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Sammanfattning1

Inom vetenskapen finns det många exempel p̊a nätverk av ett stort antal
samverkande delar. Det kan vara aktiviteten i en levande cell, myror i en
myrstack eller djur i ett ekosystem. Slumpmässiga booleska nätverk, som är
ämnet för denna avhandling, är ytterligare ett exempel. Dessa nätverk är ma-
tematiska konstruktioner som är förh̊allandevis lätta att undersöka med hjälp
av datorer och matematiska verktyg. Även om de booleska nätverken är en
kraftig förenkling i förh̊allande till de allra flesta verkliga nätverk, är de till-
räckligt komplexa för att kunna ha vissa intressanta egenskaper.

Ett booleskt nätverk best̊ar av noder som var och en kan ha värdet sant eller
falskt. Ordet booleskt syftar p̊a att det bara finns tv̊a till̊atna värden. Varje
nod har ett antal ing̊angar som kopplar den till andra noder. En regel, som
kan väljas fritt för varje nod, talar om hur nodens värde beror p̊a ing̊angarnas
värden. Man undersöker dynamiken i ett s̊adant nätverk genom att g̊ang p̊a
g̊ang ändra nodernas värden enligt reglerna. Med slumpvis valda ing̊angar och
regler f̊ar man ett slumpmässigt booleskt nätverk.

B̊ade verkliga nätverk och booleska nätverk kan hamna i l̊asta tillst̊and, eller
l̊asta serier av tillts̊and, som inte g̊ar att komma ur. De kallas för attraktorer.
År 1969 publicerade Stuart Kauffman en artikel där han jämför celltyper i fler-
celliga organismer med attraktorer i en speciell typ av slumpmässiga booleska
nätverk. Kauffmans artikel har gett inspiration till en mängd vetenskapliga
publikationer, inklusive artiklarna i denna avhandling.

Egenskaperna hos attraktorer i slumpmässiga booleska nätverk är nära
kopplade till nätverkens känslighet för störningar. De fyra artiklar som ing̊ar i
denna avhandling behandlar dessa ämnen. B̊ade datorsimuleringar och mate-
matisk analys används. Resultaten ger intressanta konsekvenser för Kauff-
mans analogi mellan celltyper och attraktorer. En matematisk metod för att
undersöka nätverk med en ing̊ang per nod presenteras, och det visar sig att
s̊adana slumpmässiga booleska nätverk har starka likheter med nätverk som
har fler ing̊angar per nod. Ovanst̊aende metod kan dessutom användas för
att undersöka s.k. slumpmässiga avbildningar, som är en typ av matematiska
konstruktioner.

Data fr̊an genetisk reglering i jästsvampar används som utg̊angspunkt för
att bygga booleska nätverk. En experimentellt baserad sammanställning av
booleska regler undersöks, och det visar sig att de flesta s̊adana regler har en viss
struktur; de är s.k. nästlat kanaliserande. Stabiliteten hos nätverk med nästlat
kanaliserande regler testas, b̊ade för separata nätverk och för sammanlänkade
nätverk i en enkel modell för celler i en vävnad.

1Summary in Swedish

iii

Sammanfattning1
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falskt. Ordet booleskt syftar p̊a att det bara finns tv̊a till̊atna värden. Varje
nod har ett antal ing̊angar som kopplar den till andra noder. En regel, som
kan väljas fritt för varje nod, talar om hur nodens värde beror p̊a ing̊angarnas
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i

Introduction

It has become increasingly common that physicists deal with problems out-
side areas of traditional physics. The ways physicists describe the world are
also useful in disciplines like biology, medicine, and social sciences. Central to
this development are concepts like systems, criticality, and complexity. These
notions are important to science in general, but in physics and applied mathe-
matics they have received particularly strong attention.

A system can be almost anything that one wants to describe. It could be a
living cell, an ecosystem, a bike, or the traffic flow in a city. The word “system”
can in many cases be seen as a convenient synonym to the phrase “the thing
under consideration”. The most important requirement on a system is that it
is possible to make a clear conceptual separation between the system and its
environment.

Criticality is related to how systems (physical, biological, or others) respond
to perturbations. If the effects of all small perturbations disappear after a while,
the system is stable. On the other hand, if a small perturbation usually renders
substantial effects, the system is unstable. If a system is on the borderline
between stability and instability, it is critical. In many cases, critical systems
exhibit the most interesting properties.

As an example, we can consider traffic on a highway. Imagine that a car
suddenly slows down and then, after a while, accelerates up to normal speed.
If the traffic density (number of cars per distance) is low, this will cause a small
perturbation of the traffic flow, and the effect of the perturbation disappears
after a short time. In this case, the traffic represents a stable system. On the
other hand, if the density of cars is high, a long sequence of cars will have to
slow down and it is likely that the perturbation will result in a traffic jam. This
is the signature of instability. At the borderline between these two scenarios
the critical density is found, and for this case it is hard to predict the outcome
of a small perturbation to the traffic flow. The dynamics at critical density is
not only complicated, but also highly relevant because critical systems tend to
display rich variations in the dynamics.

A complex system consists of many entities that together create something
more than just many separate entities. For example, an anthill is more than
many ants at the same place, and the Internet is more than just a network of
many computers. The example above, of traffic on a highway, represents also
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a complex system. In all those systems, the interactions between the involved
entities are crucial for how the whole system acts.

This thesis addresses questions within the theory of a particular class of
models developed to explore complexity: random Boolean networks. These are
comparatively easy to investigate, using computer simulations and mathemati-
cal tools. Although random Boolean networks are much simpler than most real
complex systems, they are still complex enough to show nontrivial behavior and
to promote the understanding of complex systems in general.

i.1 Random Boolean Networks

A Boolean variable is something that can only have two distinct values. Those
values could be on/off, true/false, or 1/0, as in digital circuits. In other
words, a Boolean variable is a binary variable. A Boolean network has a set
of such variables, where each variable is connected to other variables in the
network. The locations in the network that have Boolean variables are called
nodes. The connections between the nodes are directed, in the sense that if
there is a connection from a to b, a is an input to b and a outputs its value
to b. Each node is also associated with a rule that assigns an output value for
each possible configuration of the Boolean values at the input nodes. When a
node is updated, the Boolean variable at the node is assigned the output value
of the rule at that node, given the current input values.

The description above shows the basic elements of Boolean networks. There
are many ways to create Boolean networks, and one can use different schemes
to decide in what order the nodes should be updated. If the rules and the
connections of a Boolean network are selected at random (using pre-defined
distributions), it is called a random Boolean network.

As an illustration of a Boolean network, and how it can be related to real
complex systems, we can consider the traffic flow in streets with traffic lights.
As in most other cases, the correspondence to Boolean networks goes via quite
drastic simplifications, but the complexity of the system will to a large extent
survive the simplifications. To describe how the traffic lights switch between
red and green, using a Boolean network, some approximations are needed:

1) Each traffic light is either red or green, meaning that short periods of
yellow and other special cases are ignored.

2) In this model, we do not keep track of the cars explicitly. Instead, we
assume that knowledge about the commonly used routes, in combination with
where it has been green recently, is sufficient for knowing where cars are present.

3) The update events of the network correspond to time points when traffic
lights can switch from red to green or vice versa. Here, we assume that all
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lights are updated synchronously, and that the waiting time between separate
update events is constant.

The connections in the corresponding Boolean network are determined by
the ways each traffic light can be reached. The Boolean rules are determined by
the function of each signal. When no cars approach a signal, it should be red.
If cars approach a crossing from one direction only, the corresponding signals
should turn green. If cars approach from many directions, the signals should
alternate the directions that let cars through. For the alternating pattern to
be possible, it is required that the rule of each light has additional inputs from
lights in the same crossing.

Although the example above is quite odd if we want to do research about
traffic flow, it serves as a convenient illustration of the hallmarks of Boolean
networks. The main advantage of Boolean networks is that one can investigate
dynamics in very large networks using a comparably small computational effort.
On the other hand, they require quite drastic simplifications when comparisons
are made to almost any real system.

If very little is known about a complex system, Boolean networks provide a
reasonable starting point, because more elaborate models require more detailed
knowledge. In many cases, the knowledge about a complex system is so limited
that it is unknown how most of the parts in the system interact with each other.
In the analogy above, to traffic, that would mean that one knows neither how
the streets are interconnected nor how a properly working traffic signal behaves.
Then, one has to guess the connections and the rules in the corresponding
Boolean network model. The resulting model of such guesses is a random
Boolean network.

i.2 On Complexity and Gene Regulation

Living cells are very complex and detailed knowledge about the genes and
their functions is limited. Genetic sequencing projects, like the human genome
project, are only starting points to gain knowledge about the genetic mecha-
nisms. The full genetic sequence of a living organism, without extra informa-
tion, can be compared to a list of the names of all streets in a city, without a
map.

There are two fundamentally different approaches to simulate the chemical
activity in living cells. One is to take advantage of detailed knowledge about a
specific function, involving a small number of substances. Then, it is possible to
make relatively accurate models, but the investigations are limited to some very
specific interactions. The opposite approach, which is often used by physicists,
is to create a rough model to investigate essentially the whole system. The
latter approach is usually unable to capture any details. Instead, it is a way
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to search for general relations and properties that do not depend on details.
Also, simplistic and oversimplified models may be used to develop concepts and
computational techniques, as a preparation for investigations of more accurate
models.

In a living cell, each gene contains the code to construct a protein, and every
protein must be produced in suitable quantities. This is regulated in some way,
and the controlling mechanism is called gene regulation. Due to the importance
of understanding the mechanisms in cells, gene regulation has gained much
attention in science. Much work has been focused on understanding specific
details, but there have also been attempts to describe genetic regulation with
unspecific models that involve a very large number of genes. A model, of the
latter type, that has received a particularly large interest is a class of random
Boolean networks that Stuart Kauffman introduced in 1969.

In Kauffman’s model, each gene is modeled by a node in a Boolean network,
and it is assumed that the production of the coded protein is either completely
on or completely off, for each gene at every time point. Furthermore, it is
assumed that the gene regulation is completely carried out by proteins. (There
are other important mechanisms in gene regulation, but in a simplistic model
the protein interactions may be sufficient.) Then, via production of proteins
that attach to specific genes, the activity of certain genes is controlled by the
activity of other genes.

The casual relations between activities of distinct genes are modeled by
Boolean rules, and the model has no explicit representation of neither the
proteins nor their concentrations. To not keep track of the proteins in this
model is analogous to approximation 2 in section i.1, where the locations of
specific cars are ignored. The other approximations that are enumerated in
section i.1 have also counterparts in Kauffman’s model.

Kauffman’s model was designed to address the diversity of cell types in
multicellular organisms. With few exceptions, all cell types in an animal or
a plant have the same genetic code in the whole organism. Still, cells can
be highly specialized and cells of distinct types may be very different to each
other. To some extent, such differences are explained by the importance of the
proteins.

The main building blocks of the machineries in the cells are proteins, and
the appearance and function of a cell is determined by the proteins that are
produced. This observation alters the question, so we seek an answer to how it
is possible that cells with the same genome can produce so distinct collections
of proteins. One possible explanation is that the set of proteins present in the
cell regulates the protein production in such a way that the same proteins will
continue be produced. That means that the cell locks itself to its specific cell
type. This type of locked activity has a word in general theory of systems; it
is called an attractor.
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Kauffman’s paper [1] puts the focus on finding attractors in random Boolean
networks and on comparing the number of different attractors to the number
of cell types of multicellular organisms. Counting of attractors in random
Boolean networks has been a topic for several publications; see, e.g., [2–6] and
papers i and ii in this thesis. During the development of the theory of random
Boolean networks, many interesting properties have emerged. For example,
there are strong links between the degree of stability and the overall behavior
of the network; see, e.g., [7–10], and see [11] for a review of the research about
random Boolean networks.

Papers iii and iv in this thesis address mainly stability issues related to
biology, and how these are connected to the choice of Boolean rules. In these
papers, we base the Boolean rule distributions on experimental data compiled
in [12]. A more detailed introduction of the publications in this thesis, along
with their implications to the research, is presented in section i.3.

One should bear in mind that the research on Boolean networks is mainly
motivated by the relative simplicity of such networks. A satisfactory description
of the dynamics in Boolean networks could be a valuable starting point for
investigations of complexity in general.

i.3 The Publications

The basic procedure to create random Boolean networks is common to all
publications in this thesis. To create a network of N nodes, we perform two
steps. First, the inputs to each node are selected. We refer to the configuration
of inputs as the network architecture. In papers i, ii, and iv, the inputs are
selected uniformly and independently for each node, but in paper iii we base
the network architectures on experimental data. Second, the Boolean rules at
the nodes are selected from predefined distributions in accord with the number
of inputs to each node. The resulting Boolean network is called a network
realization.

In all of this thesis, we consider synchronous deterministic updates of the
networks (although the mathematical tools introduced in paper ii can be ap-
plied to more general updating schemes). We perform these updates in the
following way: At any given time step t, each node has a state of true or
false. The state of any node at time t + 1 is that which its Boolean rule
produces when applied to the states of the input nodes at time t.

Papers i and ii put the focus on mathematical and system theoretical aspects
of random Boolean networks. The main implications of paper i are that the
number of attractors in Kauffman’s model [1] grows very rapidly and that most
attractors are very hard to find by random sampling. In paper ii, we explore
networks with one input per node, and how these relate to more complicated
networks. Here we present a mathematical approach with connections to an
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earlier analytical investigation of such networks [13] and to a mathematical
construction called random maps, see e.g., [14–18].

Paper i is a part of a long-lasting discussion about possible links between
attractors in random Boolean networks and cell types in living organisms. In
reference [1], Kauffman found that the average number of attractors, in the
considered type of networks with N nodes, was approximately

√
N based on

random sampling. If N corresponds to the number of genes in a multicellular
organism and the number of attractors corresponds to the number of cell types,
the

√
N -growth fits quite well with biological data.

During the years 1997–2003, the observed
√

N -growth was brought into
question [3–6]. Although Socolar and Kauffman could report a superlinear
scaling [6] based on more elaborate random sampling, our result in paper i was
quite striking; the average number of attractors (for large N) grows faster than
any power law, Nk, where k is a constant.

Our result in paper i, however, is far from the end of the discussion. The
large number of attractors can be seen as an artifact of the synchronous updat-
ing scheme. Klemm and Bornholdt [19] monitored small disturbances to the
synchronous timing and found that most attractors are not stable. Also, Greil
and Drossel [20] derived a power law that is an upper bound to the number of
attractors in fully asynchronously updated networks.

Furthermore, if a real system has an attractor that is very hard to find by
random sampling, it is not very likely that we will observe it. Hence, there may
exist a large number of (possibly pathological) cell types that we normally do
not observe. If this is true, what are the biological implications? What about
system theory in general? Are there any particular hallmarks for the dynamics
in systems that have many rarely observed attractors?

The comparisons, in paper ii, between networks with many inputs per node
and networks with a single input per node, suggest that the former can be
approximated by the latter. Paper ii also provides a new mathematical tool
that, together with recent publications [21, 22], deepens the understanding of
Boolean dynamics in networks where all or almost all nodes have one input.
Furthermore, the results from paper ii raise many intriguing questions. Is there
a deep underlying mechanism that can explain the observed, and unexpectedly
strong, correspondence between networks with single and multiple inputs per
node? Can this correspondence be linked to system theory in general? How do
the uniform and random assignments of inputs relate to the previous questions?

Papers iii and iv are less mathematically oriented and put more focus on
the biological relevance of networks and Boolean rules. In paper iii, we let the
architecture of the Boolean networks be determined by experimental results
from Lee et al. [23] on the gene regulatory network of yeast. In reference
[23], however, the available information is limited to the connections, and the
corresponding Boolean rules cannot be found with that experimental method.
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To create a reasonably realistic distribution of Boolean rules, we introduce
the concept of nested canalyzing rules and present a procedure that gives a
distribution that fits well with the experimental data compiled by Harris et
al. [12]. This rule distribution is also used in paper iv, where we investigate
how the distribution of the number of inputs per node influences the dynamics
in networks with randomly chosen connections.

In both papers iii and iv, we mainly focus on perturbation propagation and
properties related to fixed points. (A fixed point is a steady state of the Boolean
network, meaning that it is a state that does not change when the network is
updated.) The reason to do so is that such properties can be expected to show
a weak dependence on details of the models. Many of the most problematic
artifacts of Boolean networks are results of the updating scheme. Perturbation
propagation is presumably influenced weakly of such artifacts, and a fixed point
is unaltered if the update order changes.

The networks with nested canalyzing rules, both in paper iii and paper iv,
exhibit strong stability. This degree of stability could be problematic for a
living organism if it applied to the whole organism viewed as a system; the
controlling mechanisms of the organism could be so stable that the organism
could not respond properly to stimuli. However, the data from [23] and [12]
apply only to genetic regulation performed directly by proteins, which means
that many interactions that can make the system more sensitive are lost. Also,
communication between cells can decrease the stability, as simplistic tissue
simulations in paper iv indicate.

Another explanation of the possibly unrealistic stability could be that it is
a result of the randomness in how the rules and connections are chosen. A
regulatory system in an organism is the result of a long-lasting evolutionary
process, and the sensitivity of such a system could be completely destroyed if
the rules are selected by random.

One should bear in mind that simplistic and oversimplified models, like
random Boolean networks, will presumably not provide many reliable answers.
The real value of such models is to give inspiration to new mathematical meth-
ods, new concepts, and last but not least; good questions.
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controlling mechanisms of the organism could be so stable that the organism
could not respond properly to stimuli. However, the data from [23] and [12]
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random Boolean networks, will presumably not provide many reliable answers.
The real value of such models is to give inspiration to new mathematical meth-
ods, new concepts, and last but not least; good questions.
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I.1 Introduction

We are increasingly often faced with the problem of modeling complex systems
of interacting entities, such as social and economic networks, computers on the
Internet, or protein interactions in living cells. Some properties of such systems
can be modeled by Boolean networks. The appeal of these networks lies in the
finite (and small) number of states each node can be in, and the ease with
which we can handle the networks in a computer.

A deterministic Boolean network has a finite number of states. Each state
maps to one state, possibly itself. Thus, every network has at least one cycle or
fixed point, and every trajectory will lead to such an attractor. The behavior
of attractors in Boolean networks has been investigated extensively (see, e.g.,
[1–6]). For a recent review, see [7].

A general problem when dealing with a system is finding the set of attrac-
tors. For Boolean networks with more than a handful of nodes, state space is
too vast to be searched exhaustively. In some cases, a majority of the attractor
basins are small and very hard to find by random sampling. One such case is
the Kauffman model [8]. Based on experience with random samplings, it has
been commonly believed that the number of attractors in that model grows
similar to the square root of system size. Lately this has been brought into
question [9–12]. Using an analytic approach, we are able to prove that the
number of attractors grows faster than any power law. The approach is based
on general probabilistic reasoning that may also be applied to other systems
than Boolean networks. The derivations in the analysis section are just one
application of the approach. We have attempted to focus on the method and
our results, while keeping the mathematical details at a minimum level needed
for reproducibility using standard mathematical methods.

In 1969, Kauffman introduced a type of Boolean networks as a model for
gene regulation [8]. These networks are known as N -K models, because each
of the N nodes has a fixed number of inputs, K. A Kauffman network is
synchronously updated, and the state (true or false) of any node at time
step t is some function of the state of its input nodes at the previous time step.
An assignment of states to all nodes is referred to as a configuration. When a
single network, a realization, is created, the choice of input nodes and update
functions is random, although the update functions are not necessarily drawn
from a flat distribution. This reflects a null hypothesis as good or bad as any,
if we have no prior knowledge of the details of the networks we wish to model.

In this letter, we will first present our approach, and then apply it to Kauff-
man’s original model, in which there are 2 inputs per node and the same prob-
ability for all of the 16 possible update rules. These 16 rules are the Boolean
operators of two or fewer variables: and, or, true, etc. This particular N -K
model falls on the critical line, where the network dynamics is neither ordered
nor chaotic [9,13,14].
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I.2 Approach

Our basic idea is to focus on the problem of finding the number of cycles of a
given length L in networks of size N . As we will see, the discreteness of time
makes it convenient to handle cycles as higher-dimensional fixed point prob-
lems. Then it is possible to do the probabilistic averaging in a way which is
suitable for an analytic treatment. This idea may also be expanded to applica-
tions with continuous time, rendering more complicated but also more powerful
methods.

We use four key assumptions:

i) The rules are chosen independently of each other and of N .

ii) The input nodes are independently and uniformly chosen
from all N nodes.

iii) The dynamics is dominated by stable nodes.

iv) The distribution of rules is invariant due to inversion of any
set of inputs.

Assumption (iv) means, e.g., that the fraction of and and nor gates are the
same, whereas the fraction and and nand gates may differ. This assumption is
presumably not necessary, but simplifies the calculations drastically. Assump-
tion (iii) is expected to be valid for any nonchaotic network obeying (i) and
(ii) [15]. Note that (i) does not mean that the number of inputs must be the
same for every rule. We could write a general treatment of all models obeying
(i)–(iv), but for simplicity we focus on the Kauffman model.

We will henceforth use 〈CL〉N to denote the expectation value of the number
of L-cycles over all networks of size N , with L = 1 referring to fixed points.
The average number of fixed points, 〈C1〉N , is particularly simple to calculate.
For a random choice of rules, (i) and (iv) imply that the output state of the
net is independent of the input state. Hence, the input and output states will
on average coincide once on enumeration of all input states. This means that
〈C1〉N = 1.

The problem of finding other L-cycles can be transformed to a fixed point
problem. Assume that a Boolean network performs an L-cycle. Then each node
performs one of 2L possible time series of output values. Consider what a rule
does when it is subjected to such time series on the inputs. It performs some
Boolean operation, but it also delays the output, giving a one-step difference
in phase for the output time series. If we view each time series as a state, we
have a fixed point problem. L〈CL〉N is then the average number of input states
(time series), for the whole network, such that the output is the same as the
input.

To take advantage of assumption (iv), we introduce the notion of L-cycle
patterns. An L-cycle pattern is s and s inverted, where s is a time series with
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period L. Let Q denote a choice of L-cycle patterns for the net, and let P (Q)
denote the probability that the output of the net is Q. Using the same line of
reasoning as for fixed points, we conclude that (i) and (iv) yield

〈CL〉N =
1
L

∑

Q∈QN
L

P (Q) , (I.1)

where QN
L is the set of proper L-cycles of an N -node net. A proper L-cycle

has no period shorter than L.

I.3 Analytic Calculations

Assumption (ii) implies that P (Q) is invariant under permutations of the
nodes. Let n = (n0, . . . , nm−1) denote the number of nodes expressing each
of the m = 2L−1 patterns. For nj , we refer to j as the pattern index. For
convenience, let the constant pattern have index 0. Then

〈CL〉N =
1
L

∑

n∈PN
L

(
N

n

)
P (Q) , (I.2)

where
(
N
n

)
denotes the multinomial N !/(n0! · · ·nm−1!) and PN

L is the set of
partitions n of N such that Q ∈ QN

L . That is, n represents a proper L-cycle.
What we have thus far is merely a division of the probability of an L-cycle

into probabilities of different flavors of L-cycles. Now we assume that each
node has 2 inputs. Then, we get a simple expression for P (Q) that inserted
into eq. (i.2) yields

〈CL〉N =
1
L

∑

n∈PN
L

(
N

n

) ∏

0≤j<m
nj �=0

(
∑

0≤l1,l2<m

nl1nl2

N2
(PL)j

l1l2

)nj

, (I.3)

where (PL)j
l1l2

denotes the probability that the output pattern of a random 2-
input rule has index j, given that the input patterns have the indices l1 and l2,
respectively. Note that eq. (i.3) is an exact expression for the average number
of proper L-cycles in an N -node random Boolean network which satisfies the
assumptions (i), (ii), and (iv), and where each node has 2 inputs.

