (1.1)

breaks the cubic symmetry down even further. In particular, reflection symmetry, z* — —2°
in the i-direction is broken by (1.1).

In this paper we analyze the consequences of this for a number of quantities in Chiral
Perturbation Theory (ChPT). In [2] ChPT for twisted boundary conditions was developed
and they showed that finite volume corrections remain exponentially suppressed for large
volumes. We use their method for masses, pseudo-scalar and axial-vector decay constants,
the vector two-point function and electromagnetic form-factors. We have different expres-
sions than those given in [2], the precise relation is discussed in more detail in Sect. 8.

In general, form-factors and correlators can also have a much more general structure
and this has consequences for the Ward identities. We discuss three examples of this.
Another result is that vector currents get a vacuum-expectation-value (VEV), which leads
to non-transverse vector two-point functions. The main goal of our paper is to study all
this at one-loop order in ChPT.

Sect. 2 gives the lowest order Lagrangian in ChPT and defines a few other pieces
of notation. We introduce twisted boundary conditions in Sect. 3. The more technical
derivation of the needed one-loop integrals is given in App. A. As a first application we
calculate the vacuum expectation value of vector currents and the two-point functions. We
show how they do satisfy the Ward identities at finite volume. We find, in agreement with
[5], that the two-point function is not transverse. The next two sections contain the results
for the meson masses and the axial-vector and pseudo-scalar decay constants. Here again
we see the occurrence of extra terms. The axial-vector matrix elements is not just described
by the decay constant but there are other terms. The pseudo-scalar decay constants at
infinite volume were not published earlier so we have included those expressions as well.
We have explicitly checked that the Ward identities relating the axial-vector and pseudo-
scalar matrix elements are satisfied. The extra terms in the axial-vector matrix element
are needed to achieve this. We also add the mixed matrix elements due to the fact that the
twisted boundary conditions break isospin. Numerical results are presented for all masses
and the charged meson axial-vector decay constants.

Sect. 7 discusses the pion electromagnetic form-factor and related quantities. We show
once more how finite volume and twisting allow for extra form-factors and have checked that
with the inclusion of these the Ward identities are satisfied. We study in detail the finite
volume corrections from the isospin current matrix element (7°(p’)|dy,ul7 " (p)) which is
used in lattice QCD to obtain information on the pion radius. We find that the corrections
due to twisting can be sizable. Our main conclusions are summarized in Sect. 9.

After finishing this work we became aware of the work in [6] where a number of the
issues we discuss here were raised as well. The discussion there is in two-flavour theory but
also includes partial twisting. We discuss the relation with our work in Sect. 8.



2 Chiral Perturbation Theory

ChPT is the effective field theory describing low energy QCD as an expansion in masses
and momenta [7-9]. Finite volume ChPT was introduced in [10]. In this paper we work in
the isospin limit for quark masses, i.e. m, = mg = m, with three quark flavours. Results
for two-quark flavours are obtained by simply dropping the integrals involving kaons and
eta and replacing Fy, By by F, B. We perform the calculations to next-to-leading order
(NLO), or O(p*). The Lagrangian to NLO is

L =L+ Ly, (2.1)
where Lo, is the O(p?") Lagrangian. For the mesonic fields we use the exponential repre-
sentation

1 0 1 + +
. 7T + il 1 m 1 K
U=eVM/F with M= ™ —Ew? +on KO (2.2)
K- KO —_—

We use the external field method [8, 9] to incorporate electromagnetism, quark masses as
well as couplings to other quark-antiquark operators. To do this we introduce the field y
and the covariant derivative

X =2By(s +1ip), D,U=0,U—ir,U+iUl,. (2.3)
Tw, Iy, s and p are the external fields. Electromagnetism is included by setting

lu = eAuQ7 Tu = eAuQa (2'4)

where e is the electron charge, A, is the photon field and Q = diag(2/3,—-1/3,-1/3).
Masses are included by setting s = M = diag(m, m, ms) where m = (my, + mgq)/2.
With these definitions the lowest order Lagrangian Lo is

F2
Lo = T°<DHUDMUT +xUT + UxT) (2.5)

where the angular brackets denotes trace over flavour indices. The expression for £4 can
be found in for example [8].

One problem at finite volume is the definition of asymptotic states, which we need to
define the wave function renormalization and matrix elements. We assume the temporal
direction to be infinite in extent and use the LSZ theorem to obtain the needed wave
function renormalization by keeping the spatial momentum constant and taking the limit

2. We stick here to states with at most one incoming and outgoing

in (p°)? to p> = m
particle so this is sufficient. Note that since Lorentz symmetry is broken the masses are
different for the same particle with different spatial momenta.

We will not present the infinite volume expressions but only the corrections at finite
volume using the quantity

AVX = X(V) - X(c0), (2.6)

where X is the object under discussion.



3 Finite volume with a twist

Periodic boundary conditions on a finite volume implies that momenta become quantized.
Adding a phase factor at the boundary shifts these discrete momenta. To see this, we
impose for a field in one dimension at a fixed time

Y(x + L) = eip(x), (3.1)

where L is the length of the dimension and 6 is the twist angle. Developing both sides in
a Fourier series we get
A N 21 0
ik(z+L) _ ikx i6 = k== v c7. 3.9
Zwke Zwe e Ln—i-L,n (3.2)
k k

The effect on anti-particles follows from the complex conjugate of (3.1); momenta are
shifted in the opposite direction. It is possible to have different twists for different flavours

and also different twists in different directions.

