arXiv:1710.04383v1 [hep-ph] 12 Oct 2017

LU TP 17-30 October 2017

Chiral Perturbation Theory for Neutron-antineutron Oscillations

Johan Bijnens and Erik Kofoed^†

Department of Astronomy and Theoretical Physics, Lund University, Sölvegatan 14A, SE 223-62 Lund, Sweden

Abstract

We construct the Chiral Perturbation Theory operators for neutron-antineutron oscillations and use these to estimate chiral and finite volume corrections at one-loop order.

† Present address: Narodowe Centrum Badań Ja̧drowych, Hoża 69, 00-681 Warszawa, Poland

1 Introduction

The baryon asymmetry of the universe is one of the open problems in particle physics. One possible solution is to have B − L violation as exemplified in ΔB = 2 transitions and in particular neutron-antineutron oscillations. This has been suggested long ago, see e.g. [1, 2, 3, 4, 5]. Recent reviews are [6, 7]. ΔB = 2 transitions require a six-quark operator. These were classified in [8, 9, 10]. To obtain predictions of a particular model the coefficients of these operators need to be evolved to a low scale and then the matrix elements computed. This running is known to two-loop order [11]. We will also use the notation of the operators used in that reference. In the past these matrix elements were estimated using models but now the first lattice calculations have appeared [12, 13]. These can be done at different quark masses from the physical ones and are necessarily at finite volume. Chiral Perturbation Theory (ChPT) allows to do estimate both of these effects.

The bounds on the mean oscillation time τ are τ > 8.6 10^7 s from free neutrons [14] and τ > 2.7 10^8 s from bound neutrons [15]. The reason why the bound from bound neutrons is much lower than those for proton decay is that the antineutron inside nuclei is far off-shell, see e.g. [16] for a clear explanation. For the same reason, strong magnetic shielding is needed for the free neutron experiments. A new free neutron experiment is proposed for ESS in Lund [17] so a better estimate of the matrix elements will be very useful to put limits on ΔB = 2 effects in theories beyond the Standard Model.

In this paper we construct the ChPT equivalents of the six-quark operators of [11] and use these then to calculate the chiral and finite volume corrections in the isospin limit. The finite volume corrections are found to be small for m_πL > 4 for the physical pion mass but chiral extrapolations can be substantial already for pion masses of order 200 MeV.

In Sect. 2 we discuss shortly the quark operators of [11] and their chiral representation. Sect. 3 discusses the ChPT aspects. The main new result is the construction of the ChPT operators for neutron-antineutron transitions. This is done using the spurion technique. In Sect. 4 we calculate the one-loop corrections in ChPT to the matrix elements and in Sect. 5 we give some numerical results. Our main conclusions are given in Sect. 6. App. A recalls some SU(2) identities used heavily in deriving the ChPT operators and the needed integrals are discussed in App. B.

Preliminary results of this work were presented in the master thesis [18] and at Lattice 2017 [19].

2 Quark operators and chiral properties

The operator structure needed for nn̄-transitions contains six quark fields dddduu where under the chiral symmetry group SU(2)_L × SU(2)_r each quark field can be in a left- or right-handed doublet. The operators were classified in [8, 9, 10] and rewritten in a basis that shows the chiral properties in [11]. It was found that there are 14 operators that have six types of representations under the chiral group. There are three (1_L, 3_R), one (1_L, 7_R) and three (5_L, 3_R) operators, as well as their parity conjugates. The chiral loop corrections

Chiral #operators Chiral Spurion #operators (3_L, 1_R) 3: P_1, P_2, P_3 θ^{iLjL}_i (i = 1, 2, 3) (1_L, 3_R) 3: Q_1, Q_2, Q_3 (3_L, 5_R) 3: P_5, P_6, P_7 θ^{iLjLkRlRmRnR} i (i = 4, 5, 6) (3_R, 5_L) 3: Q_5, Q_6, Q_7 (7_L, 1_R) 1: P_4 θ^{iLjLkLlLmLnL} 4 (1_L, 7_R) 1: Q_4

Table 1: The chiral representations of the dimension-9 six-quark operators as listed in [11] as well as the corresponding spurions. The indices on the spurions are SU(2)_L × SU(2)_R upper doublet, fully symmetrized in the indices of the same type.

for the parity-conjugates are the same since the strong interactions are invariant under parity.