From now on, we only consider the Kauffman model, meaning that we also
restrict the distribution of rules to be uniform. It is instructive to explore some
properties of (PL)j

l1l2
; these will also be needed in the following calculations.

We see that

(PL)000 = 1, (PL)0l10 = 1
2 , and (PL)0l1l2 ≥ 1

8 , (I.4)
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for 1 ≤ l1, l2 < m. Further, we note that for a given j �= 0, (PL)j
l10 has a

nonzero value for exactly one l1 ∈ {1, . . . , m− 1}. Let φL(j) denote that value
of l1. We can see φL as a function that rotates an L-cycle pattern one step
backward in time. With this in mind, we define φL(0) = 0. Now, we can write

(PL)j
l10 = 1

2δl1φL(j) , (I.5)

for 1 ≤ j < m. (δ is the Kronecker delta.)
We can view φL as a permutation on the set {0, . . . , m − 1}. Thus, we

divide this index space into permutation cycles which are sets of the type
{j, φL(j), φL ◦ φL(j), . . .}. We refer to these permutation cycles as invariant
sets of L-cycles. Let ρ0

L, . . . , ρHL−1
L denote the invariant sets of L-cycles, where

HL is the number of such sets. For convenience, let ρ0 be the invariant set {0}.
If two L-cycle patterns belong to the same invariant set, they can be seen as
the same pattern except for a difference in phase.

We want to find the behavior of 〈CL〉N , for large N , by approximating
eq. (i.3) with an integral. To do this, we use Stirling’s formula n! ≈ (n/e)n

√
2πn

while noting that the boundary points where nj = 0 for some j can be ignored
in the integral approximation. Let xj = nj/N for j = 0, . . . , m−1 and integrate
over x = (x1, . . . , xm−1). x0 is implicitly set to x0 = 1 −

∑m−1
j=1 xj . We get

〈CL〉N ≈ 1
L

(
N

2π

)(m−1)/2 ∫

0<x0,...,xm−1

dx
eNfL(x)

∏m−1
j=0

√
xj

, (I.6)

where

fL(x) =
m−1∑

j=0

xj ln

(
1
xj

∑

0≤l1,l2<m

xl1xl2(PL)j
l1l2

)
. (I.7)

Eq. (i.7) can be seen as an average 〈ln X〉, where X is the expression inside the
parentheses. Hence, the concavity of x 
→ ln x gives fL(x) = 〈ln X〉 ≤ ln〈X〉 =
0 with equality if and only if

xj =
∑

0≤l1,l2<m

xl1xl2(PL)j
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for all j = 0, . . . , m − 1.
Note that eq. (i.8) can be interpreted as a mean-field equation of the model.

Using eq. (i.8) for j = 0 and eq. (i.4), we see that fL(x) comes arbitrarily close
to zero only in the vicinity of x = 0, and for large N , the relevant contributions
to the integral in eq. (i.6) come from this region. Thus, the dynamics of the
net is dominated by stable nodes, in agreement with [11,15]. This means that
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assumption (iii) is satisfied by the Kauffman model. Using eqs. (i.4) and (i.5),
a Taylor expansion of fL(εx) yields
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2 (δl1φ(j) + δl2φ(j)).
The first order term of eq. (i.9) has 0 as its maximum and reaches this value

if and only if xφL(j) = xj for all j = 1, . . . , m−1. The second order term is zero
at these points, whereas the third order term is less than zero for all x �= 0.
Hence, the first and third order terms are governing the behavior for large N .
Using the saddle-point approximation, we reduce the integration space to the
space where the first and second order terms are 0. Let zh = N1/3

∑
j∈ρh

L
xj

for h = 1, . . . , HL − 1 and let (P ′
L)h

k1k2
denote the probability that the output

pattern of a random rule belongs to ρh
L, given that the input patterns are

randomly chosen from ρk1
L and ρk2

L , respectively. Thus, we approximate eq. (i.6)
for large N as

〈CL〉N ≈ αLβLNγL , (I.10)
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γL =
HL − 1

3
, (I.13)

and (Bh
L)k1k2 = (P ′

L)h
k1k2

− 1
2 (δk1h + δk2h). (|ρ| denotes the number of elements

of the set ρ.)
HL grows rapidly with L. The number of elements in an invariant set of L-

cycle patterns is a divisor of L. If an invariant set consists of only one pattern,
it is either the constant pattern, or the pattern with alternating zeros and ones.
The latter is possible only if L is even. Thus, HL − 1 ≥ (2L−1 − 1)/L, with
equality if L is a prime number > 2. Applying this conclusion to eqs. (i.13)
and (i.10), we see that, for any power law N ξ, we can choose an L such that
〈CL〉N grows faster than N ξ.
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Figure I.1: The number of L-cycles as functions of the network size for 2 ≤ L ≤ 6.
The numbers in the figure indicate L. Dotted lines are used for values obtained by
Monte Carlo summation, with errors comparable to the linewidth. The asymptotes
for N ≤ 8 have been included as dashed lines. Their slopes are γ2 = γ3 = 1/3,
γ4 = γ5 = 1, γ6 = 7/3, γ7 = 3, and γ8 = 19/3.

I.4 Numerical Results

We have written a set of programs to compute the number of L-cycles in Kauff-
man networks, eq. (i.3), both by complete enumeration and using Monte Carlo
methods, and tested them against complete enumeration of the networks with
N ≤ 4. The results for 2 ≤ L ≤ 6 are shown in figure i.1, along with the
corresponding asymptotes. The asymptotes were obtained by Monte Carlo in-
tegration of eq. (i.12). For low N , 〈CL〉N is dominated by the boundary points
neglected in eq. (i.6), and its qualitative behavior is not obvious in that region.

A straightforward way to count attractors in a network is to simulate tra-
jectories from random configurations and count distinct target attractors. As
has been pointed out in [11], this gives a biased estimate. Simulations in [8]
with up to 200 trajectories per network indicated

√
N scaling with system size,

whereas [11] reported linear behavior with 1 000 trajectories. That the true
growth is faster than linear has now been firmly established [12].

To closer examine the problem of biased undersampling, we have imple-
mented the network reduction algorithm from [11], and gathered statistics on
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networks with N � 104. We repeated the simulations for different numbers of
trajectories τ , with 100 ≤ τ ≤ 105. For each N and τ , 103 network realizations
were examined, and we discarded configurations if no cycle was found within
213 time steps. The results are summarized in figure i.2(a).

For τ = 100, the number of attractors follows
√

N remarkably well, con-
sidering that τ = 103 gives the quite different N behavior seen in [11]. If we
extrapolate wildly from a log–loglog plot, e0.3

√
N fits the data rather well.

As another example of how severe the biased undersampling is, we have in-
cluded a plot of the number of 2-cycles found in the simulations [figure i.2(b)].
The underlying distribution is less uniform than for the total number of attrac-
tors, so the errors are larger, but not large enough to obscure the qualitative
behavior. The number of observed 2-cycles is close to 〈C2〉N for low N but, as
N grows, a vast majority of them are overlooked. As expected, this problem
sets in sooner for lower τ , although the difference is not as marked as it is for
the total number of attractors.

I.5 Summary

We have introduced a novel approach to analyzing attractors of random Bool-
ean networks. By applying it to Kauffman networks, we have proven that the
number of attractors in these grows faster than any power law with network
size N . This is in sharp contrast with the previously cited

√
N behavior, but

in agreement with recent findings.
For the Kauffman model, we have derived an expression for the asymptotic

growth of the number of L-cycles, 〈CL〉N . This expression is corroborated by
statistics from network simulations. The simulations also demonstrate that
biased undersampling of state space is a good explanation for the previously
observed

√
N behavior.
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Figure I.2: The number of observed attractors (a) and 2-cycles (b) per network as
functions of N for different numbers of trajectories τ ; 100 (circles), 103 (squares), 104

(diamonds), and 105 (triangles). In (a), the dashed lines have slopes 0.5, 1, and 2. In
(b), the solid line shows 〈C2〉N , the true number of 2-cycles. In the high end of (b),
1σ corresponds to roughly 20%.
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Despite their apparent simplicity, random Boolean networks display a rich va-
riety of dynamical behaviors. Much work has been focused on the properties
and abundance of attractors. The topologies of random Boolean networks with
one input per node can be seen as graphs of random maps. We introduce
an approach to investigating random maps and finding analytical results for
attractors in random Boolean networks with the corresponding topology. Ap-
proximating some other nonchaotic networks to be of this class, we apply the
analytic results to them. For this approximation, we observe a strikingly good
agreement on the numbers of attractors of various lengths. We also investigate
observables related to the average number of attractors in relation to the typ-
ical number of attractors. Here, we find strong differences that highlight the
difficulties in making direct comparisons between random Boolean networks
and real systems. Furthermore, we demonstrate the power of our approach
by deriving some results for random maps. These results include the distri-
bution of the number of components in random maps, along with asymptotic
expansions for cumulants up to the 4th order.
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II.1 Introduction

Random Boolean networks have long enjoyed the attention of researchers, both
in their own right and as simplistic models, in particular for gene regulatory
networks. These networks are comparatively easy to investigate using comput-
ers or analytical methods, yet capable of nontrivial dynamics.

A random Boolean network consists of a number of nodes that each holds
a Boolean value (true or false). Every node is associated with a rule, i.e.,
a Boolean function, that depends on the values of some selected input nodes.
The state of all nodes in the network thus gives a Boolean output value for
each node, and a node’s state can be updated to this value. The network state
is evolved with time by repeatedly updating the values, in a temporal order
determined by a predefined strategy.

The Boolean rules and their inputs are usually selected at random, drawing
from simple distributions. There are several strategies for updating the net-
works, but most commonly all the nodes are updated at the same time. As
with any deterministic scheme, the network dynamics is then fully described by
the properties of the relatively small state space. Networks of this kind have
been investigated extensively, see, e.g., [1–7]. In these publications, the link
between perturbation propagation and attractor structure has received much
attention.

If the network is such that small perturbations tend to die out, the dynamics
is said to be ordered or subcritical. For a typical network of this kind, there
are relatively few attractors, and a typical attractor is a fixed point or a short
cycle. If, on the other hand, perturbations tend to increase with time, the
network dynamics is said to be supercritical, and it resembles chaos. Although
a deterministic discrete system cannot be truly chaotic, the period of a typical
attractor grows exponentially with system size, and the attractors are similar
to random walks in the state space. Networks at the borderline, where a small
perturbation on average maintains its original size, are said to be critical. The
dynamics in such networks lies between the two extremes of ordered and chaotic
behavior. In many aspects, the critical case is the most interesting one, where
nontrivial results tend to emerge, see, e.g., [6].

The networks we consider are, generally speaking, such where the inputs to
each node are chosen randomly with equal probability among all nodes, and
where the Boolean rules of the nodes are picked randomly and independently
from some distribution. A prime example is Kauffman networks [1], where
all nodes have K inputs and rules are generated with a fixed probability p of
returning true for each input state.

In our more general case, realizing a network of N nodes still consists of
steps that are taken independently for each node, but from arbitrary, predefined
distributions of inputs and rules. There are three steps to be performed for each
node:
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1) Pick the number of inputs, called in-degree or connectivity and here
denoted Kin, from the predefined in-degree distribution.

2) Pick a Boolean function of Kin inputs from the predefined distribution
of rules, and let this be the rule of the node.

3) Pick Kin nodes that will serve as the inputs to the rule, giving equal
probability to all nodes. This step may either be done without replacement, so
that a node can only be chosen once, or with replacement, so that a rule can use
the same node for two (or more) of its inputs. In either case, the out-degrees
of the nodes will be described by a Poisson distribution when N is large.
After a network has been realized, all rules and connections are fixed as the
network dynamics is investigated.

The network dynamics under consideration is given by synchronous updat-
ing of the nodes. At any given time step, t, each node has a state of true or
false. The state of any node at time t + 1 is that which its Boolean rule pro-
duces when applied to the states of the input nodes at time t. Consequently,
the entire network state is updated deterministically, and any trajectory in
state space will eventually become periodic. Thus, the state space consists of
attractor basins and attractors of varying length, and it always has at least one
attractor.

In this work we determine analytically the numbers of attractors of different
lengths in networks with connectivity (in-degree) one. We compare these results
to networks of higher connectivity and find a remarkable degree of agreement,
meaning that networks of single-input nodes can be employed to approximate
more complicated networks, even for small systems. For large networks, a
reasonable level of correspondence is expected. See [8] on effective connectivity
for critical networks, and [9] on the limiting numbers of cycles in subcritical
networks.

The qualitative results of our analytic derivations can largely be extracted
from earlier works, but most of the corresponding quantitative results are new.
Although the precise expressions may tell much about dynamics in synchron-
ously updated random Boolean networks with in-degree one, we think that
our findings are more valuable in other contexts. First, our approach is not
limited to the synchronous updating scheme, nor to Boolean systems. Second,
the strong similarities between dynamics in networks with in-degree one and in
networks with higher in-degree suggest that valuable understanding of compli-
cated networks may be gained from networks with in-degree one. The second
point strengthens the first one considerably, because almost any realistic model
will have nodes with connectivity larger than one.

Random Boolean networks with connectivity one have been investigated
analytically in earlier work [10,11]. In those papers, a graph-theoretic approach
was employed. The approach in [10] starts with a derivation that also is directly
applicable to random maps. For a random Boolean network with connectivity
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one, a random map can be formed from the network topology. Every node has
a rule that takes its input from a randomly chosen node. The operation of
finding the input node to a given node forms a map from the set of nodes into
itself. This map satisfies the properties of a random map.

For highly chaotic networks, with many inputs per node, the state space
can be compared to a random map. Networks where every state is randomly
mapped to a successor state are investigated in [12].

In [10], only attractors with large attractor basins are considered, and the
main results are on the distribution of attractor basin sizes. We extend these
calculations and are able to also consider attractors with small attractor basins,
and include these in the observables we investigate. [11] focuses on proving
superpolynomial scaling, with system size, in the average number of attractors,
as well as in the average attractor length, for critical networks with in-degree
one. Our calculations reveal more details for cycles of specific lengths.

For long cycles, especially in large networks, there are some artifacts that
make direct comparisons to real networks difficult. For example, the integer
divisibility of the cycle length is important, see, e.g., [8–10, 13, 14]. Also, the
average number of attractors grows superpolynomially with system size in crit-
ical networks [11,13], and most of the attractors have tiny attractor basins as
compared to the full state space [4,13,15]. In this work such artifacts become
particularly apparent, and we think that long cycles are hard to connect to real
dynamical systems.

On the other hand, comparisons to real dynamical systems still seem to
be relevant with regard to fixed points and some stability properties [9, 16].
An interesting way to make more realistic comparisons regarding cycles is to
consider those attractors that are stable with respect to repeated infinitesimal
changes in the timing of updating events [17].

Our approach provides a convenient starting point for investigations of ran-
dom maps in general. Random maps have been the subject of extensive studies,
see, e.g., [18–26], and also [27] for a book that includes this subject. For net-
works with in-degree one, our approach enables analytical investigations of far
more observables than have been analytically accessible with previously pre-
sented methods. This could provide a starting point for understanding more
complicated networks, and a tool for seeking observables that may reveal in-
teresting properties in comparisons to real systems.

Several results on random maps can be obtained in a straightforward manner
from our approach. One key property of a random map is the number of
components in the functional graph, i.e., the number of separated islands in
the corresponding network. We rederive a relatively simple expression for the
distribution of the number of components, along with asymptotic expansions
for cumulants up to the 4th order. To a large extent, the asymptotic results
are new.
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In section ii.3.2, we show some numerical comparisons between random
Boolean networks of multi-input nodes and networks with connectivity one.
The results show similarities that are stronger than we had expected. In future
research, it is possible that the connection between networks with single- and
multi-input nodes could be better understood by combining our approach with
results and ideas from [14]. In [14], the connected Boolean networks consist-
ing of one two-input node and an arbitrary number of single-input nodes are
investigated. Although there are difficulties in comparing attractor properties
directly with real dynamical systems, a satisfactory explanation of the simi-
larities between these networks, with single vs. multiple inputs per node, may
provide keys to the understanding of dynamics in networks in general.

II.2 Theory

In a network with only one-input nodes, the network topology can be described
as a set of loops with trees of nodes connected to them. To understand the
distribution of attractors of different lengths, it is sufficient to consider the
loops. All nodes outside the loops will after a short transient time act as slaves
to the nodes in the loops. Also, the nodes in a loop that contains at least one
constant rule, will reach a fixed final state after a short time.

All nodes that are relevant to the attractor structure are contained in loops
with only nonconstant (information-conserving) rules. In other words, all the
relevant elements, as described in [5], are contained in such loops. We let µ
denote the number of information-conserving loops and let µ̂ denote the number
of nodes in such loops.

We divide the calculations of the wanted observables into two steps. First,
we present general considerations for loop-dependent observables. Then, we
apply the general results to investigate observables connected to the attractor
structure. Before the second step, we derive expressions for the distributions
of µ and µ̂, together with asymptotic expansions for corresponding means and
variances, to illustrate the meaning and power of the general expressions.

II.2.1 Basic Network Properties

Throughout this paper, N denotes the number of nodes in the network, and
L the length of an attractor, be it a cycle (L > 1) or a fixed point (L = 1).
For brevity we use the term L-cycle, and understand this to mean an attractor
such that taking L time steps forward produces the initial state. When L is
the smallest positive integer fulfilling this, we speak of a proper L-cycle. We
denote the number of proper L-cycles, for a given network realization, by CL.
The arithmetic mean over realizations of networks of a size N is denoted by
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〈CL〉N , so the mean number of network states that are part of a proper L-cycle
is L〈CL〉N .

Related to CL is ΩL, the number of states that reappear after L time steps
and hence are part of any L-cycle, proper or not. Analogous to 〈CL〉N , we
let 〈ΩL〉N denote the average of ΩL for networks with N nodes. If 〈ΩL〉N is
known for all L, 〈CL〉N can be calculated from the set theoretic principle of
inclusion–exclusion (see appendix iv.c.2, published as Supporting Text to [9]).

For large N , the value of 〈CL〉N is often misleading, in the sense that some
rarely occurring networks with extremely many attractors dominate the aver-
age. To better understand this phenomenon, we introduce the observables RL

N

and 〈ΩL〉GN . RL
N denotes the probability that ΩL �= 0 for a random network of

N nodes, and 〈ΩL〉GN is the geometric mean of ΩL for N -node networks with
ΩL �= 0.

In the case that every node has one input, the quantities 〈ΩL〉N , RL
N , and

〈ΩL〉GN can be calculated analytically for any N . In the one-input case, the
large-N limit of 〈ΩL〉N , 〈ΩL〉∞, is identical to the corresponding limit for
subcritical networks of multi-input nodes, as derived in [9]. Furthermore, we
discuss to what extent critical networks of multi-input nodes are expected to
show similarities to networks of single-input nodes.

For random Boolean networks of one-input nodes, there are only two rele-
vant control parameters in the model description, apart from the system size,
N . There are four possible Boolean rules with one input. These are the con-
stant rules, true and false, together with the information-conserving rules
that either copy or invert the input. The distribution of true vs. false is ir-
relevant for the attractor structure of the network. Hence, the relevant control
parameters are the probabilities of selecting inverters and copy operators when
a rule is randomly chosen. We let rC and rI denote the selection probabilities
associated with copy operators and inverters, respectively.

In networks with one-input nodes, the total probability of selecting an
information-conserving rule is r ≡ rC + rI. In analogy with the definition
of r, we also define ∆r ≡ rC − rI. In most cases it is more convenient to work
with r and ∆r than with rC and rI. The quantities r and ∆r can also be
seen as measures of how a network responds to a small perturbation. From
this viewpoint, r and ∆r are average growth factors for a random perturbation
during one time step. For r, the size of the perturbation is measured with the
Hamming distance to an unperturbed network. For ∆r, the Hamming distance
is replaced by the difference in the number of true values at the nodes.

To get suitable perturbation-based definitions of r and ∆r, we consider the
following procedure: Find the mean field equilibrium fraction of nodes that
have the value true. Pick a random state from this equilibrium as an initial
configuration. Let the system evolve one time step, with and without first
toggling the value of a randomly selected node. The average fraction of nodes
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that in both cases copy or invert the state of the selected node are rC and rI,
respectively. Finally, let r = rC + rI and ∆r = rC − rI.

It is easy to check that the perturbation-based definitions of r and ∆r
are consistent with the rule selection probabilities for networks of single-input
nodes. By using perturbation-based definitions of r and ∆r, those quantities
are well-defined for networks with multiple inputs per node [9], and this allows
for direct comparisons to networks with one-input nodes.

II.2.2 Products of Loop Observables

In all of our analytical derivations for networks of single-input nodes, we have a
common starting point: We consider observables, on the network, that can be
expressed as a product of observables associated with the loops in the network.

To make a more precise description, we let N be any network of single-input
nodes, and ν be the number of loops in N . The dynamical properties of a loop
are determined by its length, λ ∈ Z+, and a property, s ∈ {0, +,−}, that we
refer to as the sign of the loop. For a loop that does not conserve information,
i.e., a loop that has at least one constant node, s = 0. All other loops have only
inverters and copy operators. If the number of inverters is even then s = +,
and if it is odd s = −.

Let gs
λ denote a quantity that is fully determined by the length, λ, and the

sign, s, of a loop. We define the product G(N ) of the loop observable gs
λ in N

as

G(N ) ≡
ν∏

i=1

gsi

λi
, (II.1)

where λ1, . . . , λν and s1, . . . , sν are the lengths and signs, respectively, of the
loops in the network N .

If the network topology is given, but the rules are randomized independently
at each node, the average of G(N ) can be calculated according to

〈G〉�λ =
ν∏

i=1

〈g〉λi , (II.2)

where �λ ≡ (λ1, . . . , λν), and 〈g〉λ is the average of gs
λ under random choice of

rules.
We proceed by also taking the randomization of the network topology into

account. Let νλ denote the number of loops of lengths λ = 1, 2, . . ., and let
�ν ≡ (ν1, ν2, . . .). Then, the average of 〈G〉�λ over network topologies, in networks
with N nodes, can be written as

〈G〉N =
∑

�ν∈N∞

PN (�ν)
∞∏

λ=1

(〈g〉λ)νλ , (II.3)
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where PN (�ν) is the probability that the distribution of loop lengths is described
by �ν in a network with N nodes. We use infinities in the ranges of the sum
and the product for formal convenience. Bear in mind that PN (�ν) is nonzero
only for such distributions of loop lengths as are achievable with N nodes.