We impose now a condition like (3.1) on each quark field ¢ in each spatial direction 4
ala’ + L) = e’ag(a), (33)

and collect the angles 93 in a three vector §q and a four-vector 6, = (0, 9_;). The twist-angle
vector for the anti-quark is minus the one for the quarks. For a meson field of flavour
structure ¢'q this leads to a twisted boundary condition in direction i

¢é’q(xi +L)= ei(%_gé/)¢q/q(xi) . (3.4)

We introduce the meson twist angle vector 64 in the same way as above and we will use the
conventional 7%, ... for labeling them.. Note that flavour diagonal mesons are unaffected
by twisted boundary conditions. A consequence of the boundary conditions (3.4) is that
charge conjugation is broken since ¢g, and ¢g, have opposite twist. A particle with spatial
momentum p corresponds to an anti-particle with momentum —p’

In terms of loop integrals over the momentum of a meson M this means that we have
to replace the infinite volume integral by a sum over the three spatial momenta and an
integral over the remaining dimensions

dk dik d3kE 1
Jop = Lom=logom X (3.5)

nez?
k:(27rﬁ+0M)/L

It is explained in [2] how this ends up with the correct allowed momenta for each propagator
in a loop. The allowed momenta k = (277 + 0y7)/L are not symmetric around zero and

thus reflection symmetry is broken. An immediate consequence is that

d’k K+
/VWT = 40, (3.6)

Note also that a meson and its anti-meson carry different momenta and it is therefore
important to keep track of which one is in a loop, as well as to be careful with using charge



conjugation. The twist angles also bring in another source of explicit flavour symmetry
breaking.

The one-loop integrals needed are worked out using the methods of [11, 12] and pre-
sented in detail in App. A. The notation we use indicates the mass of the particle but
implies also the corresponding twist vector in the expressions.

4 Vector vacuum-expectation-value and two-point function

Because of (3.6) the vacuum-expectation-value of a vector-current is non-zero and we obtain

<ﬁ’yuu> = —2AV( 7r+) — 2AV(mK+)

(drpud) = 24, (7)) — 24, (mjco)

<SW > 2AV mK+) +2A (mKO)

Gy —2AV (m2,) — 2AV(mK+) (4.1)

We used here that 0,- = =0+, 0+ = 0k, 0o = —bz0 and 0,0 = 0, = 0. This non-
zero result can be understood better if we look at the alternative way of including twisting

in ChPT [2]. The twisted boundary conditions can be removed by a field redefinition.
However, then we get a non-zero external vector field which can be seen as a constant
background field. Charged particle-anti-particle vacuum fluctuations are affected by this
background field thus giving rise to a non-zero current even in the vacuum.

The two-point function of a current j* is defined as

L) = i [ dac (T 0). (12)
The current j:f = cf’yuu satisfies the Ward identity.

(TG (@)jp (0))) = 8W (@) (dyud — ayu) . (4.3)

We used here that m, = my with the usual techniques to derive Ward identities. A
consequence is that with twisted boundary conditions the vector two-point function is no
longer transverse. However, flavour diagonal currents like the electromagnetic one remain
transverse. This does not mean that they are proportional to q,q, — q2g,w since Lorentz
symmetry is broken. A more thorough discussion at the quark level and estimates using
lattice calculations can be found in [5].
The infinite volume expressions we obtain agree with those of [13]. The finite-volume
corrections for the Jwﬂu and electromagnetic current are
+ ~
AVl_[ZI/ (q) - 21_[ ( 7r+7m72r07 q) + HMV(mi(‘H m%()a q) )
AVHZZL(Q) = H,ul/ (mi-k s mﬂ— ) Q) + H;w (m%(-k, m%{— ) Q) )
T 2 2 Vi 2, 2 Vi 2 Vi 2
I (mi, m3, q) = g (4322(m1,m2, q) — A" (m7)— A (m2))
+ auay (4B3 (mf,m3, ¢%) — 4By (mi,m3, ¢°) + B" (mi,m3, ¢*))
+ (QMQS{ + QVg;O:)( )B2a(m%= m2= ) + 4B23uu(m%7 m%? Q) . (4'4)



Using the relations (A.16) it can be checked that the consequences of (4.3), namely q“HZ: =
<z_wuu — cﬁﬂd> and ¢"1I}; = 0 are satisfied.

We do not present numerical results here, the values of the vacuum expectation value
are small compared to <Hu>

5 Meson masses

We define the mass here as the pole of the full propagator at fixed spatial momentum p.
P should be such that it satisfies the twisted boundary condition for the field under con-
sideration. Lorentz and charge conjugation invariance are broken by the twisted boundary
conditions. This leads to a mass that depends on all components of the spatial momentum
. An anti-particle with spatial momentum —p’ has the same mass as the corresponding
particle with spatial momentum p.

The analytical results for the mass correction in terms of the integrals defined in App. A
are

+pH
AVm2s = = [<24) (m2) = A (mic) + AY (mio)]
0

ms 1 1
#3020+ A )
V.2 m72r Vi 2 Lov, o Lov, o
A mﬂ_o = ﬁ —A (mﬂ_+) + 5.14 (mﬂ_o) + EA (mn) 3
0
pH m2 1
AVides = 22 [ AY (m22) — 241 () — AY (o)) - KAV (m3),
0 0
pH m2 1
Avmiomo) = +(—)ﬁ[14,‘f(m72r+) — A} (m3ey) — 24 (my0)] — F—Ig(gAv( o)
0 0
m2 2 m2 9
AV = 7 (A" (i) + A (mie)) + 524" (m3)
Mzl v o V2 V2
+ FE(QA (mo+) + A" (M) — A" (my)) . (5.1)
0

The notation K° (EO) and +(—) means + for K and — for K. We agree with the infinite
volume expressions of [9] and the known untwisted finite-volume corrections [10, 11]. The
relation to the results in [2, 6] is discussed in Sect. 8.