If we assume isospin conservation, only an I = 1 operator can contribute to nn̄- transitions. So only the I = 1 projection of the different (5_L, 3_R) and (3_L, 5_R) operators contributes, this explains why the loop contributions for all those operators are the same, in fact one can show that the operators P_5, P_6, P_7 (and similarly Q_5, Q_6, Q_7) are related by isospin. The (1_L, 7_R) and (7_L, 1_R) operators do not contribute in the isospin limit. The operators are summarized in Tab. 1.

We can add spurion fields transforming under G_χ = SU(2)_L × SU(2)_R such that the combination of quark-operators with chiral flavour indices and the spurions is invariant under G_χ. These will be used to construct the operators in ChPT. There is a corresponding set for the opposite parity operators Q_i.

3 Chiral perturbation theory

We work in two-flavour ChPT and we use the heavy-baryon formalism [20] (HBCHPT), a review and introduction is [21]. The notation we use can be found in [21] or [22]. The lowest order meson Lagrangian is

L_2 =

F^2 4 ⟨u_μu^μ + χ_+⟩ , u_μ = i [ u^†(∂_μ − ir_μ)u − u(∂_μ − il_μ)u^† ] , χ = 2B (s + ip) , Γ_μ = 1 2 [ u^†(∂_μ − ir_μ)u − u(∂_μ − il_μ)u^† ] , χ_± = u^†χu^† ± uχ^†u , ⟨A⟩ ≡ tr(A) . (1) u is a 2 × 2 unitary matrix that contains the pion fields π^a via u = exp(π^aτ^a/(2F )), with τ^a the Pauli matrices. B, F are the two lowest-order (LO) low-energy constants (LECs). The 2 × 2 matrices s, p, l_μ, r_μ are the usual ChPT external fields. The last one defines U.

Under a chiral transformation g_L, g_R the objects above transform as u → g_Luh^† ≡ hug^†_L , u_μ → hu_μh^† , χ → g_Rχg^†_L , χ_± → hχ_±h^† , U = u^2 → g_RUg^†_L . (2)

The first equation is the definition of the compensator transformation h which depends on u, g_L, g_R.

Figure 1: A pictorial representation of the velocity regions relevant for projection on the nucleon and antinucleon HBCHPT fields.

Nucleons in a relativistic normalization can be included via a doublet field Ψ at LO as [23] Ψ = ( p n ) , ψ → hΨ , L_R = Ψ ( iD_μγ^μ − m + g_A 2 u_μγ^μγ_5 ) Ψ , D_μ ≡ ∂_μ + Γ_μ . (3)

In HBCHPT we project on velocity-dependent fields N via

N = (1/2)(1 + v_μγ^μ) exp(imv · x)Ψ , (4)

with v a four-velocity with v^2 = 1. However, in this paper we need to introduce also an antinucleon field with the same velocity v. The charge conjugate fermion spinor is ψ^c ≡ −iγ^2ψ^∗. We then define

Ψ^c ≡ iτ^2 ( p^c n^c ) = ( n^c −p^c ) , Ψ^c → hΨ^c . (5)

The transformation under the chiral group follows from the properties of SU(2) using the identities in App. A. We then define a HBCHPT field for the antineutron as

N^c = (1/2)(1 + v_μγ^μ) exp(imv · x)Ψ^c . (6)

Compared to the first projection (4), this is at −v if formulated in terms of Ψ. N and N^c are in HBCHPT independent fields, since they are from expansions around different widely-separated velocities as depicted in Fig. 1. The lowest order Lagrangian for the HBCHPT fields is

L_N = N (iv^μD_μ + g_Au^μS_μ) N + N^c (iv^μD_μ − g_Au^μS_μ) N^c . (7)

The signs can be derived using charge conjugation. The spin vector S_μ has the properties

S_μ = − 1 4 γ_5 [γ_μ, γ_ν] v^ν , S^2 = 1 − d 4 , {S_μ, S_ν } = 1 2 (v_μv_ν − g_{μν} ) , v · S = 0 . (8)

These properties are sufficient for our calculation. Higher order Lagrangians can be constructed in the same way as usual.

The operators that give neutron-antineutron transitions have to be written with doublet indices and must create the antineutron. For this we introduce^1 ~N c = ( p^c n^c ) = −iτ^2N^{cT} , ~N^c → h ~N^c . (9)

We need to construct operators that transform with left- or right-handed doublet indices under SU(2)_L × SU(2)_R. These can then be contracted with the spurion operators given in Tab. 1 to make invariant quantities.

