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1. INTRODUCTION

This talk is an overview of mesonic Chiral Perturbation Thyg@€hPT) concentrating on a number of recent develop-
ments.

2. CHIRAL PERTURBATION THEORY

Chiral Perturbation Theory can best be described by “Expiothe consequences of the chiral symmetry of QCD
and its spontaneous breaking using effective field theashrtieues.” It was introduced by Weinberg, Gasser and
Leutwyler [1, 2, 3]. A good discussion of the underlying asptions can be found in [4]. References to lectures and
other material can be found in [5].

A general effective field theory (EFT) needs three prinapllee correct degrees of freedom, there has to be a power-
counting principle to ensure predictivity and one shoulecheenber the associated range of validity. For ChPT the
degrees of freedom are the Nambu-Goldstone bosons frorpéimasieous symmetry breaking of the chiral symmetry
of massless QCD, the power-counting for mesonic ChPT iséio@al counting in momenta and meson masses, and
the range of validity stops somewhere below the mass of thienfit included resonance, the rho.

The QCD Lagrangian

Zoco= ) [iaPaL +i0rPAR — Mg (ARAL + ALAR)] Y
g=u,d,s
has arSU(3). x SU(3)r global chiral symmetry whemy = 0. This symmetry is spontaneously broken by the quark-
antiquark vacuum-expectation-val{@®) = (7, qrGgdL) # 0. The mechanism is discussed in the talk by L. Giusti. The
remaining symmetry group BU(3)y, we have thus 8 broken generators and get 8 Goldstone bosmsgwteraction
vanishes at zero momentum. The latter allows for a congipt®mer counting via dimensional counting [1].
There are many extensions of ChPT in different directionsa&of them are:

« Which chiral symmetrySU(Ns)L x SU(N¢)g, for Nt = 2,3,... and extensions to (partially) quenched
« Or beyond QCD

« Space-time symmetry: Continuum or broken on the latticdsai, staggered, mixed action

- Volume: Infinite, finite in space, finite T

- Which interactions to include beyond the strong one

« Which particles included as non Goldstone Bosons

My general belief is that if it involves soft pions (or séft ) some version of ChPT exists.
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TABLE 1. The number of low-energy constants (LECs) at each
order in the expansion for a number of cases, ithej notation
indicates the number of mesonic + pure contact terms.

order 2 flavour 3 flavour PQChPN{ flavour |
PP FB 2 FRB 2 FBo 2
p* IR 7+3  LILHT O 10+2 LI Hf 11+2
pb d 52+¢4 CI 90+4 K 112+3

The Lagrangians are written in terms of the special unitaayrix, parametrizin@U(3) « SU(3)r/SU(3)yv ~ SU(3),

m° N8
— + —= mt K+
V2 /6 0
U=ev®/f with &(x)= Ly o )
( V2 /6
K- KO _2Me
V6
In terms of these the lowest order Lagrangian is given by
FZ
%= 7 {(DU'DHU) + (XU + XU}, (3)

with DU = g, U —ir U +iUl,, and x = 2Bo(s+ip) in terms of the left and right external currentsl), =
vy + (—)ay and scalar and pseudo-scalar external densgieqd3]. Quark masses are included via the scalar density:
sS=.# +---. The notationA) = Trg (A) indicates the trace over flavours.

At higher orders many more terms appear. The number of tesristéd in Tab. 1. The free coefficients of those
terms are called low-energy constants (LECs). The two- hrektflavourp® Lagrangians were constructed in [2, 3],
the p® Lagrangians in [6]. Including finite volume and boundary ditions does not introduce any new LECs, other
effects and interactions typically introduce (many) newdsE

Let me just add a reminder about the main properties of ChPrelates processes with different numbers of
pseudo-scalars, includes isospin and the eightfold v8y(%)y) and unitarity and analyticity effects are included
perturbatively. The best known consequence are the chigatithms, e.g. for the example of the pion mass [2]

. /2Bm\?| 1 2Bt ]
m%_ZBm_F( Fm) [32712 Og(ugn) +23(M) |+ 4)

with M2 = 2B the lowest-order mass.