From [10], we know that

PN (�ν) =
ν̂

N

N !
(N − ν̂)!N ν̂

∞∏

λ=1

1
νλ!λνλ

, (II.4)

where

ν̂ ≡
∞∑

λ=1

λνλ . (II.5)

Eq. (ii.4) provides a fundamental starting point for all of our derivations. In
its raw form, however, eq. (ii.4) is difficult to work with. In appendix ii.a we
present how to combine eq. (ii.4) with eq. (ii.3), to obtain

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

exp
∞∑

λ=1

〈g〉λ − 1
λ

zλ . (II.6)

To continue from eq. (ii.6), we express 〈g〉λ in terms of more fundamental
quantities. With rC and rI as the probabilities that the rule at any given node
is a copy operator or an inverter, respectively, the probability p+

λ that a loop
of length λ has an even number of inverters is given by

p+
λ = 1

2 [(rC + rI)λ + (rC − rI)λ] . (II.7)

Similarly, the probability for an odd number of inverters is given by

p−λ = 1
2 [(rC + rI)λ − (rC − rI)λ] . (II.8)

With r ≡ rC + rI and ∆r ≡ rC − rI, we see that

p+
λ = 1

2 [rλ + (∆r)λ] , (II.9)

p−λ = 1
2 [rλ − (∆r)λ] , (II.10)

and

p0
λ = 1 − rλ . (II.11)

A loop that does not conserve information will always reach a specific state
in a limited number of time steps. Such loops are not relevant for the attractor

28 Random Maps and Boolean Networks

where PN (�ν) is the probability that the distribution of loop lengths is described
by �ν in a network with N nodes. We use infinities in the ranges of the sum
and the product for formal convenience. Bear in mind that PN (�ν) is nonzero
only for such distributions of loop lengths as are achievable with N nodes.

From [10], we know that

PN (�ν) =
ν̂

N

N !
(N − ν̂)!N ν̂

∞∏

λ=1

1
νλ!λνλ

, (II.4)

where

ν̂ ≡
∞∑

λ=1

λνλ . (II.5)

Eq. (ii.4) provides a fundamental starting point for all of our derivations. In
its raw form, however, eq. (ii.4) is difficult to work with. In appendix ii.a we
present how to combine eq. (ii.4) with eq. (ii.3), to obtain

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

exp
∞∑

λ=1

〈g〉λ − 1
λ

zλ . (II.6)

To continue from eq. (ii.6), we express 〈g〉λ in terms of more fundamental
quantities. With rC and rI as the probabilities that the rule at any given node
is a copy operator or an inverter, respectively, the probability p+

λ that a loop
of length λ has an even number of inverters is given by

p+
λ = 1

2 [(rC + rI)λ + (rC − rI)λ] . (II.7)

Similarly, the probability for an odd number of inverters is given by

p−λ = 1
2 [(rC + rI)λ − (rC − rI)λ] . (II.8)

With r ≡ rC + rI and ∆r ≡ rC − rI, we see that

p+
λ = 1

2 [rλ + (∆r)λ] , (II.9)

p−λ = 1
2 [rλ − (∆r)λ] , (II.10)

and

p0
λ = 1 − rλ . (II.11)

A loop that does not conserve information will always reach a specific state
in a limited number of time steps. Such loops are not relevant for the attractor



II.2 Theory 29

properties we are interested in. Thus, g0
λ should not alter the products, and we

have g0
λ = 1. This gives us

〈g〉λ = p+
λ g+

λ + p−λ g−λ + p0
λg0

λ (II.12)

= g̃λ + 1 − rλ , (II.13)

where

g̃λ = 1
2 [rλ + (∆r)λ]g+

λ + 1
2 [rλ − (∆r)λ]g−λ . (II.14)

Insertion of eq. (ii.13) into eq. (ii.6) and the power series expansion of
ln(1 − x) yield

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

(1 − rz) exp
∞∑

λ=1

g̃λ

λ
zλ . (II.15)

Eq. (ii.15) provides the starting point for our subsequent derivations.

II.2.3 Network Topology

In this section, we investigate the distributions of the number of information-
conserving loops, µ, and the number of nodes in those loops, µ̂. Both µ and µ̂
are independent of whether the information-conserving loops have positive or
negative signs. This means that g+

λ = g−λ for all λ = 1, 2, . . .. Hence, we let
g±λ ≡ g+

λ = g−λ , and get

g̃λ = g±λ rλ , (II.16)

which means that eq. (ii.15) turns into

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

(1 − rz) exp
∞∑

λ=1

g±λ
λ

(rz)λ . (II.17)

To investigate the distributions of µ and µ̂, we will use generating functions.
A generating function is a function such that a desired quantity can be extracted
by calculating the coefficients in a power series expansion.

Let [wk] denote the operator that extracts the kth coefficient in a power
series expansion of a function of w. Then, the probabilities for specific values
of µ and µ̂, in N -node networks, are given by

PN (µ = k) = [wk]〈G〉N , if g±λ ≡ w (II.18)
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and

PN (µ̂ = k) = [wk]〈G〉N , if g±λ ≡ wλ . (II.19)

In eq. (ii.18), every loop is counted as one, in powers of w, whereas in eq. (ii.19),
every node in each loop corresponds to one factor of w.

For probability distributions described by generating functions, there are
convenient ways to extract the statistical moments. Let m denote µ or µ̂.
Then, 〈m〉 and 〈m2〉 can be calculated according to

〈m〉 = ∂w|w=1

∞∑

k=0

PN (m = k)wk (II.20)

= ∂w|w=1〈G〉N (II.21)

and

〈m2〉 = (1 + ∂w)∂w |w=1

∞∑

k=0

PN (m = k)wk (II.22)

= (1 + ∂w)∂w |w=1〈G〉N . (II.23)

Starting from eqs. (ii.18)–(ii.23), we derive some results for µ and µ̂. The
derivations are presented in appendix ii.c. For large N , the probability dis-
tribution of µ approaches a Poisson distribution with average ln[1/(1 − r)],
whereas the limiting distribution of µ̂ decays exponentially as P (µ̂ = k) ∝ rk.

In appendix ii.c, we also calculate asymptotic expansions for the mean
values and variances of µ and µ̂, in the case that r = 1. The technique to
derive asymptotic expansions for products of loop observables is presented in
appendix ii.b.

For r = 1, µ is equivalent to the number of components in a random map.
Similarly, µ̂ corresponds to the size of the invariant set in a random map. The
invariant set is the set of all elements that can be mapped to themselves if the
map is iterated a suitable number of times. Such elements are located on loops
in the network graph.

Using the tools in appendices ii.b and ii.c, one can equally well derive
asymptotic expansions for higher statistical moments as for the mean and vari-
ance. In section ii.3.1, we state the leading orders of the asymptotic expansions
for the 3rd and 4th order cumulants to the distribution of the number of com-
ponents in a random map.

II.2.4 On the Number of States in Attractors

For a given Boolean network with in-degree one, the number of states, ΩL, in
L-cycles can be expressed as a product of loop observables. If ΩL is calculated
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separately for every loop in the network, the product of these quantities gives
ΩL for the whole network.

Every loop with an even number of inverters and length λ, can have 2gcd(λ,L)

states that are repeated after L timesteps, where gcd(a, b) denotes the greatest
common divisor of a and b. Hence, such a loop will contribute with the factor
g+

λ = 2gcd(λ,L) to the product. Similarly, for a loop with an odd number
of inverters, this factor is g−λ = 2gcd(λ,L) if L/gcd(λ, L) is even and g−λ = 0
otherwise. The requirement that L/gcd(λ, L) is even comes from the fact that
the state of the loop should be inverted an even number of times during L
timesteps.

The condition that L/gcd(λ, L) is even can be reformulated in terms of
divisibility by powers of 2. Let λ̃L denote the the maximal integer power of 2
such that λ̃L | L, where the relation | means that the number on the left hand
side is a divisor to the number on the right hand side. Then, we get

L/gcd(λ, L) odd ⇔ λ̃L | λ . (II.24)

With

g+
λ = 2gcd(λ,L) (II.25)

and

g−λ =
{

2gcd(λ,L) if λ̃L � λ

0 if λ̃L | λ
(II.26)

inserted into eq. (ii.14), we get

g̃λ = 2gcd(λ,L)

{
rλ if λ̃L � λ
1
2 [rλ + (∆r)λ] if λ̃L | λ .

(II.27)

Now, 〈ΩL〉N can be calculated from the insertion of eq. (ii.27) into eq.
(ii.15). The arithmetic mean, 〈ΩL〉N , however, is in many cases a bad measure
of ΩL for a typical network. To see this, we investigate the geometric mean of
ΩL.

We let 〈ΩL〉GN be the geometric mean of nonzero ΩL, and RL
N be the prob-

ability that ΩL �= 0, for networks of size N . The probability distribution of
log2 ΩL is generated by a product of loop observables according to

PN (log2 ΩL = k) = [wk]〈G〉N , (II.28)

with

g̃λ =wgcd(λ,L)

{
rλ if λ̃L � λ
1
2 [rλ + (∆r)λ] if λ̃L | λ .

(II.29)
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The probability that ΩL = 0 is not included in eq. (ii.28) for k ∈ N. All
other possible values of ΩL are included, and this means that

RL
N = |w=1〈G〉N . (II.30)

Furthermore, it is clear that

RL
N log2〈ΩL〉GN = RL

N 〈log2 ΩL〉N (II.31)
= ∂w|w=1〈G〉N , (II.32)

where the average of log2 ΩL is calculated with respect to networks with ΩL �= 0.
Insertion of eq. (ii.29) into eq. (ii.15) yields

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

FL(w, z) , (II.33)

where

FL(w, z) = (1 − rz) exp
∞∑

λ=1

wgcd(λ,L)

λ
rλzλ

× exp
∞∑

k=1

wgcd(kλ̃L,L)

2kλ̃L

[
(∆r)kλ̃L − rkλ̃L

]
zkλ̃L , (II.34)

and λ̃L is the largest integer power of 2 that divides L.
FL provides a convenient way to describe our results thus far. We have

〈ΩL〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

FL(2, z) , (II.35)

RL
N =

(
1 +

∂z

N

)N ∣∣∣∣
z=0

FL(1, z) , (II.36)

and

〈ΩL〉GN = exp

[
ln 2
RL

N

(
1 +

∂z

N

)N

∂w

∣∣∣∣
z=0
w=1

FL(w, z)

]
. (II.37)

Note that L = 0 can be inserted directly into eq. (ii.34) to investigate the
distribution of the total number of states in attractors. This works because
0 is divisible by any nonzero number, and hence gcd(λ, 0) = λ for all λ ∈
Z+. Insertion of L = 0 into eq. (ii.34), together with standard power series
expansions, yields

F0(w, z) =
1 − rz

1 − rwz
. (II.38)
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Eq. (ii.38) gives F0(1, z) = 1, which means that R0
N = 1. The result R0

N = 1
is easily understood, because every network must have at least one attractor,
and thus a nonzero Ω0.

The limits 〈ΩL〉∞, RL
∞, and 〈ΩL〉G∞ of 〈ΩL〉N , RL

N , and 〈ΩL〉GN as N → ∞
are in many cases easy to extract. For power series of z with convergence radii
larger than 1, we have the operator relation

lim
N→∞

(
1 +

∂z

N

)N ∣∣∣∣
z=0

=
∣∣∣∣
z=1

, (II.39)

which means that the limit can be extracted by letting z = 1 in the given
function. In the cases that fulfill the convergence criterion above, we get

〈ΩL〉∞ = FL(2, 1) , (II.40)

RL
∞ = FL(1, 1) , (II.41)

and

〈ΩL〉G∞ = exp[ln 2 ∂w|w=1ln FL(w, 1)] . (II.42)

With one exception, all of eqs. (ii.40)–(ii.42) hold if r < 1. The exception is
that eq. (ii.40) does not hold if L = 0 and r ≥ 1/2.

Using the tools in appendix ii.b, we find that

〈Ω0〉N ≈

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 − r

1 − 2r
for r < 1

2

1
2

√
π
2 N for r = 1

2
√

π
2 Ne[ln 2r−1+1/(2r)]N for r > 1

2

(II.43)

and

〈Ω0〉GN ≈
{

2r/(1−r) for r < 1
2
√

πN/2 for r = 1 ,
(II.44)

for large N . Note that the the leading term in the asymptote of 〈Ω0〉N for
r > 1/2 comes from the pole in F0(2, z) at z = 1/(2r). If r > 1/2, then
z = 1/(2r) lies inside the contour |z − 1/3| = 2/3, which is used as integration
path in appendix ii.b. See appendices ii.c and ii.d for examples on how to use
the technique presented in appendix ii.b.

Only if r < 1/2 do 〈Ω0〉N and 〈Ω0〉GN have the same qualitative behavior for
large N . Otherwise the broad tail in the distribution of µ̂ dominates the value
of 〈Ω0〉N . If 1/2 < r < 1, 〈Ω0〉GN approaches a constant, whereas 〈Ω0〉N grows
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of 〈Ω0〉N . If 1/2 < r < 1, 〈Ω0〉GN approaches a constant, whereas 〈Ω0〉N grows
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exponentially with N . For the critical case, r = 1, the qualitative difference
lies in the power of N in the exponent.

For L �= 0, the difference between 〈ΩL〉N and 〈ΩL〉GN is less pronounced.
Both 〈ΩL〉N and 〈ΩL〉GN approach constants as N → ∞ if r < 1, and they both
grow like powers of N if r = 1. It is also worth noting that RL

∞ �= 0 for r < 1,
whereas RL

∞ = 0 if r = 1 but ∆r < 1. In the latter case, RL
N approaches 0 like

N−1/(4λ̃L); see appendix ii.d. If r = 1 and ∆r = 1, i.e., the network has only
copy operators, RL

N = 1 for all N ∈ Z+.
In appendix ii.d, we investigate 〈ΩL〉N and 〈ΩL〉GN , for L > 0, in detail for

the case that r = 1 and ∆r < 1, which corresponds to the most commonly
occurring cases of critical networks. For large N , we have the asymptotic
relations

〈ΩL〉N ∝ NUL (II.45)

for the arithmetic mean of the number of L-cycle states, and

〈ΩL〉GN ∝ NuL (II.46)

for the corresponding geometric mean, with the exponents UL and uL given by
eqs. (ii.d23) and (ii.d17) in appendix ii.d. For large L, we have

UL ≈ 2L

2L
. (II.47)

The other exponent, uL, which appears in the scaling of the geometric mean,
is trickier to estimate. However, we derive an upper bound from ϕ(�) ≤ �, where
ϕ is the Euler function, as described in appendix ii.d. From this inequality,
combined with eqs. (ii.d17) and (ii.d10), we find that

uL <
ln 2
2

d(L) , (II.48)

where d(L) is the number of divisors to L. To show that uL is not bounded for
arbitrary L, we let L = 2m, where m ∈ N, and find that hL = (m + 1)/2 and

uL =
ln 2
8

(m + 1) . (II.49)

Although 〈ΩL〉N and 〈ΩL〉GN share the property that the they grow like
powers of N , the values of the powers differ strongly in a qualitative sense.
Yet neither case has an upper limit to the exponent in the power law. Thus,
the observation that the total number of attractors grows superpolynomially
with N is true not only for the arithmetic mean, but also for the geometric
mean. This is consistent with the derivations in [11], that show that the typical
number of attractors grows faster than polynomially with N .
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II.3 Results

Our most important findings are the expression for the expectation value of
products of loop observables on the graph of a random map [eq. (ii.15)] and the
asymptotic expansions (in appendix ii.b) for such quantities. Using these tools,
we derive new results on basic properties of random maps, and on Boolean dy-
namics on the graph of a random map. In the latter case, we investigate random
Boolean networks with in-degree one, and compare those to more complicated
random Boolean networks.

II.3.1 Random Maps

For critical random Boolean networks with in-degree one, all loops conserve
information. This is because no constant Boolean rules are allowed in a critical
network. For such a network, the number of information-conserving loops, µ,
is also the number of components of the network graph. This graph is also the
graph of a random map. Thus, µ can be seen as the number of components in
a random map. Analogous to the interpretation of µ, the number of nodes in
information-conserving loops, µ̂, can be seen as the number of elements in the
invariant set of a random map.

We derive the probability distributions of µ and µ̂, in a form that also can
be obtained from other approaches [21, 23]. For critical networks, we derive
asymptotic expansions for the means and variances of µ and µ̂, and find that

〈µ〉 = 1
2 (ln 2N + γ) + 1

6

√
2πN−1/2 + O(N−1) , (II.50)

σ2(µ) = 1
2 (ln 2N + γ) − 1

8π2 + 1
6 (3 − 2 ln 2)

√
2πN−1/2 + O(N−1) , (II.51)

〈µ̂〉 = 1
2

√
2πN − 1

3 + 1
24

√
2πN−1/2 + O(N−1) , (II.52)

and

σ2(µ̂) = 1
2 (4 − π)N − 1

6

√
2πN − 1

36 (3π − 8) + O(N−1/2) , (II.53)

where N is the number of nodes in the network, and γ is the Euler-Mascheroni
constant. These expansions converge rapidly to corresponding exact values, for
increasing N .

The leading terms 1
2 (ln 2N + γ) of eqs. (ii.50) and (ii.51) have been derived

earlier. See [18, 28, 29] on 〈µ〉 and [28, 29] on σ2(µ). The leading term of
eq. (ii.52) is found in [28]. The other terms in eqs. (ii.50)–(ii.53) appear to be
new. Some additional terms are presented in eqs. (ii.c23)–(ii.c26).

The technique presented in appendix ii.b let us also calculate expansions for
cumulants of higher orders. The leading orders of the 3rd and 4th cumulants
for the distribution of µ give an interesting hint. Let 〈µ3〉c and 〈µ4〉c denote
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those cumulants, respectively. Then, we get

〈µ3〉c = 〈µ〉 + 7
4ζ(3) − 3

8π2 + O(N1/2) (II.54)

and

〈µ4〉c = 〈µ〉 + 21
2 ζ(3) − 7

8π2 − 1
16π4 + O(N1/2) , (II.55)

where ζ(s) denotes the Riemann zeta function. All cumulants from the 1st to
the 4th order grow like 1

2 ln N . One could guess that all cumulants have this
property. If so, the distribution of µ is very closely related to a Poisson distri-
bution for large N . (Bear in mind that all cumulants for a Poisson distribution
are equal to the average for the distribution.)

Furthermore, it seems like the process of calculating higher order cumulants,
as well as including more terms in the expansions, can be fully automated. As
far as we know, only a very limited number of terms, and only for mean values
and variances, have been derived in earlier work.

II.3.2 Random Boolean Networks

Our main results from the analytical calculations are the expressions that yield
the arithmetic mean, 〈ΩL〉N , and the geometric mean, 〈ΩL〉GN , of the number of
states in L-cycles. See eqs. (ii.34)–(ii.37) on expressions for general N , and eqs.
(ii.40)–(ii.49) on expressions valid for the high-N limit. In appendix ii.e, we
present derivations that relate this work to results from [9]. These derivations
yield an expression suitable for calculation of exact values of 〈ΩL〉N via a power
series expansion of the function FL(2, z) in eq. (ii.35).

For the arithmetic means, the number of proper L-cycles, 〈CL〉N , can be
calculated from the number of states, 〈Ω�〉N , in all �-cycles, provided that
〈Ω�〉N is known for all � that divide L. This is done via the inclusion–exclusion
principle as described in appendix iv.c.2. For the corresponding geometric
means we cannot use a similar technique, because such means do not have the
needed additive properties.

Our results on random Boolean networks are divided into two parts. First,
we illustrate our quantitative results on networks with in-degree one. To a
large extent, the qualitative results are expected from earlier publications.

From [10], we know that in networks with in-degree one, as N → ∞, the
typical number of relevant variables approaches a constant for subcritical net-
works, and scales as

√
N for critical networks. This indicates that for subcritical

networks, the average number of L-cycles and the average number of states in
attractors are likely to approach constants as N → ∞.

On the other hand, [4] points out that the probability distributions of the
number of cycles in critical networks have very broad tails. Hence, the arith-
metic mean can be much larger than the median of the number of cycles, and
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this may also be the case for subcritical networks. In [9], it is found that this
effect leads to divergence as N → ∞, in the mean number of attractors, for
networks with the stability parameter r in the range r > 1/2. It is also found
that the mean number of cycles of any specific length, L, converges for large
N . For critical networks, it is clear that both the typical number and the
mean number of attractors grow superpolynomially with N , in networks with
in-degree one [14].

Quantitative results that reflect the above properties for networks of finite
sizes, however, are for the most part highly nontrivial to obtain from earlier
work. We let figures ii.1–ii.4 illustrate our results in this category. Regarding
figure ii.3, it is important to note that the geometric mean of the number of
states in attractors can be obtained directly from [10].

In the second part of our results on random Boolean networks, we compare
networks with multi-input nodes to networks with single-input nodes. From a
system theoretic viewpoint, this part is the most interesting, because a general
understanding of the multi-input effects vs. single-input effects in dynamical
networks would be very valuable. Although this issue have been addressed
before, in, e.g., [8,10], our results are only partly explained. These results are
illustrated in figures ii.5–ii.8.

Figure ii.1 shows the numbers of attractors of various short lengths as a
function of system size, plotted for different values of the stability parame-
ter r. We let ∆r = 0, corresponding to equal probabilities of inverters and
copy operators in the networks. For critical networks, with r = 1, the asymp-
totic growth of the average number of proper L-cycles, 〈CL〉N , is a power law,
whereas 〈CL〉N approaches a constant for subcritical networks as N goes to
infinity.

For networks with ∆r �= 0, the prevalences of copy operators and inverters
are not identical. Cycles of even length are in general more common then cycles
of odd length. An overabundance of inverters strengthens this difference, and
conversely a lower fraction of inverters makes the difference less pronounced.
See figure ii.2, which shows the symmetric case ∆r = 0 and the extreme cases
∆r = ±r.

The total number of attractors, 〈C〉N , and the total number of states in
attractors, 〈Ω0〉N , can diverge for large N , even though the number of attrac-
tors of any fixed length converges. This is true for subcritical networks with
r > 1/2, and is illustrated in figures ii.3 and ii.4(a). The growth of 〈Ω0〉N is
exponential if r > 1/2. Interestingly, there is no qualitative difference in the
growth of 〈Ω0〉N when comparing the critical case of r = 1 to the subcritical
ones with 1 > r > 1/2.

For r < 1/2, both 〈C〉N and 〈Ω0〉N converge to constants for large N . In
the borderline case r = 1/2, 〈Ω0〉N diverges like a square root of N , but 〈C〉N
seems to approach a constant. See figure ii.4(b).
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Figure II.1: The average numbers of proper L-cycles as functions of N for different
cycle lengths, L, for networks with single-input nodes. r = 1 in (a), and r = 3/4
(solid lines) and r = 1/2 (dotted lines) in (b). In (a), L is indicated in the plot. In
(b), L is 3, 5, 7, 1, 2, 4, 6, and 8 for r = 3/4 and 7, 5, 3, 8, 6, 4, 2, and 1 for r = 1/2,
in that order, from bottom to top along the right boundary of the plot area. In (b),
the curves for L = 3 and L = 5 for r = 3/4 essentially coincide at the right side of
the plot, whereas they split up to the left, with L = 3 as the upper curve there.
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Figure II.2: The average numbers of proper L-cycles for networks (with one-input
nodes) with N = 100 and r = 3/4, as functions of L. ∆r = 3/4 (thin solid line),
∆r = 0 (thick solid line) and ∆r = −3/4 (dotted line). Note the importance of what
numbers divide L.
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Figure II.2: The average numbers of proper L-cycles for networks (with one-input
nodes) with N = 100 and r = 3/4, as functions of L. ∆r = 3/4 (thin solid line),
∆r = 0 (thick solid line) and ∆r = −3/4 (dotted line). Note the importance of what
numbers divide L.