To be precise, a lower index on an object x_{iL} leads to the transformation x_{iL} → ∑ j_L (gL) j_L i_L xjL and equivalently for a right-handed lower index. Some examples of objects

with the corresponding indices are: ( Uiτ^2 ) i_Rj_L , (uN )iR , ( u^†N ) i_L , ( u ~N^c ) i_R , ( u^† ~N^c ) i_L , ( u^†u_μuiτ_2 ) i_Lj_L . (10)

To get a neutron to antineutron transition we need an ~N^c and a N field. Dirac (or fermion) indices are contracted between these.

The lowest order, p^0, operators are

(3_L, 1_R) : R_{iLjL} = ( u^† ~N^c ) i_L ( u^†N ) j_L (3_L, 5_R) : R_{iLjLkRlRmRnR} = ( u ~N^c ) k_R (uN )_{lR} ( Uiτ^2 ) m_Ri_L ( Uiτ^2 ) n_Rj_L (7_L, 1_R) : — (11)

and the parity-conjugates. There is no lowest order operator for (7_L, 1_R). The first operator that appears for (7_L, 1_R) is at order p^2:

(7_L, 1_R), p^2 : ( u^† ~N^c ) i_L ( u^†N ) j_L ( u^†u_μuiτ_2 ) k_Ll_L ( u^†u_μuiτ_2 ) m_Ln_L (12)

At higher orders there are very many operators. A partial list can be found in [18]. We will restrict ourselves to comments sufficient for the application to neutron-antineutron transitions. The relevant independent combinations we refer to as δ_i below.

At order p, the operators must contain a derivative D_μ or u_μ. As such, they will contain either dependence on the neutron or antineutron four momentum, or contain an extra pion. For a neutron-antineutron transition at rest the HBCHPT momentum k_μ vanishes. There is

1In this equation, the fields p^c, n^c are the HBCHPT ones for the antinucleons, not the relativistic fields.

thus no tree level contribution to neutron-antineutron transitions. Loop level contributions from these operators will start at p^3, which is beyond what is considered in this paper.

At order p^2 there are very many operators that contribute, a rather extensive list is in [18]. Two examples are ( u^†D_μ ~N^c ) i_L ( u^†D^μN ) j_L , ( u^† ~N^c ) i_L ( χ^†uN ) j_L . (13)

For this paper it is sufficient to notice that there is a free parameter at order p^2 associated with each operator.

How many parameters do we need to order p^2 to describe neutron-antineutron transitions given the operators P_1, . . . , P_7 with a given coefficient? The operators P_1, P_2, P_3 are all (3_L, 1_R), however the quark-operators are not related by a chiral transformation. This leads to three free parameters at order p^0 and three more at order p^2. The three operators P_5, P_6, P_7 belong to same chiral multiplet, i.e. they are related via a chiral transformation. This leads to one parameter at p^0 and one more at p^2. The (7 : L, 1_R) operator at order p^2 does not contribute to neutron-antineutron transitions.

The values to which the spurions need to be set to reproduce the quark level operators can be derived from the expressions in [11]. They are (1 corresponds to an up-quark, 2 to a down-quark):

θ^{ij}_1 = θ^{ij}_2 = θ^{ij}_3 = δ^i_2δ^j_2 , θ^{ijklmn} 5 = δ^i_1δ^j_1δ^k_2 δ^l_2δ^m_2 δ^n_2 , θ^{ijklmn} 6 = 1 2 √ 2 ( δ^i_1δ^j_2 + δ^i_2δ^j_1 ) ( δ^k_1 δ^l_2δ^m_2 δ^n_2 + δ^k_2 δ^l_1δ^m_2 δ^n_2 + δ^k_2 δ^l_2δ^m_1 δ^n_2 + δ^k_2 δ^l_2δ^m_2 δ^n_1 ) , θ^{ijklmn} 7 = 1 √ 6 δ^i_2δ^j_2 ( δ^k_1 δ^l_1δ^m_2 δ^n_2 + δ^k_1 δ^l_2δ^m_1 δ^n_2 + δ^k_1 δ^l_2δ^m_2 δ^n_1 + δ^k_2 δ^l_1δ^m_1 δ^n_2 + δ^k_2 δ^l_1δ^m_2 δ^n_1 + δ^k_2 δ^l_2δ^m_1 δ^n_1 ) . (14)

Note that these are normalized to 1, slightly different from [11].