3. DETERMINATION OF LECS IN THE CONTINUUM

One of the problems in practically using ChPT is to have \afoe the unknown LECs. The original determination
was done in [2, 3] at th@* level. However, all needed observables are known to opfieas reviewed in [7]. The
latest update of the LECs can be found in [8]. _

The two-flavour constants, quoted in the subtraction-sicelependent fornk, are

I, = —04+06, l,=4.34+0.1, l3=3.04+0.8, ls=4.34+0.2,
ls = 122440.21, lg—ls=3.0+£03, lg=160+05+0.7. (5)

I1 andl, follow from the rrr-scattering analysis [9], see also [1R]is mainly restricted from lattice data [11] aiyl
from the quark mass dependencd-gfand the pion scalar radius [123.— lg is from the pion electromagnetic radius
[12], while |5 follows from the decaytr — evy[13] andt-decays [14].

The three flavour first fulp® fit was done in [15, 16]. Including many more observables amd data, a major
update was done by [17] and a final update with the same expetakinput but some more information ph LECs
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TABLE 2. Values of thep4 three-flavour ChPT LECS,ir in the
major fits performed at two-loop ordedof stands for degrees of

freedom.

ABCO1 JJ12 LY, free BE14

old data
10°L 0.39(12) 08809  0.6406)  0.53(06)
103 |_r 0.73(12)  0.61(20)  0.5904)  0.81(04)
10° |_r —2.34(37) —3.04(43) —2.80(20) —3.07(20)
1o3|_4 =0 07575  0.76(18) =03
10°LE 0.97(11)  05813)  0.5007)  1.01(06)
1o3|_r =0 029(8) 04925  0.14(05)
103|_r —0.30(15 -0.11(15 —0.19(08) —0.34(09)
103 |_r 0.60(20) 01818  0.17(11)  0.47(10)
X2 0.26 128 048 104
dof 1 4 ? ?
Fo [MeV] 87 65 64 71

in [8]. Recent values of the weak interaction ChPT LECs cafobad in [18, 19]. An overview of the lattice work is
the FLAG second report [11].

For the three-flavour case we have timgt m,27 >> m? so a question is whether ChPT works at all in this sector. The
contributions from the not very well knowpP LECs are much larger and there is the question of the impoetah
1/N. suppressed terms. In [20] a large number of observableshezied and a number of relations found that were
independent of th@® LECs and only depend op* LECs via loop contributions. With 76 observables we found 35
relations. For 13 of these there were enough experimentaladailable. The resulting picture was that three-flavour
ChPT works but might converge slowly in some cases.

The data included for a fit dff, - - -, Lj are:

° MTTaMKaMf]aFTfaFK/FTT
- (r2)I, c¥ slope and curvature

. mrand7iK scattering lengthal, a2, ap’ anday/ 2.

. Value and slope of andG in Ky4
. m = 27.5 (lattice)

ey, g

This corresponds to 1¥ 3 inputs and we have B and 34 combinations df/ to fit, a clearly ill-defined problem.
The older fits [16] (ABCO01), [17](BJ12) used a simple resareestimate of th€/, this was complemented by more
input on theC from other models and various estimates and a requiremertttdabo largep® corrections the meson
masses in [8] (BE14). The resulting values of the fits are shiowrab. 2.

Many prejudices, as described in detail in [8], were usedximdi the values of th€/. The final values chosen
are all “reasonable” and compatible with existing deteations. The largé\. suppressed constald, if left free, is
rather large. We therefore restricted it to the expectedeaBurprisingly, this lead to the valuesldfand 2. —
also being small and compatible with larbjg arguments. The values for thé are compatible with existing lattice
determinations as well. The convergence is reasonablenfotced for the masses, as can be seen from the examples:
0.005p*) — 0.050(p®),

0.069(p*

Mass: M5/ Myphys = 1.055(p

mﬁ/mﬁphys = 1112(p 0043(p >
MG /Mhpnys = 1.197(p?) —0.214(p*) +0.017(p

)— )— )
)— )— )
?) - ) )
Decay constants: Fp/Fg = 1.000(p?)+ 0.208p*) + 0.088(p°)
) ) ).
) ) )
) ) )-

)

)

F«/Fn = 1000(p +0176(p +0023(p

Scattering: a3 = 0.160(p?) +0.044(p" +0.012(p%),

1/2

aj° = 0.142p?) +0.031(p* +0.051(p® (6)
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FIGURE 1. Finite volume corrections to the charged and neutral pioasnsguared as a function wi;L for several values of
the up quark twist anglé. (a) Charged pion (b) neutral pion. Plots from [33].