2 m%( and m?] can be replaced by the physical masses with or

In (5.1) the masses m
without finite volume correction, or lowest order masses. The differences are higher order.
The same comment applies to Fy in (5.1). The masses in the loop functions AV are written
as the physical masses. The notation A" (m3,) with M the meson includes includes the
dependence on 6,;. We keep for example 7+ and 7° as notation even if they have the same
infinite volume and lowest order mass, since 6.+ and 6.0 are different.

Note that in the case where p = §/L the different signs for AZ between particle
and anti-particle will be canceled by the sign difference in p originating from opposite

twist angles. The same cancellation occurs for the higher momentum states if the change



2nii/L — —277i/ L is taken. This is consistent with the fact that charge conjugation should
be defined with a change of sign in momentum, as discussed above.

The twisted boundary conditions do break isospin and thus induce 7°-1 mixing. This
only affects the masses at next-to-next-to-leading-order (NNLO), i.e. higher order than
NLO. The derivation follows the arguments as given in Sect. 2.1 in [14] .

We now show the volume and twist angle dependence for the case with

o 4 o 1 4
my =139.5 MeV,  mg =495 MeV, m; = 3MK ~ 3™ F.=922MeV. (5.2)
We have used these masses in the one-loop expressions as well as the value of F; for Fp in

the expressions. We show results for several values of the twist angle 6 with

—

6, =(0,0,0), 6;=0,=0. (5.3)

Note that this implies that for 77 and K there is a non-zero spatial momentum p’ = 5u /L,
while p' vanishes for 7°, K9 and 7. As can be seen in Fig. 1, the finite volume correction has
a sizable dependence on the twist-angle. The correction for the K° does not depend on the
twist angle here, since for the choice of angles in (5.3) there is only the n-loop contribution
due to pgo = 0. The relative correction to the kaon and eta masses remains small while
for 7t and 7° it can become in the few % range.

6 Decay constants
We define the meson (axial-vector) decay constant in finite volume as
(0[AN|M (p)) = iV2Fypu + iV2Fyy, (6.1)

where M (p) is a meson and A, = §v,75(A\™ /v/2)q is the axial current. The extra term
is needed since the matrix element in finite volume is no longer proportional to p,. The
first term in (6.1) can be identified by looking at the time component of the current. The
second term has non-zero components only in the spatial directions and vanishes in infinite
volume.

For the flavour charged mesons, the charge in the axial current and the meson is
necessarily the same. In the isospin limit the same is true for the 7% and the 7. However
the twisted boundary conditions do break isospin and thus the 7° also couples to the octet
current and the 7 to the triplet current. At NLO this coupling comes from two effects, the
mixing between the isospin triplet = and the octet 1 as well as the direct transition to the
other current. A derivation can be found in Sect. 2.2 of [14].

We also consider decay through a pseudo-scalar current. We define this decay constant

as

_Gu
V2

where P = Givs(AM /v/2)q is the pseudo-scalar current corresponding to the meson M. A

(0| PM|M(p)) (6.2)

similar comment to above about 7° and 7 applies.



b =0 ——
0.01 | N 0=rU8 — — — 1
~ \\ 0=114 - - -
N 0=m2 -------
R > \\\
£ SO
Ng: > \\\\ N
~ D
> 0001 TN
0.0001 1 : :
2 2.5 3 3.5 4
m_L
0.0001 .
0=0 ——
1le-05 | B
XY
E
X 06 L ]
NE 1le-06
=
1e-07 | B
1le-08 . . .
2 2.5 3 3.5 4
m.L

BN =0 ——
001 >3 6=18 — — — 1
. ~N
Lo Y 0=14 - - -
SR -
e \\\ 0=172 -------
~NE S
£ WD
T ~. 0
NEI:‘ . S \\ A N
>ﬂ 0.001 '\“‘ RN . \\\\\ 4
0.0001 ‘ ‘ 7
2 25 35 4
m; L
0.001 | 6=0
3 f=1v8 — — —
N 0=1v4 - - -
T~ f=1v2 -------
S 0.0001 |~ N 1
~ ~ ~
ey S ~o
4 ~
NE \\ N AN .
>ﬂ >~ R <
~ ~.
1e-05 | Sa S e k
\\\
\\\
1e-06 : : :
2 25 3 35 4
m, L
0.001
N
E
=
5 0.0001
>ﬂ .
1e-05 :

2.5

Figure 1. Absolute value of the relative finite volume correction to the masses of the light pseudo-
scalar mesons as a function of the box size for various twist angles. The twist is for all cases on the
up quark. The input values are specified in (5.2) and (5.3). The dip in the top two plots is where

the correction goes through zero



These two matrix elements satisfy the Ward identity
0" (0] AT | M (p)) = (mg +my) (OPY M (p)) (6.3)
valid for flavour charged mesons of composition gg’. This leads to
2 wV 1
pFM+p FMH:§(mq+mq/)GM. (64)

We have checked that our expressions for the charged mesons agree with this. An important
part in this agreement is the use of the correct momentum-dependent mass of the meson.
For the neutral mesons a somewhat more complicated relation is needed since they are
sums of terms with different quark masses.