To summarize the neutron-antineutron part. If the Lagrangian at the quark-level is of the form ∑ i=1,7 α_iP_i (15)

then the LO ChPT Lagrangian has the form

L_{nn̄} = (β_1α_1 + β_2α_2 + β_3α_3) θ^{iLjL}_1 R_{iLjL}

+ β_5 ( α_5θ^{iLjLkRlRmRnR} 5 + α_6θ^{iLjLkRlRmRnR} 6 + α_7θ^{iLjLkRlRmRnR} 7 ) R_{iLjLkRlRmRnR} (16) with the spurions as defined in (14) and the operators in (11). The α_i are short-distance parameters while the β_i are long-distance parameters. The parity-conjugate operators can be included similarly.

Figure 2: The diagrams for nn̄ transitions to order p^2. An open dot indicates a vertex from the nn̄ Lagrangian (16), a dot from the LO normal Lagrangian (7). The contributions from wave-function renormalization are indicated schematically in(f) and from the p^2 nn̄- Lagrangian in (g). A right-pointing line is a neutron, a left-pointing line an antineutron.

4 Analytical results

The diagrams needed for nn̄ transition to order p^2 are shown in Fig. 2.

The LO, p^0, result from Fig. 2(a) is

A(n → n̄)_{LO} = β_1α_1 + β_2α_2 + β_3α_3 + β_5 ( α_5 − α_6 √ 2 + α_7 √ 6 ) . (17)

The integrals we use are defined in App. B. The tadpole diagram of Fig. 2(b) contributes

A(n → n̄)_{(b)} = 1 F^2

A(m^2_π) [ (β_1α_1 + β_2α_2 + β_3α_3) + 7β_5 ( α_5 − α_6 √ 2 + α_7 √ 6 ) ] . (18)

The diagrams (c) and (d) contain the integral 1 i ∫ d^dr (2π)^d S · r (r^2 − m^2_π)(v · (r + k))

. (19)

We work in the frame where the external momentum k vanishes. In infinite volume the integral is proportional to v · S = 0. In finite volume for a neutron and antineutron at rest, S is purely spatial, and the integral/sum is odd under ⃗r → −⃗r and vanishes for periodic boundary conditions. So (c) and (d) give no contribution.

Diagram (e) can be rewritten in terms of the integral

I(m^2_π) = 1 i ∫ d^dr (2π)^2

(S · r)^2 (r^2 − m^2_π)(v · r)^2

. (20)

The central vertex is directly the LO contribution so (f) contributes

A(n → n̄)_{(f)} = − g^2_A F^2

I(m^2_π)A(n → n̄)_{LO} . (21)

Wave-function renormalization can be computed from the derivative of the nucleon (and antinucleon) selfenergy. This leads again to the occurrence of the integral I(m_π)^2 in this contribution. We get

A(n → n̄)_{(f)} =

3g^2_A F^2

I(m^2_π)A(n → n̄)_{LO} . (22)

Depending on the form of p^3 Lagrangian in the pion nucleon sector chosen, we have a contribution proportional to m^2_π and a possible p^3 pion-nucleon LEC. This is nonzero if choosing the Lagrangian in [21] and vanishes if the version of [22] is chosen. The two choices are related by a field redefinition. The effect is that the p^2 nn̄ LECs (referred to as δ_i below) have different values in the two cases but such that the total result remains the same.

The final result is

A(n → n̄) = (β_1α_1 + β_2α_2 + β_3α_3) [ 1 + 1 F^2 ( A(m^2_π) + 2g^2_AI(m^2_π) )]

+ β_5 ( α_5 − α_6 √ 2 + α_7 √ 6 ) [ 1 + 1 F^2 ( 7A(m^2_π) + 2g^2_AI(m^2_π) ) ]

+ m^2_π (δ_1α_1 + δ_2α_2 + δ_3α_3) + m^2_πδ_5 ( α_5 − α_6 √ 2 + α_7 √ 6 ) . (23)

In order to get the infinite volume finite result, replace the δ_i by their finite parts δ^r_i and the integrals I, A by I, A. The finite volume correction is obtained by dropping terms not involving an integral and replacing I, V by I^V , A^V . Expressions for these integrals are in App. B.

5 Numerical results

We set in this section all p^2 LECs, δ^r_i , to zero.