4. FINITE VOLUME

An example of extra effects that can be included is the useh#fTCto study the effects of a finite volume. Finite
volume effects were studied first in a general way by LiscBé&t fand soon introduced in ChPT by Gasser and
Leutwyler [22, 23]. In particular, [23] proved that no new CE were needed. They calculateg, F; and (qq) to
one-loop in the equal mass case. Note that the remaindebavilh thep-regime withm;L > 1. L is the size of the
finite volume. ChPT will be useful since the convergencev&giby the rho mass with/in, ~ 0.25 fm, while the
finite volume effects are controlled by th; ~ 1.4 fm. It will often be needed to go beyond the leading (exmyL )
behaviour. An introduction and more references can be fauf#].

A partial overview of existing results at finite volume is: 84&s and decay constants for three flavours at one-loop
[25, 26, 27],m;; at two-loop order in two-flavour ChPT [28] and the quark-aqtark vacuum-expectation value at two-

loops in three-flavour ChPT [29]. Other examples are inclgdi twisted mass [30] and twisted boundary conditions
[31] in ChPT. I will now concentrate on two recent developtsen

4.1. Twisted boundary conditions

On a lattice with a finite size given by, components of spatial momenta are restrictecpby: 2rm' /L with n'
integer. That means that in practice very few low momentaegadable. One way to allow for more momenta is to put

a boundary condition on some of the quark fields in some direstiag(x' +L) = e‘e‘ilq(xi). Then allowed momenta
arep' = 6'/L+2m'/L. Varying theg; allows to map out momentum space on the lattice much be@2grT8e finite
box breaks rotational symmetry down to cubic symmetry bigting reduces it even further. Consequences are:

- m?(p) = E2 — p? is not constant.
- There are typically more form-factors than in infinite volem

« In general quantities can depend on many more componerite aidmenta, not just Lorentz-invariant products.
- Charge conjugation involves a change in momentum.
« The boundary conditions can break isospin.

As a first example | show the finite volume corrections to tharghd and neutral pion mass [33] in Fig. 1. The plots
show the finite volume correctiak n? = m?Y —n?V=" as a function omyL for several values o with 8, = (8,0,0)
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FIGURE 2. Finite volume corrections and infinite volume one-loop mdithe components of thet-7i° vector transition form-
factors. (a)u =t component (bu = x component. Plots from [33].

and@y = 65 = 0. The relation with the earlier work in [31] and [34] is dissed in detail in [33]. Note that the finite
volume correction is very dependent on the twist-angle.
The matrix-element for the decay constant has extra terms

(0|AY [M(p)) = ivV2FRvpu +iV2Ry,. (7)

These are required such that the Ward identities are sdt[8f83 and the extra components can be quite sizable.
The vector-form factors also require extra components [33]

(M (P)iuM(p)) = fu = Ty (P + Pp) + Fau+hy. )

earlier work on two flavours is [34]. Note that the vector eumtrsatisfies the Ward identities, contrary to what is
sometimes stated bat' f, = (p? — p'?)f +g¢?f_ +g*h, = 0 requires to include all components and the use of the
correct finite volume masses fpf andp’.

The lattice determination of the pion electromagnetic féaator from therr"-r° transition amplitude

1 3. 0
fu = —\ﬁmo(p’)ldwum*(p» = (1 7o) (p+ P+ 07 gy + 47 hy )
requires all the finite volume corrections. In Fig. 2 the eotions needed are shown for the time andpatial
component of the form-factadf, of (9). Plotted is also for comparison the pure one-loop iWoution to the infinite
volume form-factorf .