The analytical results for the finite volume effects on the axial-vector decay constants
are given below in terms of the integrals defined in App. A. For the 7° and 7 we listed the
matrix-elements with Ai and Ai separately, indicating which decay is which with an extra
subscript. The isospin breaking decay vanishes if the up and down quarks have the same
twist angles.

Again we agree with the infinite volume results of [9]. The finite volume corrections
for the axial current decay constants for the flavour charged mesons are

AVFﬂi_FiO< AV (m2,) + = AV( o)+ = AV( O+ AV(mK0)>,
Fl., = iFiO 24} (m2,) + A} (m3y) — A (m30)]
AVFiee = o (A (20 + §AY (20) 4 34 () + 4V () + 54V ()
Fis,, = £ [AL (m2) +24% (mi) + 41 ()]
Ao = 1 (FAY 020 + §AY (020) 4 AV () + 5A4Y () + 54V ()
FY s, =+ (AL ) + A () + 24 (k)] (65)

They agree with the untwisted finite volume results of [11]. The relation to the results
given in [2] is discussed in Sect. 8. The flavour neutral expressions include the effects of
mixing.

FOgu FOSM FV _FUSN O

AVFW03 = (AV( )+ AV(mK+) + AV(mKO))
3mn —m?2

2\/_F0(m2 —m2)
AV (mies) + AV (mo))

AVFrog = (AY (mf) — AY (m))

Vv
AVFg = 4F —(
AVE 2 = iy (A (m2 ) — AV (m2,)) (6.6)

we \/gFo(m% —m2) K+ K9/ :




to simplify the expressions.

The masses and Fj in these expressions can be chosen in different ways as discussed
earlier for the masses.

The lowest order value for the pseudo-scalar decay constants is Gy = 2FyBy. We are
not aware of published results for the NLO corrections at infinite volume, we thus quote
those for completeness and add a superscript (4) to indicate the NLO infinite volume
correction. Note that isospin is valid at infinite volume such that the mixed ones vanish
and there is only an expression for the w, K and ng case.

e 1 14 17
aW = F_g <4K46 +4m(ALE — Lg) + 5 A(m2) + S A(mi) + gA(m3)> )
0
G 3 34 L1
¢ =& <4K46 +Amk (AL — IE) + SA(m2) + A(mi) + gz‘“m%)) ’
0
@ Go 2 a7 pry .y L2 A(m2 L (m?
Gl = F—02 4K 45 + 4mn(4L8 — L) + 5 A(mz) + S A(mi) + 5A(my) |
The integral is
2 2
_ 9 m m
(m?) 1677 18 7 (6.8)

The finite volume effects for the pseudo-scalar decay constants for the flavour charged

mesons are

G
AVGYs = 28 (JA¥ () + 1A () + 14T () + 547 ()
0
G 1
AVGKi:F—g< AV (m2y) + AV( 0) + = AV(mK+)—|— AV(mKo)+ﬂAv(m%)>7
0
G 1
V, _ 0 1% 1% 1% Vv 1% 2
A6, = T (A 0020) 4 54 () 4 14" o) + 54V ) + 54" o))

(6.9)

For the flavour neutral cases we need to take into account mixing and obtain

G

NG = T8 (GAY (020 + A (i) + A (o) + 54V () )
GO ’I’)’l, +m7r

A = B ot — iy (i)~ AT (i)
G

AVGns=F—S< AV () + ¢ AV< o)+ 5 AV<mK+)+ AV<mKo)+ AV< n)>,
0
G —m;

V, _ Y0 n Vi 2 AV 2
A'Gys = Fg—ﬁ(m%—mg) (A" (mjes) — AV (m0)) - (6.10)

At this order G og and Gy3 only arise from 7°-7 mixing.

,10,
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Figure 2. Relative finite volume correction for the two terms in the decay constant matrix element
(6.1). On the left hand side we have plotted A Fy;/Fy and on the right hand side Fy;, /(Frmar),
i.e. the z-component compared to the size of the zero-component. For the input chosen the z-
component is the only non-zero one for the second term in (6.1). The top row is M = 7t and the
bottom row for M = K. Input values as in (5.2) and (5.3).

We present now some numerics for the same inputs as used for the masses given in
(5.2) and (5.3).

In Fig. 2 we show the size of the finite volume corrections to the charged meson decay
constants with both terms in (6.1) shown separately. We use the same input parameters
as for the masses of (5.2) and (5.3). The first term in (6.1) is shown in the left plots
normalized to Fj for the charged pion and kaon. The right plots shows the x-component
of the second term in (6.1), which is the only non-zero component for our choice of input.
It vanishes identically for & = 0. We have normalized here to the value of Fymg which
is roughly the value of the t-component in infinite volume. Note that the finite volume
corrections can be sizable and the second term is not always negligible.
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7 Electromagnetic form-factor

The electromagnetic form-factor in infinite volume is defined as

(W'l p) = F(@*)(p + 1), (7.1)

where ¢ = p — p’ and j* is the electromagnetic current for the light quark flavours

: 2 _ 1 - _
g = 30— g(d'yud + 57,5). (7.2)

The electromagnetic form-factor in twisted lattice QCD is not the same as in infinite volume
or finite volume with periodic conditions. Instead it has the more general form

<Ml(pl)‘j£‘M(P)> = frvmrp
:fIMM’+(pu +pit)+fIMMLqu+h[MM/ﬂ. (7.3)

In addition to the electromagnetic current we will use

. _ ot <
It = a4 jp = dyuu. (7.4)

We will also suppress the M’ in the subscripts when initial and final meson are the same
and sometimes the ITM M’. In the infinite volume limit the functions f_ and h must go to
zero and f; must go to F(q¢?) so that Eq. (7.1) is recovered. We only work with currents
where the quark and anti-quark have the same mass. The result in infinite volume can be
found in [15]. Results at finite volume with periodic boundary conditions are in [16, 17].