The relative chiral correction from the loops to (3_L, 1_R) (D_1)) and (3_L, 5_R) (D_5) operators is given by keeping the I, A terms in (23) and replacing them by I, A. The result is D_1 = m^2_π 16π^2F^2 [( −1 − 3g^2_A 2 ) log m^2_π μ^2 − g^2_A ] , D_5 = m^2_π 16π^2F^2 [( −7 − 3g^2_A 2 ) log m^2_π μ^2 − g^2_A ] . (24)

These are plotted in Fig. 3(a) for a range of m^2_π with F = 92.2 MeV fixed and g_A = 1.25. Note that they are large for the (3_L, 5_R) operators alread at m_π ≈ 200 MeV.

(a) (b)

Figure 3: The numerical results of the pure loop contributions. (a) The infinite volume correction of (24) (b) The finite volume correction of (25).

The correction due to finite volume is obtained by replacing I, A by I^V , A^V in (23):

D^V_1 = 1 F^2 [( 1 + g^2_A 2 ) A^V (m^2_π, 1) + m^2_πg^2_AA^V (m^2_π, 2) ] , D^V_5 = 1 F^2 [( 7 + g^2_A 2 ) A^V (m^2_π, 1) + m^2_πg^2_AA^V (m^2_π, 2) ] . (25)

These are plotted in Fig. 3(b) for m_π = 135 MeV and F = 92.2 MeV as a function of m_πL. D^V_5 is negative over the whole region while D^V_1 is positive. D^V_1 goes through zero just below the region plotted. The finite volume corrections are small for m_πL > 4.

6 Conclusions

In this paper we have constructed ChPT operators for the dimension 9 six-quark operators that contribute to neutron-antineutron oscillations. At order p^0 there is one term each transforming as (3_L, 1_R) and (3_L, 5_R). The (7_L, 1_R) operators only contribute at order p^3 by power-counting but do require isospin violation. We showed that the order p operators only contribute from order p^3. There is a large number of operators contributing at order p^2, a partially complete list can be found in [18]. The same is true for the parity-conjugate operators.

Our main results are the one-loop corrections in (23), (24) and (25). We have shown numerical results. The finite volume corrections are small for m_πL > 4. We found that chiral corrections are reasonable for the (3_L, 1_R) operators but can be sizable for the (3_L, 5_R) operators.

Acknowledgements

This work is supported in part by the Swedish Research Council grants contract numbers 621-2013-4287, 2015-04089 and 2016-05996 and by the European Research Council (ERC) under the European Union’s Horizon 2020 research and innovation programme (grant agreement No 668679).

A Group theory

SU(2) is a pseudoreal group with as generators T^a = (1/2)τ^a. The Pauli matrices τ^a are Hermitian and satisfy τ^{aT} = τ^{a∗} = −τ^2τ^aτ^2 . (26) As a consequence the special unitary matrices x = g_L, g_R, u, h all satisfy τ^2xτ^2 = x^∗ , τ^2x^T τ^2 = x^† . (27) These identities are used a lot in the construction of the transformations and operators in the main text.

B Integrals

The integrals we need to calculate both at infinite and finite volume. In finite volume we replace the integral over spatial momenta by a sum. The techniques are well known both at finite and infinite volume, we use here [21] and [24].

The mesonic integral/sum needed is

A(m^2) = 1 i ∫ d^dr (2π)^d 1 r^2 − m^2_π = λ_0 16π^2

+ A(m^2) + A^V (m^2, 1) , (28)

with

λ_0 = 1 ϵ + 1 + log(4π) − γ_E , d = 4 − 2ϵ . (29)

The terms with λ_0 are removed by the renormalization procedure and the logarithms of m^2_π obtain the subtraction scale μ^2 via the renormalization as well. We therefore quote the integrals including μ^2. The finite volume part depends on the spatial length scale L. The results are, see e.g. [24],

A(m^2_π) = − m^2_π 16π^2 log m^2_π μ^2 , A^V (m^2, n) =

(−1)^n 16π^2 ( L^2 4 )_{n−2} ∫ dλ Γ(n) λ^{n−3}e^{−λm2L2/4} [ θ_3 ( e^{−1/λ} )_3 − 1 ] , θ_3 = ∑ n=−∞,∞ q^{(n2)} . (30)

The other integral/sum needed is

I(m^2_π) = 1 i ∫ d^dr (2π)^d

(S · r)^2 (r^2 − m^2_π)(v · r)^2

. (31)

The numerator can be rewritten via

(S · r)^2 = 1 2 r^μr_ν {S_μ, S_ν } = 1 4 [ (v · r)^2 − r^2 ] = 1 4 [ (v · r)^2 − (r^2 − m^2_π) − m^2_π ] . (32)