40 Random Maps and Boolean Networks

1 10 100 1000

2

10

10
3

1010

1030

10100

N

States

Figure II.3: Arithmetic and geometric means of the number of states, Ω0, in attractors
of networks with one input per node. 〈Ω0〉N (solid lines) and 〈Ω0〉GN (dotted lines)
for r = 1/2, r = 3/4 and r = 1, in that order, from the bottom to the top of the plot.
Note that both 〈Ω0〉N and 〈Ω0〉GN are independent of ∆r.
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Figure II.3: Arithmetic and geometric means of the number of states, Ω0, in attractors
of networks with one input per node. 〈Ω0〉N (solid lines) and 〈Ω0〉GN (dotted lines)
for r = 1/2, r = 3/4 and r = 1, in that order, from the bottom to the top of the plot.
Note that both 〈Ω0〉N and 〈Ω0〉GN are independent of ∆r.
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Figure II.4: The arithmetic mean of the number of attractors with lengths L ≤
Lmax in networks with N single-input nodes, for different values of N . In (a) N =
10, 102, . . . , 105 for r = 1 (thin solid lines) and N = 10, . . . , 104 for r = 3/4 (thin
dotted lines). In (b) N = 10, 102, 103 (thin solid lines) for r = 1/2 and N = 10 for
r = 1/4 (thin dotted line). For all cases, ∆r = 0. The thick lines in (a) and (b) show
the limiting number of attractors when N → ∞. The arrowhead in (b) marks this
limit for Lmax = 107 for r = 1/2. The small increase in the number of attractors
when Lmax is changed from 103 to 107 indicates that 〈C〉N converges when N → ∞.
Note the drastic change in the y-scale between the case r > 1/2 and r ≤ 1/2.
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Note the drastic change in the y-scale between the case r > 1/2 and r ≤ 1/2.
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The number of states in attractors, Ω0, of a single-input node network is
directly related to the total number of nodes, µ̂, that are part of information-
conserving loops. Every state of those nodes corresponds to a state in an
attractor, and vice versa. Thus, Ω0 = 2µ̂, meaning that

〈Ω0〉N = 〈2µ̂〉 (II.56)

and

〈Ω0〉GN = 2〈µ̂〉 . (II.57)

If 1/2 < r ≤ 1, ln〈Ω0〉N grows linearly with N . This stands in sharp
contrast to 〈µ̂〉, which grows like

√
N for r = 1 and approaches a constant for

r < 1 as N → ∞. Hence, the distribution of µ̂ has a broad tail that dominates
〈Ω0〉N if r > 1/2. This can be understood from the limit distribution of µ̂
for large N . For this distribution, we have P∞(µ̂ = k) ∝ rk, which means
that r must be smaller than 1/2 for the sum of 2kP∞(µ̂ = k) over k to be
convergent. Similar, but less dramatic, effects occur when forming averages of
ΩL for L �= 0. The arithmetic mean is in many cases far from the typical value.
This is particularly apparent for long cycles in large networks that are critical
or close to criticality.

In [11], it is shown that the typical number of attractors grows superpoly-
nomially with N in critical random Boolean networks with connectivity one.
From a different approach, we find the consistent result that 〈C〉GN grows super-
polynomially, where 〈C〉GN is the geometric mean of the number of attractors.
We conclude this from our investigations of the geometric mean of the number
of states in L-cycles, 〈ΩL〉GN . Here, we use the inequality 〈C〉GN ≥ 〈ΩL〉GN/L,
and the result that there is no upper bound to hL in the relation 〈ΩL〉GN ∝ NhL ,
which holds asymptotically for large N [see eq. (ii.49)].

All the properties above are derived and calculated for networks with one-
input nodes, but they seem to a large extent to be valid for networks with
multi-input nodes. From [9], we know that for subcritical networks the limit of
〈CL〉N as N → ∞ is only dependent on r and ∆r. Hence, we can expect that
〈CL〉N for a subcritical network with multi-input nodes can be approximated
with 〈CL〉′N , calculated for a network with single-input nodes, but with the
same r and ∆r.

In the networks in [9] the in-degree of each node is drawn from a power law
distribution, and a node cannot have more than one input from any one node.
The rules come from a distribution of nested canalyzing functions that confer a
high degree of stability. For these networks, the single-input approximation fits
surprisingly well, as is demonstrated in figure ii.5. Not only are the means of
the numbers of attractors of different types reproduced by this approximation,
but the distributions of these numbers are also very similar, as is shown in
figure ii.6.
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Figure II.5: A comparison between simulations for power law in-degree networks of
size N = 20 (bold lines) and the corresponding networks with single-input nodes (thin
lines). The fitted networks have identical values for r, ∆r, and N . The solid lines show
the number of fixed points, whereas the dashed and dotted lines show the number
of 2-cycles plus fixed points and the total number of attractors, respectively. The
probability distribution of in-degrees satisfies pK ∝ K−γ , where K is the number of
inputs. The power law networks use the nested canalyzing rule distribution presented
in [9].
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Figure II.6: A cross-section of figure ii.5 at γ = 2.5, with simulation results for the
power law in-degree networks (bold lines), and the corresponding single-input net-
works (thin lines). The distributions of the number of attractors of different types are
presented with cumulative probabilities, along with the corresponding means (short
vertical lines at the bottom of the plot). The solid lines show the number of fixed
points, whereas the dashed and dotted lines show the number of 2-cycles plus fixed
points and the total number of attractors, respectively. Note that the medians are
found where the curves for the probability distributions intersect 1/2 on the y-axis.
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For the critical Kauffman model with in-degree 2, we perform an analogous
comparison. The number of nodes that are nonconstant grows like N2/3 for
large N [7,13]. Furthermore, the effective connectivity between the nonconstant
nodes approaches 1 for large N [8]. Hence, one can expect that this type of
N -node Kauffman networks can be mimicked by networks with N ′ = N2/3

one-input nodes. For those networks, we choose r = 1 and ∆r = 0, which are
the same values as for the Kauffman networks.

For large N , 〈CL〉N in the Kauffman networks grows like N (HL−1)/3, where
HL is the number of invariant sets of L-cycle patterns [13]. For the selected
networks with one-input nodes, we have 〈CL〉′N ∝ N ′(HL−1)/2 ∝ N (HL−1)/3

for large N ′, see eq. (ii.d23). This confirms that the choice N ′ = N2/3 is
reasonable, but it does not indicate whether the proportionality factor in N ′ ∝
N2/3 is anywhere close to 1. This factor could also be dependent on L, as can
be seen from the calculations in [13]. However, this initial guess turns out to
be surprisingly good, as is shown in figure ii.7(a).

From the good agreement for short cycles, one can expect a similar agree-
ment on the mean of the total number of attractors. This is investigated in
figure ii.7(b). For networks with up to about 100 nodes, the agreement is good,
and the extremely fast growth of 〈C〉′N for larger N is consistent with the slow
convergence in the simulations.

As with the power law networks, we also compare the distributions of the
numbers of different types of attractors, and find a very strong correspondence.
See figure ii.8. Furthermore, we see indications of undersampling, in the es-
timated numbers of fixed points and 2-cycles, for the Kauffman networks in
figure ii.8, as the means from the simulations are smaller than the correspond-
ing analytical values.

II.4 Summary and Discussion

Using analytical tools, we have investigated random Boolean networks with
single-input nodes, along with the corresponding random maps. For random
Boolean networks, we extract the exact distributions of the average number of
cycles with lengths up to 1 000 in networks with up to 105 nodes. As has been
pointed out in earlier work [4], we see that a small fraction of the networks
have many more cycles than a typical network. This property becomes more
pronounced as the system size grows, and has drastic effects on the scaling of
the average number of states that belong to cycles.

The graph of a random Boolean network of single input nodes can be seen
as a graph of a random map. Our analytical approach is not only applicable
to Boolean dynamics on such a graph, but also to random maps in general.
Using this approach, we rederive some well-known results in a systematic way,
and derive some asymptotic expansions with significantly more terms than
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Figure II.7: A comparison between critical K = 2 Kauffman networks (thick lines)
and the corresponding networks of single-input nodes (thin lines). The size of the
single-input networks is set to N ′ = N2/3. r = 1 and ∆r = 0, consistent with the
Kauffman model. (a) The number of proper L-cycles for the L indicated in the plot.
For the Kauffman networks, the numbers have been calculated from Monte Carlo
summation for network sizes such that they could not be calculated exactly (see [13]).
The number of fixed points is 1, independently of N , for both network types. (b)
Total number of attractors. This quantity has been calculated analytically for the
single-input networks, and estimated by simulations for the Kauffman networks using
102, 103, 104, and 105 random starting configurations per network.
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Figure II.8: A cross-section of figure ii.7 at N = 125, with simulation results for
the Kauffman networks (bold lines), and the corresponding single-input networks
(thin lines). For the Kauffman networks, we use 105 random starting configurations
for 1 600 network realizations. The corresponding single-input node networks have
only N ′ = N2/3 = 25 nodes, and we perform exhaustive searches through the state
space of the relevant nodes in 106 such networks. The distributions of the number
of attractors of different types are presented with cumulative probabilities, along
with the corresponding averages (short vertical lines at the top and bottom of the
plot). Corresponding analytical averages, for the Kauffman networks, are marked
with arrowheads. The solid lines show the number of fixed points, whereas the dashed
and dotted lines show the number of 2-cycles plus fixed points and the total number
of attractors, respectively. Note that the medians are found where the curves for the
probability distributions intersect 1/2 on the y-axis.
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have been available from earlier publications. In future research, it would be
interesting to, e.g., see to what extent the ideas from [30] and our paper can
be combined.

Our results on random Boolean networks highlight some previously observed
artifacts. The synchronous updates lead to dynamics that largely is governed
by integer divisibility effects. Furthermore, when counting attractors in large
networks, most of them are found in highly atypical networks and have attractor
basins that are extremely small compared to the full state space. We quantify
the role of the atypical networks by comparing arithmetic and geometric means
of the number of states in L-cycles. From analytical expressions, we find strong
qualitative differences between those types of averages.

The dynamics in random Boolean networks with multi-input nodes can to a
large extent be understood in terms of the simpler single-input case. In direct
comparisons to critical Kauffman networks of in-degree two and to subcritical
networks with power law in-degree, the agreement is surprisingly good.

In [17], a new concept of stability in attractors of Boolean networks is pre-
sented. To only consider that type of stable attractors is one way to make
more relevant comparisons to real systems. Another way is to focus on fixed
points and stability properties as in [16] and [9]. Furthermore, the limit of large
systems may not always make sense in comparison with real systems. Small
Boolean networks may tell more about these than large networks would.

Although there are problems in making direct comparisons between random
Boolean networks and real systems, we think that insight into the dynamics of
Boolean networks will improve the general understanding of complex systems.
For example, can real systems have lots of attractors that are never visited due
to small attractor basins, and what implications could such attractors have on
the system?

A better understanding of single-input vs. multi input dynamics in Boolean
networks could promote a better understanding of similar effects in more com-
plicated dynamical systems. For the random Boolean networks, additional
insights are required to properly explain the strong similarities between the
single-input and multi-input cases. One interesting issue is to what extent a
single-input approximation can be applied to networks with random rules on a
fixed network graph.
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II.A Fundamental Expressions for Products of
Loop Observables

Eq. (ii.4) inserted into eq. (ii.3) and a transformation of the summation yield

〈G〉N =
∑

�ν∈N∞

ν̂

N

N !
(N − ν̂)!N ν̂

∞∏

λ=1

1
νλ!

(
〈g〉λ
λ

)νλ

(II.A1)

=
∞∑

ν=1

∑

�λ∈Zν
+

ν̂

N

N !
(N − ν̂)!N ν̂

1
ν!

ν∏

i=1

〈g〉λi

λi
. (II.A2)

Note that every term in eq. (ii.a1) is split into ν!/
∏∞

λ=1 νλ! equal terms in
eq. (ii.a2).

Define ck
N according to

ck
N ≡ N !

(N − k)!Nk
. (II.A3)

Then,

〈G〉N =
∞∑

ν=1

1
ν!

∑

�λ∈Zν
+

(cν̂
N − cν̂+1

N )
ν∏

i=1

〈g〉λi

λi
. (II.A4)

The coefficients ck
N can be expressed as

ck
N =

(
1 +

∂z

N

)N ∣∣∣∣
z=0

zk . (II.A5)

This relation, together with ν̂ =
∑ν

i=1 λi, inserted into eq. (ii.a4) gives

〈G〉N =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

∞∑

ν=1

1
ν!

∑

�λ∈Zν
+

(1 − z)
ν∏

i=1

〈g〉λi

λi
zλi

=
(

1 +
∂z

N

)N ∣∣∣∣
z=0

(1 − z)
∞∑

ν=1

1
ν!

( ∞∑

λ=1

〈g〉λ
λ

zλ

)ν

. (II.A6)

The outer sum in eq. (ii.a6) can be modified to start from ν = 0 without
altering the value of the expression. This property, together with the power
series expansions

ex =
∞∑

k=0

xk

k!
(II.A7)
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and

ln(1 − x) = −
∞∑

k=1

xk

k
, (II.A8)

yields that eq. (ii.a6) can be rewritten into eq. (ii.6).

II.B Asymptotes for Products of Loop Observ-

ables

To calculate eq. (ii.15) for large N , we investigate the operator (1+∂z/N)N |z=0.
Let f(z) be a function that is analytic for z �= 1, such that |z − 1/3| ≤ 2/3.
Furthermore, we assume that f(z) does not have an essential singularity at
z = 1. Then,

(
1 +

∂z

N

)N ∣∣∣∣
z=0

f(z) =
∂N

z

NN

∣∣∣∣
z=0

eNzf(z) (II.B1)

=
N !
2πi

∮

C(ε)

dz
eNz

zN+1
f(z) , (II.B2)

where ε is a small positive number, and C(ε) is the contour of the region where
z satisfies |z − 1/3| ≤ 2/3 and |z − 1| ≥ ε.

On the curve C(ε), |eNz/zN | is maximal close to z = 1, where this expression
has a saddle point. Thus, the main contribution to the integral in eq. (ii.b2),
for large N , comes from the vicinity of z = 1. Contributions from other parts
of C(ε) are suppressed exponentially with N .

To find the asymptotic behavior of eq. (ii.b2), we perform an expansion
of f(z) around z = 1 with terms of the form c[− ln(1 − z)]m(1 − z)−a, where
a, c ∈ R, and m ∈ N. Provided that the expansion has a nonzero convergence
radius, the asymptote of eq. (ii.b2) can be determined to any polynomial order
of N .

We start at the special case of f(z) = (1 − z)−a. For non-integral a, z = 1
is a branch point of f(z). For such a we let f(z) be real-valued for real z < 1
and have a cut line at real z > 1. For N > max(0,−a), we can change the
integration path in eq. (ii.b2). Let C′(ε) follow the line �(z) = 1 but make a
turn about z = 1 in the same way as C(ε). Then,

∮

C(ε)

dz
eN(z−1)

izN+1
f(z) =

∫

C′(ε)

dz
eN(z−1)

izN+1
f(z) . (II.B3)

From Stirling’s formula [31],

N ! =
nN

eN

√
2πN exp

[
1

12N
+ O(N−2)

]
, (II.B4)
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and eq. (ii.b3), we get
(

1 +
∂z

N

)N ∣∣∣∣
z=0

f(z) =

√
N

2π

[
1 +

1
12N

+ O(N−2)
] ∫

C′(ε)

dz
eN(z−1)

izN+1
f(z) .

(II.B5)

Around z = 1, we have eN(z−1)/zN ≈ exp[ 12N(z−1)2]. This approximation
can be used as a starting point for a suitable expansion. To proceed, we note
that we can write

√
N

2π

∫

C′(ε)

dz

i
exp

[
1
2N(z − 1)2

]
(1 − z)−a = Z(a)Na/2 , (II.B6)

where

Z(a) ≡ −i√
2π

∫

C′(ε)

dz exp
[
1
2 (z − 1)2

]
(1 − z)−a . (II.B7)

From the fast convergence of exp[12 (z − 1)2] along �(z) = 1 for large |z|, it is
clear that a 
→ Z(a) is well-defined and continuous for all a.

With y = 1 − z, we get

eN(z−1)

zN+1
(1 − z)−a = exp{N [−y − ln(1 − y)]} y−a

1 − y
(II.B8)

= exp
(

1
2Ny2

)
y−a

[
1 + y + 1

3Ny3 + y2 + 7
12Ny4

+ 1
18N2y6 + y3 + 47

60Ny5 + 5
36N2y7 + 1

162N3y9

+ O(y4) + NO(y6) + N2O(y8) + N3O(y10) + · · ·
]

.
(II.B9)

We insert this result into eq. (ii.b5), and get
(

1 +
∂z

N

)N ∣∣∣∣
z=0

(1 − z)−a = Na/2

[
3∑

k=0

Zk(a)N−k/2 + O(N−2)

]
, (II.B10)

where

Z0(a) = Z(a) , (II.B11)

Z1(a) = Z(a − 1) + 1
3Z(a − 3) , (II.B12)

Z2(a) = 1
12Z(a) + Z(a − 2) + 7

12Z(a − 4) + 1
18Z(a − 6) , (II.B13)

and

Z3(a) = 1
12Z(a − 1) + 37

36Z(a − 3) + 47
60Z(a − 5) + 5

36Z(a − 7)

+ 1
162Z(a − 9) . (II.B14)
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Iterated differentiation of eq. (ii.b10) with respect to a gives
(

1 +
∂z

N

)N ∣∣∣∣
z=0

[− ln(1 − z)]m(1 − z)−a =

= Na/2
(

1
2 ln N + ∂a

)m

[
3∑

k=0

Zk(a)N−k/2 + O(N−2)

]
.

(II.B15)

It remains for us to calculate Z(a). For a < 1, eq. (ii.b7) can be rewritten
as

Z(a) =
1√
2π

∫ ∞

−∞
dx exp

(
− 1

2x2
)
(−ix)−a , (II.B16)

which means that

Z(a) = 2−a/2π−1/2 cos
(

1
2πa

)
Γ
(

1
2 − 1

2a
)

(II.B17)

for a < 1. From eq. (ii.b7) and partial integration, we find that

Z(a − 2) = (a − 1)Z(a) , (II.B18)

which is consistent with eq. (ii.b17). Hence, eq. (ii.b17) is valid for all a,
provided that the right hand side is replaced with an appropriate limit in case
that a is an odd positive integer. The use of the limit is motivated by the
continuity of Z.

The recurrence relation in eq. (ii.b18) is useful for expressing Z1, Z2, and Z3

in more convenient forms. Insertion into eqs. (ii.b11)–(ii.b14) and factorization
of the obtained polynomials gives

Z0(a) = Z(a) , (II.B19)

Z1(a) = 1
3 (a + 1)Z(a − 1) , (II.B20)

Z2(a) = 1
36a(a + 2)(2a − 1)Z(a) , (II.B21)

and

Z3(a) = 1
1620 (a + 1)(a + 3)(10a2 − 15a − 1)Z(a − 1) . (II.B22)

To express Z(a) in a more convenient form than eq. (ii.b17), we use the
relations

cosx =
∞∏

k=0

(
1 − x2

(
k + 1

2

)2
π2

)
(II.B23)
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and

Γ(x) =
eγx

x

∞∏

k=1

(
1 +

x

k

)
ex/k , (II.B24)

where γ is Euler-Mascheroni constant. See, e.g., [32] on eqs. (ii.b23) and
(ii.b24). We now get

Z(a) = 2a/2eaγ/2
∞∏

k=0

(
1 +

a

2k + 1

)
exp

(
− a

2k + 1

)
(II.B25)

and

Z(a) = 2a/2 Γ
(

1
2a
)

2Γ(a)
(II.B26)

= 2a/2

(
1
2a
)
!

a!
. (II.B27)

The first and second order derivatives of Z(a) can be expressed according
to

Z ′(a) = Z(a) ∂a ln Z(a) (II.B28)

and

Z ′′(a) = Z(a) ∂2
a ln Z(a) + Z(a) [∂a ln Z(a)]2 , (II.B29)

with

∂a ln Z(a) = 1
2 (ln 2 + γ) −

∞∑

k=0

a

(2k + 1)(2k + 1 + a)
(II.B30)

and

∂2
a ln Z(a) = −

∞∑

k=0

1
(2k + 1 + a)2

. (II.B31)

When the values and derivatives of Z(a) are calculated for a = 0 and a = 1,
one can use the recurrence relation, eq. (ii.b18), to calculate the corresponding
properties for any a ∈ Z. See, e.g., [33] on infinite sums that are useful in those
derivations.
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and

Γ(x) =
eγx

x

∞∏

k=1

(
1 +

x

k

)
ex/k , (II.B24)

where γ is Euler-Mascheroni constant. See, e.g., [32] on eqs. (ii.b23) and
(ii.b24). We now get

Z(a) = 2a/2eaγ/2
∞∏

k=0

(
1 +

a

2k + 1

)
exp

(
− a

2k + 1

)
(II.B25)

and

Z(a) = 2a/2 Γ
(

1
2a
)

2Γ(a)
(II.B26)

= 2a/2

(
1
2a
)
!

a!
. (II.B27)

The first and second order derivatives of Z(a) can be expressed according
to

Z ′(a) = Z(a) ∂a ln Z(a) (II.B28)

and

Z ′′(a) = Z(a) ∂2
a ln Z(a) + Z(a) [∂a ln Z(a)]2 , (II.B29)

with

∂a ln Z(a) = 1
2 (ln 2 + γ) −

∞∑

k=0

a

(2k + 1)(2k + 1 + a)
(II.B30)

and

∂2
a ln Z(a) = −

∞∑

k=0

1
(2k + 1 + a)2

. (II.B31)

When the values and derivatives of Z(a) are calculated for a = 0 and a = 1,
one can use the recurrence relation, eq. (ii.b18), to calculate the corresponding
properties for any a ∈ Z. See, e.g., [33] on infinite sums that are useful in those
derivations.
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Insertion of eq. (ii.17) into eqs. (ii.18) and (ii.19) gives

PN (µ = k) = [wk]
(

1 +
∂z

N

)N ∣∣∣∣
z=0

(1 − rz)1−w (II.C1)

and

PN (µ̂ = k) = [wk]
(

1 +
∂z

N

)N ∣∣∣∣
z=0

1 − rz

1 − rwz
. (II.C2)

An alternative form of the probability generating function in eq. (ii.c1),
for the special case r = 1, is presented in [30]. However, this alternative
expression is complicated in comparison to eq. (ii.c1), and it is much easier to
extract the probability distribution and corresponding cumulants, along with
their asymptotic expansions, from eq. (ii.c1). In [30], general considerations
for probability generating functions are presented, along with several examples
of such functions.