The main reason for using twisted boundary conditions is to extract physical quantities
for small momenta. In the case of the electromagnetic form-factor the twist does not help
when applied to correlators such as

(T g (p)) (7.5)

since the same twist is applied to the incoming and outgoing particles we get p; — p; =
27n;/L. However, as was pointed out in [4], it is possible to extract information using
isospin symmetry. To analyze this more carefully requires calculations in partially quenched
ChPT and this will be the topic of forthcoming work. Here we are satisfied with noting
that in the isospin limit with m, = mg and 6, = 6; we have the relation (in our sign
conventions)

(@)l () = = (2 0yt () = == (@)l @) (70
The relation (7.6) can in principle be used to evaluate the main part, excluding 5v,s, of
the electromagnetic form-factor of the pion for arbitrary momenta. The currents Jwﬂu is
referred to as du in the equations below. In practice 70 gives rise to difficulties on the
lattice, and the twisted boundary conditions explicitly break isospin. The corrections due
to the latter are one of the goals of this work.

- 12 —



7.1 Analytic expressions

The split in f, f— and h in (7.3) is not unique. The functions can depend on all components
of the momenta and twist-vectors. However, we stick to the splitting among f4, f— and h
which naturally emerges from the one-loop calculation. The integrals appearing are defined
in App. A.

The results for fr are most easily given in terms of the finite volume generalization of
the function H in [15, 18].

1 1

The effects of 7°-n mixing appear earliest at NNLO for the form-factors listed here. The
form-factors fi we consider are:

+1
Avfemﬂ:t+ F2 (2Hv( 7T+7m721*7Q) +HV(m%(+7m§(,,q)) )
|4 +1 Vv 2 Vv 2 2
A fempt+ = F2 (H" (m mi.,mi,q) +2H (Miess M- q))
Vv +1 1% 2 Vi, 2 2
A femKO(FO) F2 ( H” (m 7r+’m -q)+H (mK+,mK—’Q)) )
AvfemWOJr = 0,
e
AVfJuﬂ*WO—f— F2 (QHV( 7r+,m72T0,Q)+HV(m§(+am%O,Q)> . (78)

The f_ form-factors for the same cases are:

pll/ pl/
Avfem”_’_(”_)* = % (2321/( 7r+7m2* )+ B;/V(m%(Jr?m%(*aqn )
0
plu _pu
AvfemK+(K7)_ = % (BQV( 7r+’m2— )+ 2B¥/(m§(+’m§(—aQ)) )
1 v v
ermKO(fO), = 72 (_(p (—p ))B2u( 7r+7m - )+pl ( )B;:/(mﬁ(ﬁﬂmi(*?q)) )

1
Aermﬂo=ﬁ< 2 (B (m2em2.q) — 2BY (m2s.m2_q)
0

1
<QB2I/( 7r+7m2* ) + §B¥/(m§(+7m§(7q)> > ’

_ V2
-

14 1 14
(229 By, (mzemzq) + 5 (p+p) Bgy(mfﬁ,mi{o,q)) > , (7.9)

AVfJ’WTJWTO— < (BV( 7r+7m72r07 ) 231( 7T+7m72707q))

,13,



Finally, the h, at finite volume are

1
AVhepmmt = I <2AV( L)+ A (mey) — AY (mo)

q
+q232u( 7r+7m2_ ) +

EB;L(m%(*’ m3_,q)

F(p+ )" (2BY (m2e,m2_,q) + By, (mice,mi— . q)) > :
AVhemKﬂEu F2 <AV( +)+ QAV(mK+) + AV(mKO)

"‘ Bzu( ﬂ+,m2— q) + QQB;L(m%(Jm m%{—aQ)

F (p+ 1) (Bl (m2e ,m2_,q) + 2B, (M3 . m%_,q)) ) :

1 q?
AVhemKO(fO) ( BZM( 7r+am2— ) + EB;/M(miﬁ,m%(_,q)

F2
+ ()0 + 1) (B (mie,m2-,q) = By, (miee,mE—,q)) )
AR _L 92 B 2 fBV 2 2
emmOu — F2 (q ) 2;1( 7r+’m - )+ 2 ZM(mK-HmK—,Q) )
0
V2 1 1
Az = (=AY m20) = 34 (k) + 34 o)

+ (q - 2m )BQM( 7T+7m72T07q)> )
+ (p + p/)u (QB;?}My(mgr-ngrOa Q) + B;/?)uu(m%(-Hm%Oa Q)) ) . (710)

We used in these formulas that the 7° and 7 have no twist and that particle and anti-particle
have opposite twists. Both f_ and A vanish in infinite volume.