The second term leads to an integral with only v · r in the denominator. These vanish both at infinite and finite volume. We thus get

I(m^2_π) = 1 4 A(m^2_π) − m^2_π 4 1 i ∫ d^dr (2π)^d 1 (r^2 − m^2_π)(v · r)^2

(33)

We combine the propagators in the second term with 1/(ab^2) = ∫_∞ 0 dλ 8λ/(a + 2bλ)^3 and shift the momentum to^2 r̃ = r + vλ and obtain the integral 1 i ∫ d^dr̃ (2π)^d ∫_∞ 0 dλ8λ 1 (r^2 − (m^2_π + λ^2))^3 = − 1 i ∫ d^dr̃ (2π)^d 2 (r̃^2 − m^2_π)^2

. (34)

In the second step we have done the λ-integral. The integral/sum appearing now is known and we obtain

I(m^2_π) = λ_0 16π^2

3m^2_π 4 + I(m^2_π) + I^V (m^2_π) ,

I(m^2_π) = m^2_π 16π^2 ( − 3 4 log m^2_π μ^2 − 1 2 ) , I^V (m^2_π) = 1 4 A^V (m^2_π, 1) + m^2_π 2 A^V (m^2_π, 2) . (35)

References

[1] S. L. Glashow, NATO Sci. Ser. B 61 (1980) 687.

[2] R. N. Mohapatra and R. E. Marshak, Phys. Rev. Lett. 44 (1980) 1316 Erratum:

[Phys. Rev. Lett. 44 (1980) 1643].

[3] T. K. Kuo and S. T. Love, Phys. Rev. Lett. 45 (1980) 93.

[4] L. N. Chang and N. P. Chang, Phys. Lett. 92B (1980) 103.

[5] K. G. Chetyrkin, M. V. Kazarnovsky, V. A. Kuzmin and M. E. Shaposhnikov, Pisma Zh. Eksp. Teor. Fiz. 32 (1980) 88.

2This also works at finite volume since v is in the temporal direction there.

[6] R. N. Mohapatra, J. Phys. G 36 (2009) 104006 [arXiv:0902.0834 [hep-ph]]. [7] D. G. Phillips, II et al., Phys. Rept. 612 (2016) 1 [arXiv:1410.1100 [hep-ex]]. [8] S. Rao and R. Shrock, Phys. Lett. 116B (1982) 238. [9] S. Rao and R. E. Shrock, Nucl. Phys. B 232 (1984) 143.

[10] W. E. Caswell, J. Milutinovic and G. Senjanovic, Phys. Lett. 122B (1983) 373. [11] M. I. Buchoff and M. Wagman, Phys. Rev. D 93 (2016) 016005 [arXiv:1506.00647 [hep-ph]].

[12] M. I. Buchoff, C. Schroeder and J. Wasem, PoS LATTICE 2012 (2012) 128 [arXiv:1207.3832 [hep-lat]].

[13] S. Syritsyn, M. I. Buchoff, C. Schroeder and J. Wasem, PoS LATTICE 2015 (2016) 132.

[14] M. Baldo-Ceolin et al., Z. Phys. C 63 (1994) 409.

[15] K. Abe et al. [Super-Kamiokande Collaboration], Phys. Rev. D 91 (2015) 072006 [arXiv:1109.4227 [hep-ex]].

[16] A. Gal, Phys. Rev. C 61 (2000) 028201 [hep-ph/9907334].

[17] D. Milstead, PoS EPS -HEP2015 (2015) 603 [arXiv:1510.01569 [physics.ins-det]]. [18] E. Kofoed, Master thesis, Lund University, LU-TP 16-62, available from https://lup.lub.lu.se/student-papers/search/publication/8898924.

[19] J. Bijnens, talk at lattice 2017.

[20] E. E. Jenkins and A. V. Manohar, Phys. Lett. B 255 (1991) 558. [21] V. Bernard, N. Kaiser and U. G. Meissner, Int. J. Mod. Phys. E 4 (1995) 193 [hep-ph/9501384].

[22] G. Ecker and M. Mojzis, Phys. Lett. B 365 (1996) 312 [hep-ph/9508204]. [23] J. Gasser, M. E. Sainio and A. Svarc, Nucl. Phys. B 307 (1988) 779. [24] J. Bijnens and J. Relefors, JHEP 1405 (2014) 015 [arXiv:1402.1385 [hep-lat]].