For a power series of z with convergence radius larger than 1, we have the
operator relation

lim
N→∞

(
1 +

∂z

N

)N ∣∣∣∣
z=0

=
∣∣∣∣
z=1

, (II.C3)

which means the limit can be extracted by inserting z = 1 in the given function.
In eqs. (ii.c1) and (ii.c2), w can be regarded as an arbitrarily small number,
which gives arbitrary large convergence radii in the corresponding power ex-
pansions in z. Hence, the limiting probabilities for large N are given by

P∞(µ = k) = [wk](1 − r)1−w (II.C4)

= (1 − r)
[− ln(1 − r)]k

k!
(II.C5)

and

P∞(µ̂ = k) = [wk]
1 − r

1 − rw
(II.C6)

= (1 − r)rk . (II.C7)

Both limiting distributions are normalized for r < 1, but not for r = 1.
This means that the probability distributions remains localized for subcritical
networks as N goes to infinity. For critical networks, the probabilities approach
zero, which means that the typical values of ν and ν̂ must diverge with N .
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Note that eq. (ii.c5) corresponds to a Poisson distribution with intensity
ln[1/(1− r)], and that the probabilities in eq. (ii.c7) decay exponentially with
rate r. For µ, we get

〈µ〉 =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

[− ln(1 − rz)] (II.C8)

=
N∑

k=1

N ! rk

k(N − k)!Nk
(II.C9)

and

〈µ2〉 =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

ln(1 − rz)[ln(1 − rz) − 1] (II.C10)

=
N∑

k=1

N ! rk

k(N − k)!Nk

(
1 + 2

k−1∑

j=1

1
j

)
. (II.C11)

If r = 1, µ can be seen as the number of components in a random map. For
random maps, the result in eq. (ii.c9) is well-known and has been derived in
several different ways [18,20,21,23]. Alternative derivations of eq. (ii.c11) are
found in [21,23].

The distribution of µ can be calculated from eq. (ii.c1). To this end, we
consider the series expansion

(1 − x)−w =
∞∑

n=0

xn

n!

n∑

k=0

[
n
k

]
wk , (II.C12)

where
[
n
k

]
are the sign-less Stirling numbers (see, e.g., [34]). Insertion into

eq. (ii.c1) yields

PN (µ = k) =
N∑

n=k

rn

Nn

(
N

n

)([
n − 1
k − 1

]
−
[
n − 1

k

])
(II.C13)

=
N∑

n=k

rn

Nn

(
N

n

)([
n
k

]
− n

[
n − 1

k

])
(II.C14)

=
N∑

n=k

rn

Nn

(
1 − r +

nr

N

)(
N

n

)[
n
k

]
. (II.C15)

For the number of nodes in information-conserving loops, eq. (ii.c2) yields

PN (µ̂ = k) =
rk

Nk

(
1 − r +

kr

N

)(
N

k

)
k! . (II.C16)
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For r = 1, eq. (ii.c16) is consistent with the corresponding results on the
distribution of the number of invariant elements in random maps [20].

Also, eq. (ii.c16) provides a simpler way to derive eq. (ii.c15). It is well-
known that the probability for a random permutation of n to have k-cycles is
given by 1

n!

[
n
k

]
(see, e.g., [20]). Consider all nodes in information-conserving

loops of a Boolean network with in-degree 1. We denote the set of such nodes
by S. If we randomize the network topology, under the constraint that S is
given, the network graph in S will also be the graph of a random permutation
of the elements in S. Then, every cycle in this permutation corresponds to
an information-conserving loop in the network. In [23, 28], the corresponding
observation for random maps was made.

When the network topology is randomized to fit with a given S, only the
size µ̂ of S matters. Thus,

PN (µ = k | µ̂ = n) =
1
n!

[
n
k

]
. (II.C17)

Summation over all possible values of µ̂ gives

PN (µ = k) =
N∑

n=k

PN (µ = k | µ̂ = n)PN (µ̂ = n) , (II.C18)

which together with eqs. (ii.c16) and (ii.c17) provides a simpler derivation of
eq. (ii.c15). An analogous derivation for random maps is presented in [23].

For the first and second moments of µ̂, we find that

〈µ̂〉 =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

rz

1 − rz
(II.C19)

=
N∑

k=1

N ! rk

(N − k)!Nk
(II.C20)

and

〈µ̂2〉 =
(

1 +
∂z

N

)N ∣∣∣∣
z=0

rz(1 + rz)
(1 − rz)2

(II.C21)

=
N∑

k=1

(2k − 1)N ! rk

(N − k)!Nk
. (II.C22)

To better understand the results on 〈µ〉, 〈µ2〉, 〈µ〉, and 〈µ2〉, we let r = 1
and calculate their asymptotes for large N . For r = 1, µ corresponds to the
number of components in a random map, whereas µ̂ corresponds to the number
of elements in its invariant set.
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From eq. (ii.b15), we find the large-N asymptotes of (1 + ∂z/N)N |z=0 op-
erating on − ln(1− z), [ln(1− z)]2, (1− z)−1, and (1− z)−2. We also note that
(1 + ∂z/N)N |z=0 1 = 1 for all N . From these asymptotes, combined with eqs.
(ii.c9), (ii.c11), (ii.c20), and (ii.c22) for r = 1, we get

〈µ〉 = 1
2 (ln 2N + γ) + 1

6

√
2πN−1/2 − 1

18N−1 − 1
1080

√
2πN−3/2

+ O(N−2) , (II.C23)

σ2(µ) = 1
2 (ln 2N + γ) − 1

8π2 + 1
6 (3 − 2 ln 2)

√
2πN−1/2 − 1

18 (π − 2)N−1

− 1
3240 (41 − 6 ln 2)

√
2πN−3/2 + O(N−2) , (II.C24)

〈µ̂〉 = 1
2

√
2πN − 1

3 + 1
24

√
2πN−1/2 − 4

135N−1 + O(N−3/2) , (II.C25)

and

σ2(µ̂) = 1
2 (4 − π)N − 1

6

√
2πN − 1

36 (3π − 8) + 17
1080

√
2πN−1/2

+ O(N−1) . (II.C26)

Note that the potential term of order N−2 ln N in eq. (ii.c24) disappears due
to cancellation when 〈µ〉2 is subtracted from 〈µ2〉.

II.D Asymptotes Related to Boolean Dynamics

We take a closer look at the case that r = 1 and ∆r < 1. Eq. (ii.34) yields

FL(1, z) =
[

1 − zλ̃L

1 − (∆rz)λ̃L

]1/(2λ̃L)

. (II.D1)

To the leading order in 1 − z, we get

FL(1, z) =
[

λ̃L(1 − z)
1 − (∆rz)λ̃L

]1/(2λ̃L)

[1 + O(1 − z)] . (II.D2)

Insertion into eqs. (ii.36) and (ii.b10) gives

RL
N = Z[−1/(2λ̃L)]

[
λ̃L

1 − (∆r)λ̃L

]1/(2λ̃L)

N−1/(4λ̃L)[1 + O(N−1/2)] . (II.D3)

To find the asymptote of 〈ΩL〉GN , we apply eq. (ii.34) and find that

∂w|w=1FL(w, z) =

( ∞∑

λ=1

gcd(λ, L)
λ

zλ −
∞∑

k=1

gcd(kλ̃L, L)
2kλ̃L

[
1 − (∆r)kλ̃L

]
zkλ̃L

)

×
[

1 − zλ̃L

1 − (∆rz)λ̃L

]1/(2λ̃L)

. (II.D4)
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Let ϕ denote the Euler function. The Euler function is defined for n ∈ Z+

in such a way that ϕ(n) is the number of values, k ∈ {1, 2, . . . , n}, that satisfy
gcd(k, n) = 1. If m divides n, ϕ(n/m) is the number of values, k ∈ {1, 2, . . . , n},
that satisfy gcd(k, n) = m. From summing over every m ∈ N that divides n,
we get

∑

m|n
ϕ(m/n) = n , (II.D5)

which means that

∑

k|n
ϕ(k) = n . (II.D6)

From eq. (ii.d6), we see that

∞∑

λ=1

gcd(λ, L)
λ

zλ = −
∑

�|L

ϕ(�)
�

ln(1 − z�) . (II.D7)

Similarly, we rewrite eq. (ii.d4) and get

∂w|w=1FL(w, z) =

[
∑

�|L

ϕ(�)
�

ln
1

1 − z�
+

∑

�|L/λ̃L

ϕ(�)
2�

ln
1 − z�λ̃L

1 − (∆rz)�λ̃L

]

×
[

1 − zλ̃L

1 − (∆rz)λ̃L

]1/(2λ̃L)

. (II.D8)

Again, we perform an expansion around z = 1 and get

∂w|w=1FL(w, z) =
[
−ĥL + 1

2

(
ĥL/λ̃L

+ hL/λ̃L
ln λ̃L

)
+ sL

−
(
hL − 1

2hL/λ̃L

)
ln(1 − z)

]

×
[

λ̃L

1 − (∆rz)λ̃L

]1/(2λ̃L)

[1 + O(1 − z)] , (II.D9)

where

hL ≡
∑

�|L

ϕ(�)
�

, (II.D10)

ĥL ≡
∑

�|L

ϕ(�)
�

ln � , (II.D11)
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and

sL ≡
∑

�|L/λ̃L

ϕ(�)
2�

ln
1

1 − (∆rz)�λ̃L

. (II.D12)

For convenience, we define

AL = −ĥL + 1
2

(
ĥL/λ̃L

+ hL/λ̃L
ln λ̃L

)
+ sL (II.D13)

and

BL = hL − 1
2hL/λ̃L

. (II.D14)

Insertion of

∂w|w=1FL(w, z) = [AL − BL ln(1 − z)][1 + O(1 − z)] (II.D15)

into eq. (ii.37), combined with eqs. (ii.b15) and (ii.d3), gives

〈ΩL〉GN = exp
[
(ln 2)

(
AL + 1

2BL ln N + BL
Z ′[−1/(2λ̃L)]
Z[−1/(2λ̃L)]

)]
[1 + O(N−1/2)] .

(II.D16)

This means that 〈ΩL〉GN grows like a power law, NuL , where the exponent is
given by

uL =
ln 2
2
(
hL − 1

2hL/λ̃L

)
. (II.D17)

Finally, we derive the asymptote of 〈ΩL〉N . From eq. (ii.e4) we get

FL(2, z) =
SLe−ĤL

(1 − z)HL−1
[1 + O(1 − z)] (II.D18)

to the leading order in powers of 1 − z, where

HL ≡
∑

�|L
J+

� +
∑

2�|L
J−

� , (II.D19)

ĤL ≡
∑

�|L
J+

� ln � +
∑

2�|L
J−

� ln � , (II.D20)

and

SL ≡
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�|L

(
1

1 − (∆r)�

)J+
� ∏

2�|L

(
1

1 + (∆r)�

)J−
�

. (II.D21)
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ĥL/λ̃L

+ hL/λ̃L
ln λ̃L

)
+ sL (II.D13)

and

BL = hL − 1
2hL/λ̃L

. (II.D14)

Insertion of

∂w|w=1FL(w, z) = [AL − BL ln(1 − z)][1 + O(1 − z)] (II.D15)

into eq. (ii.37), combined with eqs. (ii.b15) and (ii.d3), gives

〈ΩL〉GN = exp
[
(ln 2)

(
AL + 1

2BL ln N + BL
Z ′[−1/(2λ̃L)]
Z[−1/(2λ̃L)]

)]
[1 + O(N−1/2)] .

(II.D16)

This means that 〈ΩL〉GN grows like a power law, NuL , where the exponent is
given by

uL =
ln 2
2
(
hL − 1

2hL/λ̃L

)
. (II.D17)

Finally, we derive the asymptote of 〈ΩL〉N . From eq. (ii.e4) we get

FL(2, z) =
SLe−ĤL
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The same procedure as for the other asymptotes lets us find the asymptote of
eq. (ii.35). We obtain

〈ΩL〉N = SLe−ĤLN (HL−1)/2[1 + O(N−1)] . (II.D22)

Hence, 〈ΩL〉N grows like a power law, NUL , where

UL =
HL − 1

2
. (II.D23)

Note that HL is identical to the number of invariant sets of L-cycle patterns,
as defined in [13].

II.E An Alternative Expression for FL(2, z)

In [13], we found that

〈ΩL〉∞ = (1 − r)
∏

�|L

(
1

1 − r�

1
1 − (∆r)�

)J+
� ∏

2�|L

(
1

1 − r�

1
1 + (∆r)�

)J−
�

,

(II.E1)

where J±
� are integers that can be calculated via the inclusion–exclusion prin-

ciple. J−
� satisfies the relation

2�J−
� =

∑

s∈{0,1}η�

(−1)s2�/d�(s) , (II.E2)

where s =
∑η�

j=1 sj , d�(s) =
∏η�

j=1(d
j
�)

sj , and d1
� , . . . , d

η�

� are the odd prime
divisors to �. Furthermore,

J+
� = J−

� − J−
�/2 , (II.E3)

where we use the convention that J−
�/2 = 0 for odd �.

From eq. (ii.e1), we can expect that

FL(2, z) = (1 − rz)
∏

�|L

(
1

1 − (rz)�

1
1 − (∆rz)�

)J+
�

×
∏

2�|L

(
1

1 − (rz)�

1
1 + (∆rz)�

)J−
�

. (II.E4)
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This is indeed true, and to see that, we rewrite eq. (ii.e4) via the power series
expansion

ln
1

1 − x
=

∞∑

k=1

1
k

xk , (II.E5)

and get

FL(2, z) = (1 − rz) exp
∑

�|L

∞∑

k=1

�J+
�

k�
[rk� + (∆r)k�]zk�

× exp
∑

2�|L

∞∑

k=1

�J−
�

k�
[rk� + (−1)k(∆r)k�]zk� . (II.E6)

A change of the summation order, with λ = k�, yields

FL(2, z) = (1 − rz) exp
∞∑

λ=1

∑

�|gcd(λ,L)

�J+
�

λ
[rλ + (∆r)λ]zλ

× exp
∞∑

λ=1

∑

�|gcd(λ,L)
2|L/�

�J−
�

λ
[rλ + (−1)λ/�(∆r)λ]zλ . (II.E7)

Eq. (ii.e7) is consistent with eq. (ii.34), provided that

∑

�|gcd(λ,L)

�J+
� +

∑

�|gcd(λ,L)
2|L/�

�J−
� = 2gcd(λ,L)

{
1 if λ̃L � λ
1
2 if λ̃L | λ ,

(II.E8)

and

∑

�|gcd(λ,L)

�J+
� +

∑

�|gcd(λ,L)
2|L/�

(−1)λ/��J−
� = 2gcd(λ,L)

{
0 if λ̃L � λ
1
2 if λ̃L | λ .

(II.E9)

The sum of eqs. (ii.e8) and (ii.e9) is given by
∑

�|gcd(λ,L)

2�J+
� +

∑

2�|gcd(λ,L)

2�J−
� = 2gcd(λ,L) , (II.E10)

which is equivalent to

∑

�|gcd(λ,L)

(2�J+
� + �J−

�/2) = 2gcd(λ,L) (II.E11)
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and

∑

�|gcd(λ,L)

(2�J−
� − �J−

�/2) = 2gcd(λ,L) . (II.E12)

Eq. (ii.e12) is true as a consequence of eq. (ii.e2), and hence eq. (ii.e10) is
true.

The difference between eqs. (ii.e8) and (ii.e9) is

∑

�|gcd(λ,L)
2|L/�
2�λ/�

2�J−
� = 2gcd(λ,L)

{
1 if λ̃L � λ

0 if λ̃L | λ .
(II.E13)

If λ̃L | λ, the sum in eq. (ii.e13) is empty and therefore equal to the right hand
side. If λ̃L � λ, eq. (ii.e13) is equivalent to

∑

�|gcd(λ,L)
2��gcd(λ,L)

2�J−
� = 2gcd(λ,L) , (II.E14)

consistent with eq. (ii.e2). Hence, eq. (ii.e13) holds, and this result concludes
the verification of eqs. (ii.e8) and (ii.e9). Thus, we conclude that eq. (ii.e4) is
correct.
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networks. We find that, for ensembles of generated models, those with canalyz-
ing Boolean rules are remarkably stable, whereas those with random Boolean
rules are only marginally stable. Furthermore, substantial parts of the gener-
ated networks are frozen, in the sense that they reach the same state, regardless
of initial state. Thus, our ensemble approach suggests that the yeast network
shows highly ordered dynamics.
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III.1 Introduction

The regulatory network for Saccharomyces cerevisiae was recently measured [1]
for 106 of the 141 known transcription factors by determining the bindings of
transcription factor proteins to promoter regions on the DNA. Associating the
promoter regions with genes yields a network of directed gene-gene interactions.
As described in [1, 2], the significance of measured bindings with regard to
inferring putative interactions are quantified in terms of P -values. Lee et al.
[1] did not infer interactions having P -values above a threshold value, Pth =
0.001, for most of their analysis. Small threshold values, Pth, correspond to a
small number of inferred interactions with high quality, whereas larger values
correspond to more inferred connections, but of lower quality. It was found
that for the Pth = 0.001 network, the fan-out from each transcription factor to
its regulated targets is substantial, on the average 38 [1]. From the underlying
data (http://web.wi.mit.edu/young/regulatory network), one finds that
fairly few signals feed into each of them; on the average 1.9. The experiments
yield the regulatory network architecture but yield neither the interaction rules
at the nodes, nor the dynamics of the system, nor its final states.

With no direct experimental results on the states of the system, there is, of
course, no systematic method to pin down the interaction rules, not even within
the framework of simplified and coarse-grained genetic network models; e.g.,
ones where the rules are Boolean. One can nevertheless attempt to investigate
to what extent the measured architecture can, based on criteria of stability,
select between classes of Boolean models [3].

We generate ensembles of different model networks on the given architecture
and analyze their behavior with respect to stability. In a stable system, small
initial perturbations should not grow in time. This aspect is investigated by
monitoring how the Hamming distances between different initial states evolve
in a Derrida plot [4]. If small Hamming distances diverge in time, the system
is unstable and vice versa. Based on this criterion, we find that synchronously
updated random Boolean networks (with a flat rule distribution) are marginally
stable on the transcriptional network of yeast.

By sing a subset of Boolean rules, nested canalyzing functions (see section
iii.2.2), the ensemble of networks exhibits remarkable stability. The notion of
nested canalyzing functions is introduced to provide a natural way of generating
canalyzing rules, which are abundant in biology [5]. Furthermore, it turns
out that for these networks, there exists a fair amount of forcing structures
[3], where nonnegligible parts of the networks are frozen to fixed final states
regardless of the initial conditions. Also, we investigate the consequences of
rewiring the network while retaining the local properties; the number of inputs
and outputs for each node [6].

To accomplish the above, some tools and techniques were developed and
used. To include more interactions besides those in the Pth = 0.001 network [1],
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we investigated how network properties, local and global, change as Pth is
increased. We found a transition slightly above Pth = 0.005, indicating the
onset of noise in the form of biologically irrelevant inferred connections. In [5]
extensive literature studies revealed that, for eukaryotes, the rules seem to be
canalyzing. We developed a convenient method to generate a distribution of
canalyzing rules, that fits well with the list of rules compiled by Harris et al. [5].

III.2 Methods and Models

III.2.1 Choosing Network Architecture

Lee et al. [1] calculated P -values as measures of confidence in the presence
of an interaction. With further elucidation of noise levels, one might increase
the threshold for P -values from the value 0.001 used in [1]. To this end, we
compute various network properties, to investigate whether there is any value of
Pth for which these properties exhibit a transition that can be interpreted as the
onset of noise. In figure iii.1, the number of nodes, mean connectivity, mean
pairwise distance (radius), and fraction of node pairs connected are shown.
As can be seen, there appears to be a transition slightly above Pth = 0.005.
In what follows, we therefore focus on the network defined by Pth = 0.005.
Furthermore, we (recursively) remove genes which have no outputs to other
genes, because these are not relevant for the network dynamics. The resulting
network is shown in figure iii.2.

III.2.2 Generating Rules

Lee et al. [1] determined the architecture of the network but not the specific
rules for the interactions. To investigate the dynamics on the measured ar-
chitecture, we repeatedly assign a random Boolean rule to each node in the
network. We use two rule distributions; one null hypothesis and one distribu-
tion that agrees with rules compiled from the literature [5] (see also appendix
iii.b). In both cases, we ensure that every rule depends on all of its inputs
because the dependence should be consistent with the network architecture.

As a null hypothesis, we use a flat distribution among all Boolean functions
that depend on all inputs. For rules with a few inputs, this will create rules
that can be expressed with normal Boolean functions in a convenient way. In
the case of many inputs, most rules are unstructured and the result of toggling
one input value will appear random.

In biological systems, the distribution of rules is likely to be structured.
Indeed, all of the compiled rules in [5] are canalyzing [3]; a canalyzing Boolean
function [3] has at least one input, such that for at least one input value,
the output value is fixed. It is not straightforward to generate biologically
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relevant canalyzing functions. A canalyzing rule implies some structure, but the
function of the noncanalyzing inputs (when the canalyzing inputs are clamped
to their noncanalyzing values) could be as disordered as the full set of random
Boolean rules. However, the canalyzing structure is repeated in a nested fashion
for almost all rules in [5]. Hence, we introduce the concept of nested canalyzing
functions (see appendix iii.a), which can be used to generate distributions
of canalyzing rules. Actually, of the 139 rules in [5], only 6 are not nested
canalyzing functions (see appendix iii.b).

A special case of nested canalyzing functions is the recently introduced
notion of chain functions [7] (see also appendix iii.a). Chain functions are the
most abundant form of nested canalyzing functions, although 32 of the 139
rules in [5] fall outside this class.

It turns out that the rule distribution of nested canalyzing functions in [5]
can be well described by a model with only one parameter (see appendix iii.a).
Hence, we use this model to mimic the compiled rule distribution. The free
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Figure III.1: Topological properties of the yeast regulatory network in [1] for dif-
ferent P -value thresholds excluding nodes with no outputs; number of nodes (solid
line), mean connectivity (dotted line), mean pairwise distance (radius) (dotted-solid
line), and fraction of node pairs that are connected (dashed line). The right y-axis
corresponds to the number of nodes with no outputs, whereas the other quantities are
indicated on the left y-axis. Self-couplings were excluded, but the figure looks similar
when they are included. The dashed vertical line marks the threshold, Pth = 0.005.
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Figure III.2: The Pth = 0.005 network excluding nodes with no outputs to other
nodes. The filled areas in the arrowheads are proportional to the probability of each
coupling to be in a forcing structure when the nested canalyzing rules are used on the
network without self-interactions. This probability ranges from approximately one-
fourth, for the inputs to yap6, to one, for the inputs to one-input nodes. Nodes that
will reach a frozen state (on or off) in the absence of down-regulating self-interactions,
regardless of the choice of rules, are shown as dashed. For the other nodes, the
grayscale indicates the probability of being frozen in the absence of self-interactions,
ranging from just under 97% (bold black) to over 99.9% (thin solid gray).
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parameter determines the degree of asymmetry between active and inactive
states and its value reflects the fact that most genes are inactive at any given
time in a gene regulatory system.

III.2.3 Analyzing the Dynamics

A biological system is subject to a substantial amount of noise, making robust-
ness a necessary feature of any model. We expect a transcriptional network to
be stable, in that a random disturbance cannot be allowed to grow uncontrol-
lably. Gene expression levels can be approximated as Boolean, because genes
tend to be either active or inactive. This approximation for genetic networks
is presumably easier to handle for stability issues than for general dynamical
properties. Using synchronous updates is computationally and conceptually
convenient, although it may at first sight appear unrealistic. However, in in-
stances of strong stability, the update order should not be very important.