7.2 Ward identities

All the form-factors we discuss have the same mass for the quark and anti-quark in the
vector current. As a consequence they obey, even at finite volume, the Ward identity

¢ framr, = (P* — P fraeners + & framr— + " hryvive, =0 (7.11)

We have used this as a check on our results. This standard check requires a bit of caution
when using twisted boundary conditions. The issue is that masses are momentum depen-
dent when twist is applied, see Sect. 5. When performing a one loop calculation part of the
mass correction is different for ingoing and outgoing meson, this means that p? — p? # 0
even when the incoming and outgoing particle are the same. Comparing equations for
the mass corrections, we see that these cancel the parts coming from AZ in hrpraery. The
remainder cancels between ¢ frasa— and ¢*hrarar , When using the identities in App. A 4.
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7.3 Numerical results

Let us first remind here why twisting is useful for form-factors with the example of the pion
form-factor and a lattice size of m,L = 2. The smallest spatial momentum that can be
produced is 27 /L = mm, and the corresponding ¢ is q?mn = —0.089 GeV? = —(0.3 GeV)2.
Twisting allows for ¢ continuously varying from zero.

In this section we concentrate on the quantity

fu=(+ 2+ A ) 0+ D)+ AV fogu+ AVhy, = _%fduﬂ‘ﬁrop' (7.12)
This is the form-factor corresponding to the right hand side of (7.6) normalized to 1 at
¢?> = 0 in infinite volume. The finite volume parts are what is needed to obtain the pion
electromagnetic form-factor, neglecting the s-quark contribution, at infinite volume. We
have separated the lowest order value of 1, the infinite volume and finite volume correction
to fy as well as the f_ and h, parts defined earlier.
Again we look at the case with 92 = (0,0,0). This means that the incoming 7"
four-momentum p, the outgoing 7 momentum p’ and ¢> are

p= (\/Wﬁ/h&@ 7

p/ = (m7‘:02,0,0,0) 9

0 ™

¢ =mYZ +mld —2mY mY2+(6/L). (7.13)

Note that the masses at finite volume that come in here, not the infinite volume ones. We
have indicated this with the superscript V' in the masses. To plot the corrections we use
mY? =m3, + AVm?, in the numerics with AVm3, given in (5.1). The size of this effect is
shown in the left plot of Fig. 3. We plot the value of ¢? at finite and infinite volume and
the deviation of the ratio from 1 as a function of /L. The endpoint of the curve is for
6 = 2. The right plot in Fig. 3 shows the effect on the form-factor of this change in ¢2.
We plotted there the one-loop contribution at infinite volume to the pion electromagnetic
form-factor, f9° (¢?), as a function of the two different ¢? discussed here. The extra input
values used are Ly = 0 and pu = 0.77 GeV. The total effect of this correction is rather
small.

In the remainder we will use the ¢? as calculated with the finite volume masses. In
Fig. 4 we plot the different parts of the form-factor as defined in (7.12). Plotted are the
infinite volume one-loop part of f°, the finite volume corrections AVf., AV f_ and the
two non-zero components of AVh*. As one can see, the finite volume corrections are not
small and the parts due to the extra form-factors can definitely not be neglected. The units
are GeV for the two components of AV h#.

The more relevant quantities for comparison are the components with ¢ = 0 and p = 1.
We have plotted the form-factor as defined with upper index p. The left plot in Fig. 5
shows = 0 and the right plot ;4 = 1. Units are in GeV. The finite volume correction is of
a size similar to the infinite volume pure one-loop contribution and the correction due to
the extra terms at finite volume and twist are not negligible.
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Figure 3. Left: The dependence of ¢* at a fixed ¢ = (6/L,0,0) for the finite volume with m, L = 2
and infinite volume as well as the difference ratio from one. The curves end at § = 27. Right: The
effect of this change in ¢? on the infinite volume corrections of f} (¢?) with L§ = 0.
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Figure 4. The various parts of the form-factor defined in (7.12). See text for a more detailed
explanation.

8 Comparison with earlier work

The one and two-point Green functions of vector currents are discussed in Sect. 4. These
issues were discussed in a more lattice oriented way in [5]. Here we have provided the
ChPT expressions for them.

For the masses the comparison with earlier work is more subtle. In this work, we have
consistently used the formulation with non-zero twist angle and no induced background

field. This implies that the allowed meson momenta are of the form ppr = (277i+60)/L, with
7 a three-vector with integer components and 0 the twist vector for the field corresponding
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Figure 5. Left: u© = 0 Right: © = 1. Plotted are those due to the one-loop infinite volume
correction, f_j’_o(qQ)7 the finite volume correction to fi, AY f,, and the full finite volume correction,
AVt =AYV (p+p)" + AV f_g" + AVhE.

to the meson. As mentioned in Sect. 2 we define asymptotic states as those where there
is at fixed p a pole at a value, Ep, of the energy. The LSZ theorem can then be used for
these single particle states to obtain matrix elements by taking the limit £ — Ej allowing
for the usual method with wave function renormalization and possibly mixing of external
states to take into account external leg corrections. Our definition of the mass used is

mpr = E§ — Ppr- (8.1)

The mass can depend on all components of p’since there is no rotation invariance and even

cubic invariance!

is no longer present. We have used the expression “momentum-dependent
mass” in the text to indicate this dependence. The relation between E and p for states is
called dispersion relation in some other references, see e.g. [6].