4.2. Masses at two-loops

The finite volume correction for the meson masses and deasstamas in three-flavour ChPT is in progress [35].
As was already visible in the two-flour two-loop calculatii{28], the main obstacle for a full two-loop calculation
is the finite volume sunset integrals. These were derivethfomost general mass case in [36], thus paving the way
for a full two-loop evaluation. Some preliminary resulte ahown in Fig. 3. For the pion mass at orglérthe two-
and three-flavour result differ by kaon and eta loops. Theseamerically very small. Thp® results are also in good
agreement with each other. The kaon mass at gpfiéras only a very small correction since there is no pion-loop
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FIGURE 3. Finite volume corrections at two-loop order to the meson sesssquared. Shown is the relative correction
AV e /m2 = mf2/mY¥="2 _ 1. LO is the p* or one-loop results. NLO is thg® or two-loop result. (a) Pion mass in two- and
three-flavour ChPT (b) Kaon and eta mass.

contribution. Thep® contribution is of the expected size. For thethere is a cancellation between the pure two-
loop contribution and th&!-dependent part g° resulting in a very small correction in total. Tipd contribution is
suppressed by an extra factonn%r/rrﬁ. More results and details will be published in [35].

5. BEYOND QCD

There are other symmetry breaking patterns possible inrgegauge theories. Early examples are related to tech-
nicolour [37, 38, 39] and some might be useful to avoid the gigpblem in high density QCD lattice simulations
[40]. The equal mass case requires for many quantities the sategrals as needed forr-scattering in two-flavour
ChPT [41, 42]. The lattice studies of these type of theorias discussed in the talk by E. Pallante. One often wants
to extrapolate to zero fermion masses from the lattice data.lChPT can help there, just as for the QCD case. A
number of quantities were studied fdrequal mass flavours for the complex, real and pseudo-rema[43ds44, 45] at
two-loop order. References to earlier one-loop work carood in our work and [40].

Generically the fermions can be in a complex, real or psaedbrepresentation of the gauge group. Examples
are of the first case QCD, the second case any group with famiiothe adjoint representation and the last case an
SU(2) gauge group with fermions in the fundamental represemtalticthe latter two cases anti-quarks are in the same
representation as the quarks leading to larger globalldyirametry group. Assuming that a condensate forms similar
to QCD, we get the breaking patterns:

+ SU(N) x SU(N)/SU(N) (complex)
« SU(2N)/SQ(2N) (real)
+ SU(2N)/SH2N) (pseudo-real)

The three cases can be dealt with in very similar fashion.

The standard QCD case has a vecfor= (g - - - gn ) and the chiral symmetry transformation und@r, gr) € G =
SU(Ng)L X SU(Nr)ris gL — 9L0L,0r — OrOR. The condensat(&quqRi> = —VvZjj is described by a unitary matri
The vacuum expectation value(g) = 1, the unity matrix, such that f@; = g, the vacuum remains invariant under
> gRZg[. The conserved symmetry group is thtis= SU(Ng )y .

The case wittNr fermions in a real representation of the gauge group can beritbed by a R vectord’ =
(dR1 --- Orn: GRa - - Gree ) With Gri = Cq;.. C is charge conjugation. The global chiral symmetry is tBus SU(2Ng )
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with § — gg. The vacuum expectation val(@q;) is really
N N . 0 1
i =((6)'Ca) OJsj  with  Js= < I 0 ) ' (10)

Y is 2N x 2Nr and X — g>g' for g € G. The vacuum is conserved §Jg" = Js = . The conserved part is
H = SQ(2Ng).

For Nr fermions in a pseudo-real representation the situatiomisas butg’ = (ORL --- OrRN: GR1 --- Greg ) With
Orai = eaBC(IIBi instead.gr; transforms under the gauge groupcagi. The global chiral symmetry is thus again

G = SU(2Ng) with § — gg. The vacuum expectation val(@;q;) corresponds now to
& \Tra . 0 -l
—VZji = &p((Gaj) Chgi) O Iajj with Ja= ( T ) . (11)

3 is again a Rlr x 2Nr matrix andX — g=g" for g € G. The vacuum is conserveddflzg" = Ja with a conserved
global symmetryH = Sp(2Ng).