To study the time development of small fluctuations in this discrete model
with synchronous updating, we investigate how the Hamming distance between
two states evolves with time. In a Derrida plot [4], pairs of initial states are
sampled at defined initial distances, H(0), from the entire state space, and
their mean Hamming distance, H(t), after a fixed time, t, is plotted against
the initial distance, H(0). The slope in the low-H region indicates the fate
of a small disturbance. If the curve is above/below the line, H(t) = H(0),
it reflects instability/stability in the sense that a small disturbance tend to
increase/decrease during the next t time steps (see figure iii.3).

It is not uncommon that transcription factors control their own expression.
In some cases, genes up-regulate themselves, with the effect that their behavior
becomes less linear and more switch-like. This action is readily mimicked in
a Boolean network. However, in the other case, where a transcription factor
down-regulates itself, the system will be stabilized in a model with continuous
variables, provided that the time delay of the self-interaction is not too large.
Boolean networks can only model the limit of large time delays, which gives rise
to nodes that in a nonbiological manner repeatedly flip between no activity and
full activity without requiring any external input. Thus, the self-interactions
need to be treated as a special case in the Boolean approximation. To this end,
we consider three different alternatives:

1) View the self-interactions as internal parts of the rules; all self-interac-
tions are removed.

2) Remove the possibility for self-interactions to be down-regulating.

3) No special treatment of self-interactions.

It is natural to use alternative 1 as a reference point to understand the effect
of the self-interactions in alternatives 2 and 3.
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Figure III.3: Evolution of different Hamming distances, H(0), with one time step to
H(1) (Derrida plots [4]) for random rules (dark gray) and nested canalyzing rules
(light gray) with and without self-couplings (dashed borders), respectively. (Down-
regulating self-couplings are allowed.) The bands correspond to 1σ variation among
the different rule assignments generated on the architecture in figure iii.2. Statistics
were gathered from 1 000 starts on each of 1 000 rule assignments.

We want to examine how the geometry of networks influence the dynam-
ics. It is known [3] that the distributions of in- and out-connectivities of the
nodes strongly affect the dynamics in Boolean networks, but how important is
the overall architecture? If for each node, we preserve the connectivities, but
otherwise rewire the network randomly [6], how is the dynamics affected? For
a Derrida plot with t = 1, there is no change. If we only take a single time
step from a random state, the outputs will not have time to be used as inputs.
There will be correlations between nodes, but the measured quantity H(1) is a
mean over all nodes, and this is not affected by these correlations. Hence, H(1)
is not changed by the rewiring. To obtain a better picture of the dynamics, we
need to increase t. However, if we go high enough in t to probe larger structures
in the networks, we lose sight of the transient effects of a perturbation.

To remedy this situation, we opt to select a fixed initial Hamming distance,
H(0), and examine the expectation value of the distance as a function of time,
by using the nested canalyzing rules. As noise entering the biological network
would act on the current state of the system rather than on an entirely random
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one, we select one of the states to be a fixed point of the dynamics, and let
the probability of any given fixed point be proportional to the size of its at-
tractor basin. A graph of H(t) shows the relaxation behavior of the perturbed
system where the self-interactions have been removed [see figure iii.4(a)]. We
investigate the role of the self-interactions both in terms of relaxation of a per-
turbed fixed point [see figure iii.4(b)] and in terms of probabilities for random
trajectories to arrive at distinct fixed points and cycles.

The assumption that the typical state of these networks is a fixed point can
be motivated. A forcing connection [3] is a pair of connected nodes, such that
control over a single input to one node is sufficient to force the output of the
other node to one of the Boolean values. With canalyzing rules, this outcome
is fulfilled when the canalyzed output of the first node is a canalyzing input
to the second. The condition of forcing structures implies stability, because a
(forcing) signal traveling through such a structure will block out other inputs
and is thereby likely to cause information loss. Abundant forcing structures
should tend to favor fixed points.

III.3 Results and Discussion

Despite the absence of knowledge about initial and final states, we have been
able to get a hint about possible interaction rules within a Boolean network
framework for the yeast transcriptional network. Our findings are as follows:

• Canalyzing Boolean rules confer far more stability than rules drawn from a
flat distribution as is clear from the Derrida plots in figure iii.3. Yet, even a
flat distribution of Boolean functions yields marginal stability.

• The dynamical behavior around fixed points is more stable for the measured
network than for the rewired ones, although only in the early time evolution (2–
3 time steps) of the systems [see figure iii.4(a)]. The behavior at this time scale
can be expected to depend largely on small network motifs, whose numbers are
systematically changed by the rewiring [6].

• The removal of self-couplings increases the stability in these networks. How-
ever, the relaxation is only changed significantly if we allow the toggling of
self-interacting nodes [see figure iii.4(b)]. This finding means that a node with
a switch-like self-interaction is not likely to be toggled by its inputs during the
relaxation, nor do the down-regulating self-interactions alter the relaxation.
This result means that the overall properties of relaxation to fixed points can
be investigated regardless of how the self-interactions should be modeled.

• The number of attractors and their length distribution are strongly depen-
dent on how the self-interactions are modeled. The average numbers of distinct
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Figure III.4: The average time evolution of perturbed fixed points for nested can-
alyzing rules, starting from Hamming distance H(0) = 5; impact of the network
architecture (a) and impact of the self-interactions (b). The lines marked with cir-
cles in both figures correspond to the network in figure iii.2 without self-interactions.
The gray lines in (a) show the relaxation for 26 different rewired architectures with no
self-interactions, with 1σ errors of the calculated means indicated by the line widths.
The black lines in (b) correspond to the network in figure iii.2 with self-interactions.
The upper line shows the case when it is allowed to toggle nodes with self-interactions
as a state at H(0) = 5 is picked, whereas the lower line shows the relaxation if this
toggling is not allowed. The widths of these lines show the difference between allowing
self-interactions to be repressive or not repressive.
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fixed points per rule assignments found in 1 000 trials of different trajectories
are 1.02, 4.33, and 3.79, respectively, for the three self-interaction models. The
numbers of 2-cycles are 0.02, 0.09, and 0.38, respectively. Longer cycles are
less common; in total they sum up to 0.03, 0.11, and 0.11, respectively.

• Forcing structures [3] are prevalent for this architecture with canalyzing
rules, as is evident from figure iii.2. On average, 56% of the couplings belong
to forcing structures. As a consequence, most nodes will be forced to a fixed
state regardless of the initial state of the network. Even the highly connected
nodes (in the center of the network) will be forced to a fixed state for a vast
majority of the random rule assignments. In most cases, the whole network will
be forced to a specific fixed state. At first glance, this might seem nonbiological.
However, in the real world, there are more inputs to the system than the
measured transcription factors, and to study a process such as the cell cycle,
one may need to consider additional components of the system. With more
inputs, such a strong stability, of the measured part of the network, may be
necessary for robustness of the entire system.

Future reverse engineering projects in transcriptional networks may be
based on the restricted pool of nested canalyzing rules, which have been shown
to generate very robust networks in this case. It should be pointed out that the
notion of nested canalyzing functions is not intrinsically Boolean. For instance,
the same concept can be applied to nested sigmoids.

Acknowledgments

We thank Stephen Harris for providing details underlying reference [5]. C. T.
thanks the Swedish National Research School in Genomics and Bioinformat-
ics for support. This work was initiated at the Kavli Institute for Theoretical
Physics (C. P. and S. K.) and was supported in part by National Science Foun-
dation USA, Grant phy99-07949.

74 Boolean Networks and Yeast

fixed points per rule assignments found in 1 000 trials of different trajectories
are 1.02, 4.33, and 3.79, respectively, for the three self-interaction models. The
numbers of 2-cycles are 0.02, 0.09, and 0.38, respectively. Longer cycles are
less common; in total they sum up to 0.03, 0.11, and 0.11, respectively.

• Forcing structures [3] are prevalent for this architecture with canalyzing
rules, as is evident from figure iii.2. On average, 56% of the couplings belong
to forcing structures. As a consequence, most nodes will be forced to a fixed
state regardless of the initial state of the network. Even the highly connected
nodes (in the center of the network) will be forced to a fixed state for a vast
majority of the random rule assignments. In most cases, the whole network will
be forced to a specific fixed state. At first glance, this might seem nonbiological.
However, in the real world, there are more inputs to the system than the
measured transcription factors, and to study a process such as the cell cycle,
one may need to consider additional components of the system. With more
inputs, such a strong stability, of the measured part of the network, may be
necessary for robustness of the entire system.

Future reverse engineering projects in transcriptional networks may be
based on the restricted pool of nested canalyzing rules, which have been shown
to generate very robust networks in this case. It should be pointed out that the
notion of nested canalyzing functions is not intrinsically Boolean. For instance,
the same concept can be applied to nested sigmoids.

Acknowledgments

We thank Stephen Harris for providing details underlying reference [5]. C. T.
thanks the Swedish National Research School in Genomics and Bioinformat-
ics for support. This work was initiated at the Kavli Institute for Theoretical
Physics (C. P. and S. K.) and was supported in part by National Science Foun-
dation USA, Grant phy99-07949.



III References 75

III References

[1] T. I. Lee, N. J. Rinaldi, F. Robert, D. T. Odom, Z. Bar-Joseph, G. K.
Gerber, N. M. Hannett, C. T. Harbison, C. M. Thompson, I. Simon,
J. Zeitlinger, E. G. Jennings, H. L. Murray, D. B. Gordon, B. Ren, J. J.
Wyrick, J. B. Tagne, T. L. Volkert, E. Fraenkel, D. K. Gifford, and R. A.
Young, Transcriptional regulatory networks in Saccharomyces cerevisiae,
Science 298, 799–804 (2002).

[2] T. R. Hughes, M. J. Marton, A. R. Jones, C. J. Roberts, R. Stoughton,
C. D. Armour, H. A. Bennett, E. Coffey, H. Dai, Y. D. He, M. J. Kidd,
A. M. King, M. R. Meyer, D. Slade, P. Y. Lum, S. B. Stepaniants, D. D.
Shoemaker, D. Gachotte, K. Chakraburtty, J. Simon, M. Bard, and S. H.
Friend, Functional discovery via a compendium of expression profiles, Cell
102, 109–126 (2000).

[3] S. A. Kauffman, Origins of order: Self-organization and selection in evolu-
tion, Oxford University Press, 1993.

[4] B. Derrida and G. Weisbuch, Evolution of overlaps between configurations
in random Boolean networks, J. Physique 47, 1297–1303 (1986).

[5] S. E. Harris, B. K. Sawhill, A. Wuensche, and S. A. Kauffman, A model of
transcriptional regulatory networks based on biases in the observed regula-
tion rules, Compexity 7(4), 23–40 (2002).

[6] S. Maslov and K. Sneppen, Specificity and stability in topology of protein
networks, Science 296, 910–913 (2002).

[7] I. Gat-Viks and R. Shamir, Chain functions and scoring functions in genetic
networks, Bioinformatics 19(Suppl. 1), i108–i117 (2003).

III References 75

III References

[1] T. I. Lee, N. J. Rinaldi, F. Robert, D. T. Odom, Z. Bar-Joseph, G. K.
Gerber, N. M. Hannett, C. T. Harbison, C. M. Thompson, I. Simon,
J. Zeitlinger, E. G. Jennings, H. L. Murray, D. B. Gordon, B. Ren, J. J.
Wyrick, J. B. Tagne, T. L. Volkert, E. Fraenkel, D. K. Gifford, and R. A.
Young, Transcriptional regulatory networks in Saccharomyces cerevisiae,
Science 298, 799–804 (2002).

[2] T. R. Hughes, M. J. Marton, A. R. Jones, C. J. Roberts, R. Stoughton,
C. D. Armour, H. A. Bennett, E. Coffey, H. Dai, Y. D. He, M. J. Kidd,
A. M. King, M. R. Meyer, D. Slade, P. Y. Lum, S. B. Stepaniants, D. D.
Shoemaker, D. Gachotte, K. Chakraburtty, J. Simon, M. Bard, and S. H.
Friend, Functional discovery via a compendium of expression profiles, Cell
102, 109–126 (2000).

[3] S. A. Kauffman, Origins of order: Self-organization and selection in evolu-
tion, Oxford University Press, 1993.

[4] B. Derrida and G. Weisbuch, Evolution of overlaps between configurations
in random Boolean networks, J. Physique 47, 1297–1303 (1986).

[5] S. E. Harris, B. K. Sawhill, A. Wuensche, and S. A. Kauffman, A model of
transcriptional regulatory networks based on biases in the observed regula-
tion rules, Compexity 7(4), 23–40 (2002).

[6] S. Maslov and K. Sneppen, Specificity and stability in topology of protein
networks, Science 296, 910–913 (2002).

[7] I. Gat-Viks and R. Shamir, Chain functions and scoring functions in genetic
networks, Bioinformatics 19(Suppl. 1), i108–i117 (2003).



76 Boolean Networks and Yeast

III.A Nested Canalyzing Functions

The notion of nested canalyzing functions is a natural extension of canalyzing
functions. Consider a K-input Boolean rule, R, with inputs i1, . . . , iK and
output o. R is canalyzing on the input im if there are Boolean values, Im and
Om, such that im = Im =⇒ o = Om. Im is the canalyzing value, and Om is
the canalyzed value for the output.

For each canalyzing rule, R, renumber the inputs in a way such that R
is canalyzing on i1. Then, there are Boolean values, I1 and O1, such that
i1 = I1 =⇒ o = O1. To investigate the case i1 = not I1, fix i1 to this
value. This defines a new rule R1 with K − 1 inputs; i2, . . . , iK . In most cases,
when picking R from compiled data, R1 is also canalyzing. Then, renumber the
inputs in order for R1 to be canalyzing on i2. Fixing i2 = not I2 renders a rule
R2 with the inputs i3, . . . , iK . As long as the rules R, R1, R2, . . . are canalyzing,
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The notion of chain functions in [7] is equivalent to nested canalyzing functions
that can be written on the form I1 = · · · = IK−1 = false.

We want to generate a distribution of rules with K inputs, such that all
rules depend on every input. The dependency requirement is fulfilled if and
only if Odefault = not OK . Then, it remains to choose values for I1, . . . , IK

and O1, . . . , OK . These values are independently and randomly chosen with
the probabilities

p(Im = true) = p(Om = true) =
exp(−2−mα)

1 + exp(−2−mα)
(III.A2)

for m = 1, . . . , K. For all generated distributions, we let α = 7.
The described scheme is sufficient to generate a well-defined rule distri-

bution, but each rule has more than one representation in I1, . . . , IK and
O1, . . . , OK . In appendix iii.b, we describe how to obtain a unique repre-
sentation, which is applied to the rules compiled in [5]. This result enables us
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to present a firm comparison between the generated distribution and the list
of rules in [5].

III.B Compiled Data

To compare compiled and generated distributions of rules, we must ensure
that every nested canalyzing function is always represented by the same set of
parameters I1, . . . , IK and O1, . . . , OK (see appendix iii.a). All ambiguities in
the choice of the representation can be derived from the following operations:

1) The transformation IK → not IK together with OK → not OK and
Odefault → not Odefault.

2) Permutations among a set of inputs im, . . . , im+p such that Om = · · · =
Om+p. The values of Im, . . . , Im+p are permutated in the same way as im, . . .,
im+p.

A unique representation is created from any choice of parameters in two
steps. First, operation 1 is applied if OK �= OK−1, which ensures that OK =
OK−1. To handle the special case K = 1 in a convenient way, we define
O0 = false. Second, all intervals of inputs im, . . . , im+p such that operation 2
can be applied are identified and permutated so that Im = · · · = Im+q = false

and Im+q+1 = · · · = Im+p = true for some q, 0 ≤ q ≤ p.
Using the above described procedure, we can compare a generated rule

distribution with the compiled distribution. First, we take away all redundant
inputs of each observed rule. An input is redundant if the output is never
dependent on that input. Starting from 66, 45, and 22 nested canalyzing
rules with 3, 4, and 5 inputs, respectively, the reduction renders 2, 9, 71, 35,
and 16 such rules with 1, 2, 3, 4, and 5 inputs, respectively. Second, we let
α = 7 and generate rule distributions for each number of inputs. (α = 7 is
not based on a precise fit, it was picked by hand to fit the distribution of
I1, . . . , IK .) Table iii.b1 shows the result for the most frequently observed
rules, and figure iii.b1 is a plot of the full rule distribution. The calculated
distribution fits surprisingly well to the compiled one, considering that the
model has only one free parameter, α.
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nobs ncalc (I1→O1), . . ., (IK →OK) Boolean expression

A 30 28 (0→0), (0→0), (0→0) i1 and i2 and i3
B 20 26 (0→0), (0→0), (1→0) i1 and i2 and not i3
C 10 6 (0→0), (0→0), (0→0), (0→0) i1 and i2 and i3 and i4
d 9 1 (0→0), (1→1), (1→1) i1 and (i2 or i3)
E 7 10 (0→0), (0→0), (0→0), (1→0) i1 and i2 and i3 and

not i4
F 6 6 (0→0), (0→0) i1 and i2
G 6 2 (0→0), (0→0), (0→1), (0→1) i1 and i2 and not

(i3 and i4)
H 5 4 (0→0), (0→1), (0→1) i1 and not (i2 and i3)
I 5 2 (0→0), (0→0), (0→0), (0→0), (1→0) i1 and i2 and i3 and

i4 and not i5
J 3 2 (0→0), (1→0) i1 and not i2
k 3 4 (0→0), (1→0), (1→0) i1 and not (i2 or i3)
L 3 6 (0→0), (0→1), (1→1) i1 and (not i2 or i3)
M 3 4 (0→0), (0→0), (0→1), (1→1) i1 and i2 and

(not i3 or i4)
n 3 0 (0→0), (1→0), (1→1), (1→1) i1 and not i2 and

(i3 or i4)
O 3 1 (0→0), (0→0), (0→0), (0→0), (0→0) i1 and i2 and i3 and

i4 and i5
P 2 2 (0→0) i1
q 2 4 (0→0), (0→0), (1→0), (1→0) i1 and i2 and not

(i3 or i4)

Table III.B1: The list of nested canalyzing rules observed more than once in [5].
nobs is the number of observations in the compiled list of rules, whereas ncalc is
the average number of rules in the generated distribution. Each rule is described
both as an ordinary Boolean expression, and with the parameters I1, . . . , IK and
O1, . . . , OK , where Odefault = not OK . The values 0 and 1 correspond to false and
true, respectively. The labels serve as references to figure iii.b1, and uppercase labels
mark rules that are chain functions. (not has higher operator precedence than and,
whereas the precedences of or and xor are lower.)
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nobs (I1→O1), . . ., (IK →OK) Boolean expression

2 (0→0), (0→0), (noncanalyzing) i1 and i2 and (not i3 and i4 or

not i4 and i5)
1 (0→1), (0→0), (0→0) not i1 or i2 and i3
1 (0→0), (1→0), (0→1), (0→1) i1 and not (i2 or i3 and i4)
1 (0→0), (1→1), (0→0), (0→0) i1 and (i2 or i3 and i4)
1 (0→0), (1→1), (1→1), (1→1) i1 and (i2 or i3 or i4)
1 (0→1), (1→1), (0→0), (1→0) not i1 or i2 or i3 and not i4
1 (0→0), (0→0), (0→0), (0→1), (0→1) i1 and i2 and i3 and

not (i4 and i5)
1 (0→0), (0→0), (0→0), (1→0), (1→0) i1 and i2 and i3 and

not (i4 or i5)
1 (0→0), (0→0), (0→0), (1→1), (1→1) i1 and i2 and i3 and (i4 or i5)

(i4 or i5)
1 (0→0), (0→0), (0→1), (0→1), (0→1) i1 and i2 and not (i3 and

i4 and i5)
1 (0→0), (0→0), (1→0), (0→1), (0→1) i1 and i2 and not (i3 or

i4 and i5)
1 (0→0), (0→0), (1→0), (1→1), (0→1) i1 and i2 and not i3 and

(i4 or not i5)
1 (0→0), (0→1), (0→1), (0→1), (1→1) i1 and not (i2 and i3 and i4

and not i5)
1 (0→0), (1→0), (1→1), (0→0), (1→0) i1 and not i2 and (i3 or i4

and not i5)
1 (0→0), (0→0), (noncanalyzing) i1 and i2 and (i3 xor i4)
1 (0→0), (noncanalyzing) i1 and (i2 xor i3 and i4)
1 (0→0), (noncanalyzing) i1 and (2 ≤)(i2, i3,not i4)
1 (1→0), (noncanalyzing) not i1 and [i2 and not i3 or

i3 and not (i4 or i5)]

Table III.B2: Continuation of table iii.b1, containing the remainder of rules listed
in [5]. The Boolean function (2 ≤) is true if at least two of its arguments are true.
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Figure III.B1: Compiled and generated rule distributions of nested canalyzing func-
tions. The gray half-circles have an area proportional to the number of times each
rule has been observed, whereas their black counterparts reflect the calculated dis-
tribution. The labeled rules are listed in table iii.b1. Uppercase labels mark rules
that are chain functions. Each rule is assigned a coordinate in the unit square above
[having (0, 0) as its lower left corner], according to x = 1/2 +

PK
m=1 2−mφ(Im),

y = 1/2 +
PK

m=1 2−mφ(Om), where φ(true) = 1/2 and φ(false) = −1/2. The
crosses mark the possible coordinates for a rule that is represented in its unique form.
The lines indicate how the coordinates can change when new inputs are added to an
existing rule.
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We determine stability and attractor properties of random Boolean genetic
network models with canalyzing rules for a variety of architectures. For all
power law, exponential, and flat in-degree distributions, we find that the net-
works are dynamically stable. Furthermore, for architectures with few inputs
per node, the dynamics of the networks is close to critical. In addition, the
fraction of genes that are active decreases with the number of inputs per node.
These results are based upon investigating ensembles of networks using analyt-
ical methods. Also, for different in-degree distributions, the numbers of fixed
points and cycles are calculated, with results intuitively consistent with stabil-
ity analysis; fewer inputs per node implies more cycles, and vice versa. There
are hints that genetic networks acquire broader degree distributions with evo-
lution, and hence our results indicate that for single cells, the dynamics should
become more stable with evolution. However, such an effect is very likely com-
pensated for by multicellular dynamics, because one expects less stability when
interactions among cells are included. We verify this by simulations of a simple
model for interactions among cells.
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82 Stability from Canalyzing Rules

IV.1 Introduction

With the advent of high-throughput genomic measurement methods, it will
soon be within reach to apply reverse engineering techniques and map out
genetic networks inside cells. These networks should perform a task, and,
very importantly, be stable from a dynamical point of view. It is therefore
of utmost interest to investigate the generic properties of networks models,
such as architecture, dynamic stability, and degree of activation as functions of
system size. Random Boolean networks have for several decades received much
attention in these contexts. These networks consist of nodes, representing genes
and proteins, connected by directed edges, representing gene regulation. The
number of inputs to and outputs from each node, the in- and out-degrees, are
drawn from some distribution.

It has been shown that with a fixed number, K, of inputs per node, such
network models exhibit some interesting properties [1]. Specifically, for K = 2,
the dynamics is critical, i.e., right between stable and chaotic. Furthermore,
one might interpret the solutions, i.e., fixed points and cycles, as different cell
types. Being critical is considered advantageous, because it should promote
evolution. These results were obtained with no constraints on the architectures
and assume a flat distribution of the Boolean rules.