[6] discussed the pion mass, both neutral and charged, in two-flavour ChPT on the
lattice. They work in the version of ChPT where the fields satisfy periodic boundary
conditions but there are background fields B = §/L They have periodic momenta p, =
(2m7i)/L and define kinematical momenta pj, = pj, + B which coincide with our definition

PBRr. However when they define the mass they write the result in the form?
_, S\ 2 )\ 2 . .
miy = B — (6, + B+K) =} — (5,+ B) —2(5,+ B) - K +NNLO.  (8.2)

K is NLO, thus we can neglect K2 as indicated. Comparing (8.1) and (8.2), the parts
containing the integral AZ in (5.1) can be written in the form —2(p, + B)- K. [6] ex-
presses this that the meson field (spatial) momentum is renormalized. When comparing
the expressions, keep in mind we have also a twist on the sea quarks while [6] does not.

'We assume here that the ¢ direction is infinite.
2We have changed their notation and conventions to make the comparison more clearly.
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Comparing with the results of [2] is not obvious. The masses are not defined there.
The discussion of loop diagrams in the main text indicates that they used momenta of the
form p, + B everywhere and if one assumes that their mass is defined as

N\ 2
myy = Ej — (ﬁp + B) ; (8.3)

then they missed the terms with AL/. If instead a definition of ths mass similar to (8.2) is
assumed we are in agreement. The expression corresponding to K is not present in [2].

For the decay constants a similar issue arises. They are not fully defined in [2]. If
one defines the decay constant from the time component of the axial current then only the
parts AV Fy; are relevant and we are in full agreement, if, as is natural, the neutral pion
and eta decay constants in [2] are defined with the isospin and octet axial currents. It
turns out that to NLO the decay constants can be defined with a shift in momentum K'
similar to what was done for the masses, i.e. the full matrix element has the form

(0|4 |M(p)) = iV2Fu (pu + K},) + NNLO. (8.4)
However, the needed shift vector is different in the two cases,
K +#K'. (8.5)

The pion form-factors as discussed in Sect. 7 were treated in the two-flavour case in
[6]. They discussed the time component only but added partial twisting and quenching.
The extra terms in the matrix element (7.3) are seen in (19) of [6] as well. The terms
in (19) in [6] containing Gy, G, G, correspond to our AV £, AV f_ AVh, of (7.8),
(7.9) and (7.10). We have included the spatial components as well and checked that the
expected Ward identity following from current conservation is satisfied when all effects of
the boundary condition are taken into account. It should be noted that here the matrix

element cannot be rewritten in terms of one form-factor f; and momenta rescaled with a
shift K.

9 Conclusions

In this paper we discussed the one-loop tadpole and bubble integrals in finite volume and
at non-zero twist.

We have worked out the expressions in one-loop ChPT for masses, axial-vector and
pseudo-scalar decay constants as well as the vacuum expectation value and the two-point
function for the electromagnetic current. We also discussed how the vector form-factors
behave at finite twist angle. In particular we showed how one needs more form-factors
than in the infinite volume limit and obtained expressions for those at one-loop order. We
discussed how the extra terms are needed in order for the Ward identities to be satisfied.

Explicit formulas are provided for a large number of cases. We have given numerical
results for all masses and the axial-vector decay constant of the charged mesons. We found
that for the vector form-factor there are nontrivial finite volume effects due to the extra
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form-factors and have discussed the size of these effects on the form-factors. In particular,
we have taken care to precisely define what all quantities are.
Work is in progress for including the effects due to partial quenching and twisting as

well as the effects from staggered fermions [19].
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A Finite volume integrals with twist

The basic method to do finite volume integrals with twist can be found in [2]. The discussion
below follows [12] closely.

A.1 Miscellaneous formulae

The first ingredient is the Poisson summation formula which is in one dimension

% Z Z / szke—imG. (Al)

k:27rn/L+0/L meZ
ne”L
The >, .cz ™ projects on a = 27n. k — @/L is of this form, hence the sign in e~ in
(A.1).

The results for loop integrals with twist are expressed with the third Jacobi theta
function and its derivatives w.r.t. to u. The definitions are

oo
Z qn2627riun’ @/ (u q Z q 27T2n627rwn

n=—oo n=—oo

@// u q Z q 47‘(‘2 2 27rzun (AQ)

n=—oo

Some useful properties can be found in [12].

A.2 Tadpole integral

We define the tadpole integral in finite volume with twist as

1 dk {1,k kFEY}
{ompv} )2 i UM
A (mis,n) ; /v @) (2 —m2, ) (A.3)

The blank in the superscript indicates no superscript. [, d?k/(2m)? is defined in (3.5).
The momentum k which is summed over must be such that the boundary condition for the
propagating meson M is satisfied,

L9 j .
k:fﬁ+HTM, Orr = (0%,,0%,,0%,) . (A.4)
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We also introduce a fourvector 6, = (0, 5) Note that this implies that the tadpole integral
is not invariant under k — —k since —k does not satisfy the boundary conditions for non-
zero twist. The direction of propagation is important. We drop the subscript M below for
clarity.

To describe the evaluation of these integrals, we restrict to the case {1} and then quote
the results for the other cases. We Wick rotate to Euclidean space and apply Poisson’s
summation formula from Eq. (A.1), giving

A( Z ddkE LTl (A5)
m n /{;2 —|—m2) . .