ChPT for the three cases is extremely similar if we defireexp(i@?X?/(1/2F)) [43] with the X2 the generators
of an SU(Nr) (complex case), or of aBU(2Ng) satisfyingX®Js = JsX@T (real) or X2Jy = JaX3T (pseudo-real).
Note that these are not the usual ways of parametri2igi@N: ) or SO(2Ng) matrices but related. As a consequence
the Lagrangians constructed for thig flavor complex case [6] can be taken, but might not be minirAko the
divergence structure for the complex case is known [46)viding a check on the calculations.

The expressions for masses, decay constants and vacuuictaiqre values to two-loop order can be found in
[43] and are known fully analytically. The meson-scattgroase can be written in terms of two amplituds, t, u)
andC(s,t,u) [44], analoguous té\(s,t,u) defined infrrr-scattering, see e.g. [41]. The possible intermediatestate
a little more complicated than forr-scattering. All scattering formulas are fully analytigabbtained in [44]. For
explicit expressions | refer to that paper. As an exampléolsthe single meson-scattering length as a function of
n = Ng for the complex case in Fig. 4.

The last application we did was to perform the calculatioesassary to extract tf&parameter [45].

6. LEADING LOGARITHMS

The last application is the calculation of leading logarith(LL) in EFT and especially mesonic ChPT. Leading
logarithms are the following, take as an example an obsén@antityF dependent on a single physical scMe
The dependence on the subtraction sgaie field theory is typically logarithmic:

F=Fo+FlL+FI+FL2+ FAL+ FE+F5L3 + - L=log(u/M). (12)

The coefficientszji arei loop-level andj logarithm-level. The terms with, are called the leading logarithm terms.
These terms are easier to calculate than the remaining ¢rthe aame loop level. The underlying reason is that
physical quantities must be independent of the subtrastiate u (dF /du) = 0 and that divergences in local quantum
field theory are always local.

In a renormalizable quantum field theory the leading lopari can be calculated by a simple one-loop calculation
using the renormalization group. In an EFT this is not quitsimple since at each order in the expansion new terms in
the Lagrangian occur. Weinberg [1] showed that the leadiggrithms at two-loop level could be obtained from one-
loop calculations only. The full two-loop leading logarittwas calculated with these Weinberg consistency condition
in [47]. This was expected to work similarly to all orders grdven to do so in [48], an alternative diagrammatic proof
is in [49]. The underlying argumentis thatratoop order, f"), all the divergences must cancel. féor 4—w all terms
of the form I/w'log! p withi=1,... )nandj =0,...,n— 1 must cancel. For the leading logarithms theonditions
with i 4+ j = n give a sufficient amount of relations that the leading Iayans can be obtained from one-loop diagrams
only, the conditions with + j = n— 1 show that for the next-to-leading logarithms two-loopgdans are required
and so on.

The problem is that each order new terms in the Lagrangians gp, so new one-loop diagrams are required and
new vertices at each new order. The problem is illustratédgn5 for the case of the mass at two-loop order. We need
in general both new vertices of higher order but also newicesstwith more external legs.
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FIGURE 4. The singlet scattering length as a function of the meson nfdmsscale is set by the decay constant F;. Plots
from [44]. For technicolour applications the mass and decmstant should be scaled up accordingly.
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o h”: {1} {0} (2]

e but also needs h': Q j&.l:

FIGURES5. The reason for the increase in complexity with the loop-pfdeleading logarithms in EFT. The index in the vertices
shows the loop-order of the vertex needed. Top line: at onp-ive need the one-loop diagram for the and it gives us the mas
one-loop counter-term and logarithm. Middle line: at twop order we need the two one-loop diagrams to get the two-loass
counter-term and leading logarithm. It needs the one-leagiaring counter-term as well. Bottom line: the extra toap diagrams
needed to get one-loop scattering counter-term.
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TABLE 3. The coefficientsy of the leading logarithms for the mass in the
massiveO(N) model to five loops. Table adapted from [49].