It appears natural to revisit the study of Boolean network ensembles, given
recent experimental hints on network architectures and rule distributions. For
transcriptional networks, there are indications from extracted gene–gene net-
works that, for both Escherichia coli [2] and yeast [3], the out-degree distri-
bution is of power law nature. The in-degree distribution appears to be expo-
nential in E. coli, whereas it may equally well be a power law in yeast. In [4],
stability properties of random Boolean networks were probed with power law
in-degree distributions, and regions of robustness were identified.

The distribution of rules is likely to be structured and not random. Indeed,
in a recent compilation [5] (see also [6]), all rules are canalyzing [1]; a canalyzing
Boolean function has at least one input, such that for at least one input value,
the output value is fixed. It is not straightforward to generate biologically
relevant canalyzing functions. In [6], the notion of nested canalyzing functions
was introduced, which facilitates generation of rule distributions.

We find that networks with nested canalyzing rules are stable for all power
law and exponential in-degree distributions. Furthermore, as the degree distri-
bution gets flatter, one moves further away from criticality. Also, the average
number of active genes (fraction of genes that take the value true) is predicted
for different powers.

There are experimental hints that in-degree distributions get flatter with
genome size. This could be understood intuitively, because higher organisms
in general have acquired more complexity in terms of redundancy in signal
integration. In such a picture, our robustness analysis indicates that, with
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multicellular species, one would move away from critical dynamics, thereby
making evolution less accessible. However, the picture is complicated by the
presence of extracellular interactions. We model these with a simple scheme
allowing for 5–10% extracellular traffic, and, not unexpectedly, the system,
though still robust, moves toward criticality.

IV.2 Methods and Models

IV.2.1 Degree Distributions

Our results turn out to be qualitatively equivalent for power law, exponential,
and flat in-degree distributions. (By flat, we mean a uniform distribution for
up to Kmax inputs.) In what follows, we choose to illustrate the results with a
power law (often denoted scale-free) distribution, with a cutoff in the number
of inputs, K,

pN
K ≡ P (#inputs = K) ∝

⎧
⎨

⎩

1
Kγ

if 1 ≤ K ≤ N

0 otherwise,
(IV.1)

where N is the number of nodes. In yeast protein–protein networks [7] and
also in other applications, e.g., the Internet and social networks, γ appears to
lie in the range 2–3. In our calculations, we explore the region 0–5, varying
N from 20 to infinity. The connectivity of gene–gene networks extracted from
yeast [3] appears to behave like in eq. (iv.1) for the in-degree distributions,
with an exponent γ in the range 1.5–2. For E. coli [2] data, an exponential fits
somewhat better than a power law, but the data are statistically inconclusive.
For mammalian cell cycle genes, slightly lower γ has been extracted [8]. The
average number of inputs varies with N and γ and grows with decreasing γ.
For very high γ, it is essentially 1. In figure iv.1, typical network realizations
for N = 20 are shown for γ = 1, 2, and 3, respectively.

IV.2.2 Canalyzing Boolean Rule Distributions

In most studies of Boolean models of genetic networks, all Boolean rules have
been used [1]. In a previous paper [6], we introduced nested canalyzing rules
and showed that it is possible to generate a distribution of such rules that fits
well with rule data from the literature.

A canalyzing rule is a Boolean rule with the property that one of its inputs
alone can determine the output value, for either true or false input. This
input value is referred to as the canalyzing value, the output value is the can-
alyzed value, and we refer to the rule as being canalyzing on this particular
input.

IV.2 Methods and Models 83

multicellular species, one would move away from critical dynamics, thereby
making evolution less accessible. However, the picture is complicated by the
presence of extracellular interactions. We model these with a simple scheme
allowing for 5–10% extracellular traffic, and, not unexpectedly, the system,
though still robust, moves toward criticality.

IV.2 Methods and Models

IV.2.1 Degree Distributions

Our results turn out to be qualitatively equivalent for power law, exponential,
and flat in-degree distributions. (By flat, we mean a uniform distribution for
up to Kmax inputs.) In what follows, we choose to illustrate the results with a
power law (often denoted scale-free) distribution, with a cutoff in the number
of inputs, K,

pN
K ≡ P (#inputs = K) ∝

⎧
⎨

⎩

1
Kγ

if 1 ≤ K ≤ N

0 otherwise,
(IV.1)

where N is the number of nodes. In yeast protein–protein networks [7] and
also in other applications, e.g., the Internet and social networks, γ appears to
lie in the range 2–3. In our calculations, we explore the region 0–5, varying
N from 20 to infinity. The connectivity of gene–gene networks extracted from
yeast [3] appears to behave like in eq. (iv.1) for the in-degree distributions,
with an exponent γ in the range 1.5–2. For E. coli [2] data, an exponential fits
somewhat better than a power law, but the data are statistically inconclusive.
For mammalian cell cycle genes, slightly lower γ has been extracted [8]. The
average number of inputs varies with N and γ and grows with decreasing γ.
For very high γ, it is essentially 1. In figure iv.1, typical network realizations
for N = 20 are shown for γ = 1, 2, and 3, respectively.

IV.2.2 Canalyzing Boolean Rule Distributions

In most studies of Boolean models of genetic networks, all Boolean rules have
been used [1]. In a previous paper [6], we introduced nested canalyzing rules
and showed that it is possible to generate a distribution of such rules that fits
well with rule data from the literature.

A canalyzing rule is a Boolean rule with the property that one of its inputs
alone can determine the output value, for either true or false input. This
input value is referred to as the canalyzing value, the output value is the can-
alyzed value, and we refer to the rule as being canalyzing on this particular
input.



84 Stability from Canalyzing Rules

Figure IV.1: Examples of N = 20 networks with γ = 1 (top), γ = 2 (bottom left)
and γ = 3 (bottom right).
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Nested canalyzing rules are a very natural subset of canalyzing rules, stem-
ming from the question of what happens in the noncanalyzing case, that is,
when the rule does not get the canalyzing value as input but instead has to
consult its other inputs. If the rule then is canalyzing on one of the remaining
inputs and again for that input’s noncanalyzing value, and so on for all inputs,
we call the rule nested canalyzing. All but 6 of the roughly 150 observed rules
were nested canalyzing [6].

With Im and Om denoting the canalyzing and canalyzed values, respectively,
and suitable renumbering of the inputs, i1, . . . , iK , the output, o, of a nested
canalyzing rule can be expressed on the form

o =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

O1 if i1 = I1

O2 if i1 �= I1 and i2 = I2

O3 if i1 �= I1 and i2 �= I2 and i3 = I3
...
OK if i1 �= I1 and · · · and iK−1 �= IK−1 and iK = IK

Odefault if i1 �= I1 and · · · and iK �= IK .

(IV.2)

For each value of K, we generate a distribution of K-input rules, with the
inputs to each rule taken from distinct nodes. All rules should depend on every
input, and this dependency requirement is fulfilled if and only if Odefault =
notOK . Then it remains to choose values for I1, . . . , IK and O1, . . . , OK . These
values are independently and randomly drawn with the probabilities

P (Im = true) = P (Om = true) =
exp(−2−mα)

1 + exp(−2−mα)
(IV.3)

for m = 1, . . . , K, where α is a constant. Eq. (iv.3) can be seen as a way to
put a penalty both on outputting true and on letting a true input determine
the output. More precisely: Let f be the fraction of true outputs in the truth
table, and let g be the fraction of input states such that the first input that
has its canalyzing value is true. Then, the probability to retrieve a specific
rule is proportional to exp[−α(f + g)/2].

Our rule distribution fits observed data well [6], given that α = 7. For
all generated distributions, we keep α = 7. A high value of α means a high
penalty on active genes, whereas α = 0 means equal probabilities for activity
and inactivity.

IV.2.3 Robustness Calculations

We wish to address the question of robustness in network models. In a stable
system, small initial perturbations should not grow in time. In [6], this was
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probed by monitoring how the Hamming distance H between random initial
states evolved in a Derrida plot [9]. Specifically, the slope in the low-H region
shows the fate of a small perturbation after a single time step. This implicitly
assumes that true and false are equally probable in the initial states.

Our chosen distribution of Boolean rules will favor false node values. Pre-
ferably, a robustness measure should reflect the network properties in the vicin-
ity of the equilibrium distribution, where the in- and out-degree distributions
of true and false are identical (see appendix iv.a). We therefore define the
robustness rN for an ensemble of N -node networks as the average effect, after
a single time step, of a small perturbation at this equilibrium distribution.

To compute rN , we introduce the total sensitivity, S(R), of a given K-input
rule R. S(R) is the sum of the probabilities that a single flipped input will
alter the output of R. Thus,

S(R) =
K∑

j=1

P
[
R(i1, . . . , ij−1, 0, ij+1, . . . , iK)

�= R(i1, . . . , ij−1, 1, ij+1, . . . , iK)
]

, (IV.4)

where the probability is calculated over the equilibrium distribution of input
values, i1, . . . , iK . Then, r is given by r = 〈S(R)〉, where the average is taken
over all rules in a given network (see appendix iv.a). This also allows us
to calculate r when the rules are drawn from a distribution. Note that r is
calculated without any assumption on how the inputs to the rules are chosen.
This means that r stays the same for any output connectivity and for any way
to build a network containing a certain set of rules. In other words, r is a
strictly local stability measure that is independent of whether the network is
divided into some kind of clusters or not.

Let SK denote the average of S(R) over a distribution of K-input rules.
The average robustness of a randomly chosen network with N nodes is then
given by

rN =
N∑

K=1

pN
KSK . (IV.5)

See appendix iv.a on calculation of SK for nested canalyzing rules. With the
nested canalyzing rule distribution defined by eq. (iv.3), SK < 1 for K =
2, 3, . . ., provided that α �= 0. S1 is always 1, because every rule has to depend
on all of its inputs. (α = 0 yields SK = 1 for all K.) This means that every
network ensemble with the canalyzing rule distribution, and α �= 0, that not
solely consists of one-input nodes, is stable in the sense that r < 1.
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IV.2.4 Number of Attractors

Attractors in the Boolean model can be seen as distinct cell types [1]. It is,
however, not straightforward to tell which attractors are biologically relevant.
First, one can ask what cycle lengths are relevant. Second, the attractor basin
sizes vary in a very broad range, and attractors with small attractor basins
may be biologically irrelevant.

The broad distribution of attractor basin sizes also means that the num-
ber of attractors found by random sampling strongly depends on the number
of samples [10]. We choose to monitor the number of attractors, 〈CL〉N , of
different periods, L, using exact methods (for the limit N → ∞) and full
enumerations of the state space (for small networks).

Given that r < 1, which means that the network is subcritical, the average
number of attractors of a certain length, L, will approach a constant, 〈CL〉∞,
as the system size, N , approaches infinity. We find an analytic expression for
〈CL〉∞ and find that it is qualitatively consistent with results from a full state
space search for N = 20.

To investigate the limit N → ∞, we split up the robustness measure, r, into
rC and rI, where r is the average number of outputs that, after one time step,
will be affected by one flipped node. We define rC and rI as the numbers of
nodes that, respectively, copy and invert the state of the flipped node. This
means, e.g., that r = rC + rI. For convenience, we define ∆r = rC − rI.

〈CL〉∞ can be expressed as a function of r∞ and ∆r∞ for each L. For
L = 1, 2, 3 we get

〈C1〉∞ =
1

1 − ∆r∞
, (IV.6)

〈C2〉∞ =
r∞ − ∆r∞ + r∞∆r∞
2(1 − r∞)(1 − [∆r∞]2)

, (IV.7)

and

〈C3〉∞ =
r3
∞ + (∆r∞)3 − r3

∞(∆r∞)3

3(1 − r3
∞)(1 − ∆r∞)(1 − [∆r∞]3)

. (IV.8)

See appendix iv.b, where the derivations needed to calculate 〈CL〉∞ are pre-
sented.

The canalyzing rule distribution satisfies rC > rI, meaning that ∆r > 0.
This condition yields an increased number of fixed points and attractors of odd
length, compared with the symmetric case ∆r = 0.

It is interesting to note that the limit of the total number of attractors,

〈C〉∞ =
∞∑

L=1

〈CL〉∞ , (IV.9)
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is convergent for r < 1/2 and divergent for r > 1/2. This transition occurs at
γ = 1.376, with convergence below this value. See appendix iv.c.6 for details.

IV.2.5 Tissue Simulations

In multicellular organisms, we expect communication among cells to influence
the network dynamics. In the real world, there exist several different types
of intercellular signaling. Here we make an initial exploration using a simple
model. Nevertheless, we think the results reflect some core properties.

In our model, each cell communicates with its four nearest neighbors on
a square lattice with periodic boundary conditions. All cells have the same
genotype and hence identical internal network architecture and rules. Each
connection in the network represents how a gene product influences the tran-
scription of some gene. Some molecules or signals can cross cell membranes
and possibly diffuse far, but we consider only the case of local cell-to-cell sig-
naling at the level of specific gene–gene interactions. Specifically, a fraction, κ,
of the connections are flagged as being intercellular, and for such connections,
the value is true if any of the four neighbors has true.

For the overall robustness of such tissue networks, it is not sufficient to
measure the robustness r, because r depends only on interactions during a sin-
gle time step, during which a perturbation can propagate only to the nearest
neighbor cells. Hence, we desire a multistep robustness measure, which requires
simulations, because it is outside the scope of our analysis. Rather than fol-
lowing trajectories from random initial states, we have chosen to identify fixed
points, perturb these randomly by Hamming distance H(0) = 1, and then track
the mean of H(t) for 20 time steps. In our simulations, we generate ensembles
of networks using 5 × 5 lattices of cells, where each cell contains an identical
network of N = 50 genes.

IV.3 Results and Discussion

Three major findings emerge from figure iv.2, where the average robustness r
and the fraction of active genes are shown as functions of γ in eq. (iv.1).

1) The dynamics of the networks is always stable, regardless of the power
in the in-degree distribution.

2) The stability of the networks increases with the average number of inputs
to the nodes. For flatter distributions, r approaches the critical value, r = 1.

3) The average number of active genes decreases with increasing in-degree.

Not unexpectedly, the number of attractors increases as the networks ap-
proach criticality (see figure iv.3). This increase is particularly rapid for long
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Figure IV.2: Robustness, r, and the probability of a node being true, w, at the
equilibrium distribution of Boolean values, as functions of the exponent γ in the in-
degree distribution pK [eq. (iv.1)] for N = 20 (dotted), 100 (dashed), and ∞ (solid).

cycles. These results were obtained with analytical calculation and exhaustive
enumeration of state space. Given the undersampling problems when simulat-
ing Boolean networks [10], the feasibility of analytical calculations is crucial for
drawing the firm conclusions above. However, we did not attempt to extract
the distribution of attractor basin sizes. In future research, it could be inter-
esting to compare this distribution to the exact results for one-input networks
in [11].

The results in figures iv.2 and iv.3 are shown for power law in-degree dis-
tributions. However, they are quite general. The corresponding curves for
other distributions exhibit very similar behavior, when the x-axis (γ) has been
transformed to appropriate parameters for other distributions. In all tested
degree distributions, constant nodes (K = 0) are excluded. Recall that we also
exclude rules that have redundant inputs. Thus, for low values of the average
K, most of the rules will be copy or invert operators, which puts the network
close to criticality. The strong stability for wide in-degree distributions, how-
ever, is a result of the canalyzing property of the rules, which makes forcing
structures [1] prevalent.

From analysis of network data from yeast [3] and the mammal cell cycle [8],
there are indications that γ decreases with the number of genes. Within the
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esting to compare this distribution to the exact results for one-input networks
in [11].

The results in figures iv.2 and iv.3 are shown for power law in-degree dis-
tributions. However, they are quite general. The corresponding curves for
other distributions exhibit very similar behavior, when the x-axis (γ) has been
transformed to appropriate parameters for other distributions. In all tested
degree distributions, constant nodes (K = 0) are excluded. Recall that we also
exclude rules that have redundant inputs. Thus, for low values of the average
K, most of the rules will be copy or invert operators, which puts the network
close to criticality. The strong stability for wide in-degree distributions, how-
ever, is a result of the canalyzing property of the rules, which makes forcing
structures [1] prevalent.

From analysis of network data from yeast [3] and the mammal cell cycle [8],
there are indications that γ decreases with the number of genes. Within the
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Figure IV.3: The number of attractors as a function of the exponent γ in the in-degree
distribution pK [eq. (iv.1)] for N = 20 (thick lines) and N → ∞ (thin lines). The
curves show the cumulative number of attractors of length L for L = 1 (solid), L ≤ 2
(dashed), and L ≤ ∞ (dotted). The values for N → ∞ were calculated analytically,
whereas the values for N = 20 are taken from full enumerations of the state space for
at least 5 000 networks, with more networks at higher γ.
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framework of our results, this means that, as the genome size increases, the
networks get more stable. However, with increased number of genes, multi-
cellularity becomes common. Including interactions among cells should make
the overall system less stable. Indeed, when investigating this issue by simula-
tions of a simplified tissue model, the stability decreases with interconnectivity
between the cells, κ, as can be seen from figure iv.4.

We predict how the average number of active genes increases with γ. This
may not be easy to verify, given that such a number will depend upon exper-
imental conditions. It should be pointed out that the order of magnitude of
active genes is set by the rule generator in eq. (iv.3), which is derived from
fitting to the observed rules in [5], many of which originate from Drosophila
melanogaster. The fitted parameter α sets the scale of the fraction of active
genes, with high α corresponding to low gene activity and vice versa. The
qualitative behavior, however, is rather insensitive to the value of α.

IV.4 Conclusion

We have designed and analyzed a class of Boolean genetic network models
consistent with observed interaction rules. The emerging ensemble properties
exhibit not only remarkable stability for the dynamics, but also several generic
properties that make predictions, such as how stability varies with genome size,
and how the number of active genes depends on the in-degree distribution.
Because our single-cell calculations are performed analytically, the results are
transparent in terms of understanding the underlying dynamics.
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Figure IV.4: The average time evolution of perturbed fixed points in 5×5 cell tissues
with periodic boundary conditions and N = 50 nodes (over many network realiza-
tions). Simulations from random initial states in generated networks were used to
locate fixed points, which were perturbed by toggling the value of a single node. The
mean distances to the unperturbed fixed point, 〈H(t)〉, as given by 20 subsequent
simulation steps, are shown for γ = 2 (a) and γ = 3 (b), for three different degrees of
cell connectivity: κ = 0 (solid), 0.05 (dashed), and 0.1 (dotted).
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IV.A Robustness

The stability measure r expresses the average number of perturbed nodes one
time step after perturbing one node, given that the network has reached equi-
librium in a mean field sense. Both the mean field equilibrium distribution (of
true and false) and r are closely related to attractors in the true non-mean
field dynamics (see appendix iv.b).

Let W (w) denote the probability that a randomly chosen rule will output
true, given that the input values are randomly and independently chosen with
probability w to be true. Let WK(w) denote W (w) when the selected rule
has K inputs. Then, the equilibrium probability for an N -node network, wN

eq,
satisfies

wN
eq = W (wN

eq) =
N∑

K=1

pN
KWK(wN

eq) . (IV.A1)

Eq. (iv.a1) can be solved numerically for nested canalyzing rules, taking ad-
vantage of the fast (exponential) convergence of WK(w) as K → ∞ and using
standard (integration-based) methods to calculate the sum in the case that
N → ∞. Note that wN

eq is referring only to the mean field equilibrium distri-
bution, which is essentially the same as, but not identical to, the distribution
of true and false after many time steps in a simulation.

For nested canalyzing rules, WK(w) is given by

WK(w) =
K∑

k=1

P nc
1 · · ·P nc

k−1P
can
k P (Ok = true)

+ P nc
1 · · ·P nc

K P (Odefault = true) , (IV.A2)

where P can
k = P (ik = Ik) and P nc

k = P (ik �= Ik). The input values, i1, . . .,
iK , are true with probability w, whereas the corresponding probabilities for
I1, . . . , IK and O1, . . . , OK are given by eq. (iv.3).

Let r(R) denote the probability that the rule R depends on a randomly
picked input, given that the other inputs are independently set to true with
probability wN

eq. We can express r for a specific N -node network with rules
R1, . . . , RN as

r =
N∑

i=1

r(Ri)
K(Ri)

N
=

1
N

N∑

i=1

S(Ri) , (IV.A3)

where K(Ri) is the number of inputs to Ri. We have defined S(R) = K(R)r(R),
so that r is the average of S(R) over all rules in the network. This is also valid
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for a distribution of networks, meaning that

rN =
N∑

K=1

pN
KSK (IV.A4)

for N -node networks, where SK is the average of S(R) when random K-input
rules are chosen.

Eq. (iv.a4) is exact, given that the state of the network is randomly picked
from the mean field equilibrium distribution of true and false. Because the
derivations are completely independent of the specific network architecture,
this result holds for any procedure to generate architectures, so long as the
average fraction of nodes with K inputs are given by pN

K (over many network
realizations).

For nested canalyzing rules, we can calculate SK as a sum of probabilities.
If the rule is canalyzing on input k, and changing ik makes the rule canalyze
on input j, there is some probability that the output value changes. The case
that the rule falls back to Odefault corresponds to the last term in the square
brackets.

SK =
K−1∑

k=1

P nc
1 · · ·P nc

k−1

[ K∑

j=k+1

P nc
k+1 · · ·P nc

j−1P
can
j P (Ok �= Oj)

+ P nc
k+1 · · ·P nc

K P (Ok �= Odefault)
]

, (IV.A5)

where P can
k = P (ik = Ik) and P nc

k = P (ik �= Ik).
Let v and V (v, w) denote the fraction of input and output values, respec-

tively, that are toggled (from false to true or vice versa) when going one step
forward in time, given that the fraction true input values is w both before and
after the input is toggled. Then, V (0, w) = 0, because constant input renders
constant output. A small change in v will change the output with r times
the change v. This means that ∂vV (v, weq) ≤ r, where the inequality comes
from the possibility that new changes undo previous ones as v is increasing.
Combining these relations yields

V (v, weq) ≤ rv , (IV.A6)

which means that, for r < 1, V (v, weq) ≤ v with equality if and only if v = 0.
Hence, frozen states, where the fraction of true nodes is weq, are the only
solutions to the mean field dynamics, given that r < 1, which is true for the
nested canalyzing rule distribution.

Note that v can be seen as the distance, i.e., fraction of differing states,
between two separate time series. Then, the mapping v 
→ V (v, weq) gives the
evolution of the distance during one time step. Similar calculations have been
carried out in e.g., [12,13], yielding results consistent with eq. (iv.a6).

96 Stability from Canalyzing Rules

for a distribution of networks, meaning that

rN =
N∑

K=1

pN
KSK (IV.A4)

for N -node networks, where SK is the average of S(R) when random K-input
rules are chosen.

Eq. (iv.a4) is exact, given that the state of the network is randomly picked
from the mean field equilibrium distribution of true and false. Because the
derivations are completely independent of the specific network architecture,
this result holds for any procedure to generate architectures, so long as the
average fraction of nodes with K inputs are given by pN

K (over many network
realizations).

For nested canalyzing rules, we can calculate SK as a sum of probabilities.
If the rule is canalyzing on input k, and changing ik makes the rule canalyze
on input j, there is some probability that the output value changes. The case
that the rule falls back to Odefault corresponds to the last term in the square
brackets.