The term with [ = 0 gives the infinite volume result. We focus on the finite volume
part and use a prime on the sum to indicate that we sum over | # 0. Using 1/a" =

(1/D(n)) [5° dXA" e — we get
d oo
AV (m2,n) Z / d’kp / LA \n—1 Ak 4m?) JLEE—il 0 (A.6)
The shift of integration variable via k = k+iLl/(2)), with [ = (0,1), completes the square:
d. - o
AY (m2, n) Z / dkp / LA 1 AR )~ L202(4N) il (A7)

We can now perform the Gaussian integral and we end up with

d\ An—1- d/2 2 rom _i0F
AV (m? n) Z/ (im)72 L e LNl (A.8)

Changing variables A — AL%/4 and using the Jacobi theta function of (A.2), we arrive at

L2\""2 [ dx A3 2y i
Vi 2 —(_1\ | = —Am?L? /4 -1/x)
AV (m?,n) = (-1) (4) /F(n)(47r)26 jlg:[yz@?’(—%’e > 1
(A.9)

The —1 removes the case with [ = 0 and the triple product comes from the triple sum and
we set d = 4.
Performing the same operations using the other elements in X gives for the finite

volume corrections

2\ N2 n—4
At = 0 () [ ot

7L \ 4 T(n) (477)2
x O ( 1/A> J;Hz’ O3 ( 1/A> . (A.10)
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Note that the component p = 0 vanishes.

AVE (m? ) = g" Ay (m?,n) + Ayl (m®,n)
—D)nl 2N o dh At —
AV 2 — ( = / —Am?L*/4 —-1/x\ _ 1
2(m”,n) 2 ( 4 > T(n) (4m)2° I & (5 :

j:$7y7z
n—3 _
Vv, 9 (=) L? dx \"O CAm2L2/4
gt =G (5) [t

J;Z%%Z
JFWY
—OH B 07 B
(u=v#0)  x 3(§ 1“) 11 o (—,e 1“) (A11)
J=x,y,2
J#R

Agg’w vanishes for ;1 = 0 or v = 0, case (a). For p # v one uses the line (b), otherwise (c).
A;/g“ Y is from the [#]¥ part after the shift of k to k. The sign conventions are Minkowski
with upper indices as indicated. In the main text we have dropped the argument n, we

only need n = 1.

A.3 Two propagator integrals

We define two propagator integrals as

1 [ d% (1, k#, k)
B (2. 2 :_1/ il . A2
(i, m3,m1,12) = 5 |y 2 = mdy (g = R = mid) (4-12)

As in the tadpole case, the direction of the propagators is important. We use the convention
that the particles propagate in the direction of the momentum indicated in the propagator.
We thus writing k£ and ¢ — k in the propagators to indicate this, even if the sign in the
denominator at first sight is not relevant.

We have in principle a twist angle vector for each of the two particles in the denom-
inators. However, it is sufficient to specify only the twist vector for the first propagator,
with m?, and the external momentum g. The latter must be such that ¢ — k automatically
produces the correct boundary conditions for the particle corresponding to m3. This is
discussed in detail in [2].

We first do the Poisson summation trick to get full integrals over k. We combine the
two propagators in (A.12) using a Feynman parameter x and shift integration variable by
k = k + xq. We then have expressions of the form of the previous subsection but with &

2 2

as integration variable and m? = (1 — 2)m? 4+ 2m3 — x(1 — x)¢? instead of m?, as well as

—

0=0, —aq
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The final result is

1
BY(m?2,m%,n1,n0,q) = / de(l —2)" a2 AY (% ng + no),
0

I(ni +n2)
(n1)T(ng)

) T —$n1_1$n2_1
T (n >/o‘”1 )

X (AV“(m2 ny +ng) + xq“AV(ThQ,nl + ng)) ,

\4 2 2
B M(mlamQ,nlanQa Q)

[(ny +ng) [*
BYw m2,m2,n N :7/ da(1 — g)r—lgne=1 ( AV m2 ni+n
( 1 25101 2) F(?’Ll)r( ) 0 ( ) ( ( 1 2)
+x(ghgh + ¢ gt) AV (%, 1 + n2) + 22¢* ¢V AY (M, ny + na)) .

(A.13)

The signs are for upper indices in Minkowski space as indicated. For the numerical eval-
uation it is useful to treat the integral over x and A together. In the main text we have
dropped the indices ny and ny and used the components as defined below in (A.15).

A.4 Integral relations

It is possible to derive relations between integrals using the relation
2k-q = (k* —m3) — ((qg — k)* —m3) + m{ —m3 + ¢*. (A.14)

These were done in infinite volume in [20] and in [13] in the same conventions as ours.
The trick remains valid at finite volume. Care has to be taken in the shift of integration
momentum for some of the tadpole integrals (from k to ¢ — k) but that is consistent with
the boundary conditions.

We define components

14
Bvu(m%mz) :tuY(m%7m%7 ) B M(mim%?q)
BVﬂy(m%7m%7q) - q,u VB21(m%7m27 ) + g“VB22(m%7m27 ) + BVMV(mim%’q) . (A15)

The relations we get from using (A.14) are, suppressing the arguments (m%, m%, q),

2°BY = —AY(mi) + AY(m3) + (¢° + mi — m}) B — 2B,"q, .
By = —¢°¢" By, — ¢" B

b2 (A ) — AT () + " Amd) + (¢ + md - mD)BYY) (A6
These are valid for n; = no = 1 and n = 1 in the tadpole integrals. They are needed

to prove the Ward identities in the main text. We have also used them to simplify the

expressions.
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