i a,N=3 g forgeneraN

1 N
— = |7_
8 4 4 8
103 37 113N 15N? 3

4 24367 839 1601N , 695N2 _ 135N° | 231N*

1152 144~ ~144 + 48 6 T 128

5 8821 33661 1I51407N | 197587N’  12709N° | 627IN‘  7N°
144 2400 43200 4320 300 320 2

Actually, in the massless case matters simplify somewtatyartices with more external legs are needed than
already appear at one-loop. The reason is that masslesddad@nish. This was used first in [50] for the scalar two-
point function LL to five loops. In [51, 52, 53, 54] a clever leaglre polynomial parametrization of the meson-meson
scattering vertices allowed to obtain the divergenced at@grs via a recursion relation that in some limits can dxen
solved analytically. Larg8l in the sigma model agreed with the older work, see e.g. [5'8jafEd were meson-meson
scattering, scalar and vector form-factors. It was typydalund that largeN is not a good approximation.

We realized in [49] that a construction of a minimal Lagramgat each order is not necessary. When calculating
the divergences using a method that preserves the undgrdyimmetry the produced divergence structure will
automatically have the correct symmetry and reducing itdariost minimal form or even rewriting it in a fully
symmetric form is not needed. The consequence is that teing®e computerized and simply let run using FORM
[56]. We first pushed the massive nonlinga{N) model to rather large orders for the masses, form-factods an
scattering in [49, 57] and solved the lafgdimit to all orders also for the massive case using gap eguéchniques.

A very strong check of the result is to use different parainations of the lowest-order Lagrangian. This should give
the same results in the end but intermediate expressiongpyrélifferent.

An example result is the mass to fifth order via

Ménys=M?(1+asly + azlfy +asky +...) (13)

The coefficientsy are shown in Tab. 3 to five loops. The effects of the anomalywedded in [58]. An example is the
pion coupling to two off-shell photons:

AT = y(k)y(ke) = Euap & (k)& (ko) KTKE Fryy (K2, K3),
e .
Fry(K2,K3) = mFFv(k%)Fv(k%)Fw(kik%)- (14)

F:is for on-shell photongz,(k?) is the form factor for one-off shell photorf;, is the nonfactorizable part when both
photons are off-shell. This was done to six loops. The onfl-sleeays leading logarithm part converges extremely
well:

F =1+ 0—0.000372+0.000088+ 0.000036+ 0.000009+ 0.0000002+ ... (15)

The nonfactorizable starts only at three loops and in theskess case only at four loops. The leading logarithms give
for this a very small contribution.

The extension to th8U(N) x SU(N) case was done in [59]. In particular we pushgd— it there to high order
and found only small corrections. A summary of existing meskeading logarithms from our work is:

« O(N)/O(N — 1) model [49, 57]

— massive casearrm, Ry andFs to 4-loop order

— largeN for these cases also for mass®EN).

— done using bubble resummations or recursion equation vaaiclbe solved analytically
- [58]

— O(N)/O(N — 1) model: MassF, Fy to six loops
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— O(4)/0(3) Anomaly: y*37 (five) andr®y* y* (six loops)
« SU(N) x SU(N)/SU(N) [59]

— Mass, Decay constants, Form-factors

— Meson-Mesonyy — mirt

Typically, the expected radius of convergence was foundyéld was not a good numerical guide either to the actual
coefficients unless one went to rather large valuds.of
Unfortunately, in no case could we identify a conjecturedtyrorder behaviour of leading logarithms. | strongly
recommend all of you to have a look at the many tables in thetiomeed papers to see if you have more luck there.
A final comment is that the method has recently been exterudte thucleon sector [60]. This is discussed in more
detail in the parallel session talk by A.A. Vladimirov.

7. CONCLUSIONS

In this talk | gave a very short introduction to Chiral Pebation Theory in the mesonic sector and discussed a
number of recent advances. These include the latest deigtion of the LECs of [8]. Finite volume effects with
twisted boundary conditions and preliminary results orfitiée volume two-loop results in three flavour ChPT were
the next topic. The third subject was the use of mesonic Cimilita.extension to different symmetry breaking patterns
with an eye towards applications relevant to technicol®he last topic was the calculation of leading logarithms in a
number of effective field theories to high orders.
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