SK =
K−1∑

k=1

P nc
1 · · ·P nc

k−1

[ K∑

j=k+1

P nc
k+1 · · ·P nc

j−1P
can
j P (Ok �= Oj)

+ P nc
k+1 · · ·P nc

K P (Ok �= Odefault)
]

, (IV.A5)

where P can
k = P (ik = Ik) and P nc

k = P (ik �= Ik).
Let v and V (v, w) denote the fraction of input and output values, respec-

tively, that are toggled (from false to true or vice versa) when going one step
forward in time, given that the fraction true input values is w both before and
after the input is toggled. Then, V (0, w) = 0, because constant input renders
constant output. A small change in v will change the output with r times
the change v. This means that ∂vV (v, weq) ≤ r, where the inequality comes
from the possibility that new changes undo previous ones as v is increasing.
Combining these relations yields

V (v, weq) ≤ rv , (IV.A6)

which means that, for r < 1, V (v, weq) ≤ v with equality if and only if v = 0.
Hence, frozen states, where the fraction of true nodes is weq, are the only
solutions to the mean field dynamics, given that r < 1, which is true for the
nested canalyzing rule distribution.

Note that v can be seen as the distance, i.e., fraction of differing states,
between two separate time series. Then, the mapping v 
→ V (v, weq) gives the
evolution of the distance during one time step. Similar calculations have been
carried out in e.g., [12,13], yielding results consistent with eq. (iv.a6).



IV.B Attractors 97

IV.B Attractors

To calculate the average number of attractors, we use the same approach as
in [10]. This approach means that we first transform the problem of finding an
L-cycle to a fixed point problem, and then find a mathematical expression for
the average number of solutions to that problem.

Assume that a Boolean network performs an L-cycle. Then, each node per-
forms one of 2L series of output values. We call these L-cycle series. Consider
what a rule does when it is subjected to such L-cycle series on the inputs. It
performs some Boolean operation, but it also delays the output, giving a one-
step difference in phase for the output L-cycle series. If we view each L-cycle
series as a state, an L-cycle turns into a fixed point (in this enlarged state
space). L〈CL〉N is then the average number of input states (choices of L-cycle
series) for the whole network, such that the output is the same as the input.

Let Q denote a specific choice of L-cycle series for the network, and let QN
L

be the set of all Q, such that Q is a proper L-cycle. A proper L-cycle has no
period shorter than L. The average number of L-cycles is then given by

〈CL〉N =
1
L

∑

Q∈QN
L

PN
L (Q) , (IV.B1)

where PN
L (Q) denotes the probability that the output of the network is the

same as the input Q.
Because the inputs to each K-input rule are chosen from a flat distribution

over all nodes, PN
L (Q) is invariant with respect to permutations of the nodes.

Let n = (n0, . . . , nm−1) denote the number of nodes expressing each of the
m = 2L series. For ni, we refer to i as the index of the considered L-cycle
series. For convenience, let the constant series of false and true have indices
0 and 1, respectively. Then,

〈CL〉N =
1
L

∑

n∈PN
L

(
N

n

)
PN

L (Q) , (IV.B2)

where
(
N
n

)
denotes the multinomial N !/(n0! · · ·nm−1!), and PN

L is the set of
partitions n of N such that Q ∈ QN

L . That is, n represents a proper L-cycle.
Let Ai

L(x) denote the probability that a randomly selected rule will output
L-cycle series i, given that the input series are selected from the distribution
x = (x0, . . . , xm−1). Because a node may not be used more than once as
an input to a specific rule, Ai

L(x) should also depend on N . However, the
difference between allowing or not allowing coinciding inputs vanishes as N
goes to infinity, because the output is effectively determined by relatively few
inputs for nested canalyzing rules.

IV.B Attractors 97

IV.B Attractors

To calculate the average number of attractors, we use the same approach as
in [10]. This approach means that we first transform the problem of finding an
L-cycle to a fixed point problem, and then find a mathematical expression for
the average number of solutions to that problem.

Assume that a Boolean network performs an L-cycle. Then, each node per-
forms one of 2L series of output values. We call these L-cycle series. Consider
what a rule does when it is subjected to such L-cycle series on the inputs. It
performs some Boolean operation, but it also delays the output, giving a one-
step difference in phase for the output L-cycle series. If we view each L-cycle
series as a state, an L-cycle turns into a fixed point (in this enlarged state
space). L〈CL〉N is then the average number of input states (choices of L-cycle
series) for the whole network, such that the output is the same as the input.

Let Q denote a specific choice of L-cycle series for the network, and let QN
L

be the set of all Q, such that Q is a proper L-cycle. A proper L-cycle has no
period shorter than L. The average number of L-cycles is then given by

〈CL〉N =
1
L

∑

Q∈QN
L

PN
L (Q) , (IV.B1)

where PN
L (Q) denotes the probability that the output of the network is the

same as the input Q.
Because the inputs to each K-input rule are chosen from a flat distribution

over all nodes, PN
L (Q) is invariant with respect to permutations of the nodes.

Let n = (n0, . . . , nm−1) denote the number of nodes expressing each of the
m = 2L series. For ni, we refer to i as the index of the considered L-cycle
series. For convenience, let the constant series of false and true have indices
0 and 1, respectively. Then,

〈CL〉N =
1
L

∑

n∈PN
L

(
N

n

)
PN

L (Q) , (IV.B2)

where
(
N
n

)
denotes the multinomial N !/(n0! · · ·nm−1!), and PN

L is the set of
partitions n of N such that Q ∈ QN

L . That is, n represents a proper L-cycle.
Let Ai

L(x) denote the probability that a randomly selected rule will output
L-cycle series i, given that the input series are selected from the distribution
x = (x0, . . . , xm−1). Because a node may not be used more than once as
an input to a specific rule, Ai

L(x) should also depend on N . However, the
difference between allowing or not allowing coinciding inputs vanishes as N
goes to infinity, because the output is effectively determined by relatively few
inputs for nested canalyzing rules.



98 Stability from Canalyzing Rules

Because these calculations aim to reveal the asymptotic behavior as N → ∞,
we allow for coinciding inputs in the following. Then, we get

PN
L (Q) =

∏

0≤i<m
ni �=0

[
Ai

L(n/N)
]ni

. (IV.B3)

By combining Eqs. (iv.b2) and (iv.b3) and applying Stirling’s formula to(
N
n

)
, we get

〈CL〉N ≈ 1
L

∑

n∈PN
L

√
2πN∏

0≤i<m
ni �=0

√
2πni

eNfL(n/N) , (IV.B4)

where

fL(x) =
∑

0≤i<m
xi �=0

xi ln
[

1
xi

Ai
L(x)

]
. (IV.B5)

See appendix iv.c.1 regarding the use of Stirling’s formula.
Eq. (iv.b5) can be seen as an average

〈
ln
[

1
xi

Ai
L(x)

]〉
i

with weights x0, . . .,
xm−1. Hence, the concavity of x 
→ ln x yields

fL(x) =
〈

ln
[

1
xi

Ai
L(x)

]〉

i

≤ ln
〈

1
xi

Ai
L(x)

〉

i

= ln
∑

0≤i<m
xi �=0

Ai
L(x) ≤ 0 (IV.B6)

with equality if and only if

x = AL(x) , (IV.B7)

where AL(x) =
(
A0

L(x), . . . , Am−1
L (x)

)
. Eq. (iv.b7) can be seen as a criterion

for mean field equilibrium in the distribution of L-cycle series. This makes it
possible to connect quantities observed in mean field calculations to the full
non-mean field dynamics.

Because NfL(x) occurs in the exponent in eq. (iv.b4), the relevant con-
tributions to the sum in eq. (iv.b4) must come from surroundings to points
where eq. (iv.b7) is satisfied as N → ∞. [fL(x) is not a continuous func-
tion, but obeys the weaker relation “For all x, in the definition set of fL, and
ε > 0, there is a δ > 0 such that fL(x′) < fL(x) + ε holds for all x′ satisfying
|x′ − x| < δ in the definition set of fL.” which is a sufficient criterion in this
case.] Eq. (iv.b4) provides an upper bound to 〈CL〉N , because the approxi-
mation of

(
N
n

)
is an overestimation (see appendix iv.c.1). Hence, the relevant

regions in the exact sum, eq. (iv.b2), surround solutions to eq. (iv.b7).
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Given that eq. (iv.b7) holds, the fraction of true values, w(x), and the
fraction of togglings, v(x), in the distribution of L-cycle series, should be con-
sistent with the mean field dynamics, meaning that w(x) = weq and v(x) = 0
(see appendix iv.a). This means that a typical attractor, for large N , has
only a small fraction (which approaches 0 for N → ∞) of active (nonconstant)
nodes.

For large N , we want to investigate the number of attractors for certain
numbers of active nodes. Hence, we divide the summation in eq. (iv.b2) into
constant and nonconstant patterns. To give the sum a form that can be split
in a convenient way, we introduce the quantity 〈ΩL〉N , which we define as the
average number of states that are part of a cycle with a period that divides
L (see appendix iv.c.2 on how to express 〈CL〉N in terms of 〈ΩL〉N ). When
N → ∞, the summation over constant patterns has a limit that yields

〈ΩL〉∞ =
1

1 − ∆r

∑

n̂∈Nm−2

∏

2≤i<m
ni �=0

e−rni
(n̂ · ∇Ai

L)ni

ni!
, (IV.B8)

where n̂ = (n2, . . . , nm−1), and N denotes the set of nonnegative integers (see
appendix iv.c.3).

The elements ∂jA
i
L of the gradient ∇Ai

L are nonzero only if the L-cycle series
i can be the output of a node that has only one nonconstant input retrieving
the L-cycle series j. This is true if the series j is the series i, or the inverse of
i, rotated one step backward in time. Let φC

L(i) and φI
L(i) denote those values

of j, respectively. Then,

n̂ · ∇Ai
L = rCn

φC
L (i)

+ rIn
φI

L(i)
. (IV.B9)

Eq. (iv.b9) yields that the sum in eq. (iv.b8) factorizes into subspaces, spanned
by sets of L-cycle series indices of the type

{
i, φC

L(i), φI
L(i), φC

L ◦ φC
L(i), φC

L ◦
φI

L(i), . . .
}

containing all possible results of repeatedly applying φC
L and φI

L to
i. We call those sets invariant sets of L-cycle series, which is the same as
invariant sets of L-cycle patterns in [10], but formulated with respect to L-
cycle series instead of L-cycle patterns. Let ρ0

L, . . . , ρHL−1
L denote the invariant

sets of L-cycle series, where HL is the number of such sets. For convenience,
let ρ0

L be the invariant set {0, 1}.
Consider an invariant set of L-cycle series, ρh

L. Let � be the length of ρh
L,

meaning that � is the lowest number such that, for i ∈ ρh
L, (φC

L)�(i) is either i
or the index of series i inverted. If (φC

L)�(i) = i, we say that the parity of ρh
L is

positive. Otherwise, the parity is negative. The structure of an invariant set of
L-cycle series is fully determined by its length and its parity. Such a set can be
enumerated on the form

{
φC

L(i), . . . , (φC
L)�(i), φI

L(i), . . . , φI
L ◦ (φC

L)�−1(i)
}

and
(φC

L)�(i) = i for positive parity, whereas φI
L ◦ (φC

L)�−1(i) = i for negative parity.
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Let strings of t and f denote specific L-cycle series. Then φC
L(ffft) = fftf

and φI
L(ffft) = ttft. Examples of invariant sets of 4-cycle series are {ffft,

fftf, ftff, tfff, tttf, ttft, tftt, fttt} and {ftft, tftf}. The first
example has length 4 and positive parity, whereas the second has length 1 and
negative parity.

Let ν+
1 , ν−

1 , . . . , ν+
� , ν−

� denote the numbers, ni, of occurrences of L-cycle
series belonging to ρh

L, in such a way that ν±
ı́ ≡ ni ⇔ ν±

ı́−1 ≡ n
φC

L (i)
and

ν±
ı́ ≡ ni ⇔ ν∓

ı́−1 ≡ n
φI

L(i)
. For convenience, we introduce ν±

0 as a renaming

of ν±
� . There are two ways that ν±

0 can be connected to ν±
� : either ν±

0 ≡ ν±
�

(positive parity) or ν±
0 ≡ ν∓

� (negative parity).
Each invariant set of L-cycle series, ρh

L, contributes to eq. (iv.b8) with a
factor

g(ρh
L) ≡ g±� =

∑

ν+,ν−∈N�

�∏

ı́=1

G
ν+

ı́−1ν−
ı́−1

ν+
ı́ ν−

ı́

, (IV.B10)

where

G
ν+

ı́−1ν−
ı́−1

ν+
ı́ ν−

ı́

= exp(−ν̃+
ı́ )

(ν̃+
ı́ )ν+

ı́

ν+
ı́ !

exp(−ν̃−
ı́ )

(ν̃−
ı́ )ν−

ı́

ν−
ı́ !

, (IV.B11)

ν̃±
ı́ ≡ rCν±

ı́−1 + rIν∓
ı́−1 , (IV.B12)

and ν±
0 ≡ ν±

� for g+
L , whereas ν±

0 ≡ ν∓
� for g−L . Eq. (iv.b11) is interpreted with

the convention that 00 = 1 to handle the case where ν+
ı́ or ν−

ı́ = 0.
Although the right-hand side in eq. (iv.b10) looks nasty, it can be calculated,

yielding the expression

g±� =
1

1 − r�

1
1 ∓ (∆r)�

(IV.B13)

(see appendix iv.c.4).
Now, we can write eq. (iv.b8) as

〈ΩL〉∞ =
1

1 − ∆r

HL−1∏

h=1

g(ρh
L) , (IV.B14)

where g(ρh
L) is calculated according to eq. (iv.b13). The period, �, and the

parity, + or −, of a given invariant set of L-cycle series can be extracted by
enumerating all L-cycle series. This provides a method to calculate 〈ΩL〉∞ for
small L. See appendix iv.c.5 on how to calculate 〈ΩL〉∞ in an efficient way.
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IV.C Mathematical Details

IV.C.1 Approximation of the Multinomial

Using Stirling’s approximation

n! ≈ (n/e)n
√

2πn , (IV.C1)

we get
(

N

n

)
≈ NN

√
2πN∏

0≤i<m
ni �=0

nni

i

√
2πni

. (IV.C2)

The right-hand side in eq. (iv.c2) is an upper bound to the multinomial. To
show this, we take advantage of the inequality

e1/(12n+1)(n/e)n
√

2πn < n! < e1/(12n)(n/e)n
√

2πn (IV.C3)

for n ≥ 1, see e.g., [14]. Eq. (iv.c3) yields

(
N

n

)
<

NN
√

2πN∏

0≤i<m
ni �=0

nni

i

√
2πni

exp

(
1

12N
−
∑

0≤i<m
ni �=0

1
12ni + 1

)
(IV.C4)

<
NN

√
2πN∏

0≤i<m
ni �=0

nni

i

√
2πni

, (IV.C5)

where the second inequality holds if at least two of n0, . . . , nm−1 are nonzero.
If this is not the case, both sides of eq. (iv.c2) are equal to 1.

IV.C.2 Expressing 〈CL〉N in Terms of 〈ΩL〉N
Consider a given network, and let CL denote the set of states, Q, that represents
a proper L cycle of the network. Let ωL denote the non-proper counterpart to
CL, meaning that ωL =

⋃
�|L CL where �|L means that � divides L. Then

CL = ωL

∖ ⋃

1≤�<L
�|L

ω� = ωL

∖ ⋃

d prime
d|L

ωL/d , (IV.C6)

because any positive � dividing L is also a divisor to a number of the form L/d
where d is a prime.
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Let ΩL denote the number of elements in ωL. Then, the set theoretic
principle of inclusion–exclusion, applied to eq. (iv.c6), yields

LCL =
∑

s∈{0,1}ηL

(−1)sΩL/dL(s) , (IV.C7)

where s =
∑ηL

i=1 si, dL(s) =
∏ηL

i=1(d
i
L)si and d1

L, . . . , dηL

L are the prime divisors
to L. For averages over randomly chosen N -node networks, we get

〈CL〉N = 1
L

∑

s∈{0,1}ηL

(−1)s〈ΩL/dL(s)〉N . (IV.C8)

〈ΩL〉N is given by

〈ΩL〉N =
∑

n∈N
m

n=N

(
N

n

)
PN

L (Q) , (IV.C9)

where n = n0 + · · · + nm−1. Now, the summation can be split into

〈ΩL〉N =
∑

n̂∈Nm−2

∑

n0,n1∈N

n=N

(
N

n

)
PN

L (Q) , (IV.C10)

where n̂ = (n2, . . . , nm−1).

IV.C.3 Calculation of the Inner Sum in the Expression
for 〈ΩL〉∞

Let

BN
L (n̂) =

∑

n0,n1∈N

n=N

(
N

n

)
PN

L (Q) . (IV.C11)

Then,

〈ΩL〉N =
∑

n̂∈Nm−2

BN
L (n̂) , (IV.C12)

where

BN
L (n̂) = N !

∑

n0,n1∈N

n=N

∏

0≤i<m
ni �=0

[Ai
L(n/N)]ni

ni!
. (IV.C13)
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IV.C.3 Calculation of the Inner Sum in the Expression
for 〈ΩL〉∞

Let

BN
L (n̂) =

∑

n0,n1∈N

n=N

(
N

n

)
PN

L (Q) . (IV.C11)

Then,

〈ΩL〉N =
∑

n̂∈Nm−2

BN
L (n̂) , (IV.C12)

where

BN
L (n̂) = N !

∑

n0,n1∈N

n=N

∏

0≤i<m
ni �=0

[Ai
L(n/N)]ni

ni!
. (IV.C13)



IV.C Mathematical Details 103

To calculate B∞
L (n̂) ≡ limN→∞ BN

L (n̂), we apply Stirling’s formula to N !,
n0!, and n1!, which yields

BN
L (n̂) ≈

√
NNN

√
2πen̂

∑

0<n0,n1
n=N

[A0
L(n/N)]n0

√
n0n

n0
0

[A1
L(n/N)]n1

√
n1n

n1
1

∏

2≤i<m
ni �=0

[Ai
L(n/N)]ni

ni!
,

(IV.C14)

where the terms with n0 = 0 or n1 = 0 are ignored. Next, we approximate the
sum in eq. (iv.c14) by an integral, yielding

BN
L (n̂) ≈ N n̂

en̂

√
N

2π

∫

0<x0,x1
x0+x1+x̂=1

dx0
eNf̂L(x)

√
x0x1

, (IV.C15)

where n̂ = n2 + · · · + nm−1, x = n/N , x̂ = n̂/N and

f̂L(x) = x0 ln
A0

L(x)
x0

+ x1 ln
A1

L(x)
x1

+
∑

2≤i<m
ni �=0

xi ln Ai
L(x) −

m−1∑

i=2

ln ni! .

(IV.C16)

Because the only solution to eq. (iv.b7) (given that r < 1) is x0 = weq, x1 =
1 − weq, and xi = 0 for i = 2, . . . , m − 1, we can find the asymptotic behavior
of B∞

L by a Taylor expansion around this point. Let x0 = weq(1 − x̂) + ε,
x1 = (1 − weq)(1 − x̂) − ε and xi = x̂ni/n̂ for i = 2, . . . , m − 1. Then,

A0
L(x) = weq(1 − rx̂) + ∆rε + aε2 + O(x̂2) + O(x̂ε) + O(ε3) , (IV.C17)

A1
L(x) = (1 − weq)(1 − rx̂) − ∆rε − aε2 + O(x̂2) + O(x̂ε) + O(ε3) , (IV.C18)

and

Ai
L(x) = x̂ · ∇Ai

L + O(x̂2) + O(x̂ε) (IV.C19)

for i = 2, . . . , m−1, where a is a constant. Here, O(x̂iεj) stands for an arbitrary
function such that the limit of O(x̂iεj)/(x̂iεj) is well defined as (x̂, ε) → (0, 0).

A Taylor expansion of eq. (iv.c16) yields

f̂L(x) = (1 − r)x̂ − (1 − r)2

weq(1 − weq)
ε2 + x̂

∑

2≤i<m
ni �=0

ni

n̂
ln x̂ · ∇Ai

L −
m−1∑

i=2

ln ni!

+ O(x̂2) + O(x̂ε) + O(ε3) . (IV.C20)
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Completion of the square in eq. (iv.c20) yields

f̂L(x) = −1
2

(
1 − r√

weq(1 − weq)
ε + O(x̂)

)2

+ (1 − r)x̂ + x̂
∑

2≤i<m
ni �=0

ni

n̂
ln x̂ · ∇Ai

L

−
m−1∑

i=2

ln ni! + O(x̂2) + O(x̂ε2) + O(ε3) . (IV.C21)

Now, we can apply the saddle point approximation to eq. (iv.c15) (given
that r < 1) together with the relation x̂ = n̂/N , the convergence of Stirling’s
formula, and the convergence of the integral approximation. This yields

B∞
L (n̂) =

1
1 − ∆r

e−rn̂
∏

2≤i<m
ni �=0

(n̂ · ∇Ai
L)ni

ni!
. (IV.C22)

IV.C.4 Calculation of g±
�

With implicit summation over indices occurring both up and down, eq. (iv.b10)
can be written as

g+
� = G

ν+
�−1ν−

�−1

ν+
� ν−

�

G
ν+

�−2ν−
�−2

ν+
�−1ν−

�−1
· · ·Gν+

1 ν−
1

ν+
2 ν−

2
G

ν+
� ν−

�

ν+
1 ν−

1
≡ Tr(G�) (IV.C23)

and

g−� = S
ν+

� ν−
�

ν+
0 ν−

0
G

ν+
�−1ν−

�−1

ν+
� ν−

�

G
ν+

�−2ν−
�−2

ν+
�−1ν−

�−1
· · ·Gν+

1 ν−
1

ν+
2 ν−

2
G

ν+
0 ν−

0

ν+
1 ν−

1
≡ Tr(SG�) , (IV.C24)

where

Sµ+µ−

ν+ν− ≡ δν+µ−δν−µ+ (IV.C25)

and the trace operator is defined as

Tr(A) ≡ Aν+ν−

ν+ν− . (IV.C26)

δ denotes the Kronecker-delta, meaning that δνµ = 1 if ν = µ and 0 otherwise.
By transforming G in a suitable way, g±� can be calculated in a closed form.

Central to this transformation are the tensors M and M̃ that extract moments
and combinatorial moments according to the definitions

Mµ+µ−

κ+κ− ≡ (µ+)κ+
(µ−)κ−

(IV.C27)
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and

M̃µ+µ−

κ+κ− ≡ µ+(µ+− 1) · · · (µ+− κ++ 1)µ−(µ−− 1) · · · (µ−− κ−+ 1) .
(IV.C28)

Eq. (iv.c27) is interpreted with the convention that 00 = 1 to handle the cases
where µ+ = κ+ = 0 or µ− = κ− = 0. Henceforth, this convention is used to
handle similar special cases conveniently. M̃ is triangular in the sense that
κ+ ≤ µ+ and κ− ≤ µ− for all nonzero elements M̃µ+µ−

κ+κ− . Hence, M̃ has an
inverse that obeys µ+≤ κ+ and µ−≤ κ− for all nonzero elements (M̃−1)κ+κ−

µ+µ− .

Letting M̃ act on G yields

M̃µ+µ−

κ+κ− Gν+ν−

µ+µ− =
∞∑

µ+=κ+

∞∑

µ−=κ−

exp(−ν̃+)
(ν̃+)µ+

(µ+− κ+)!
exp(−ν̃−)

(ν̃−)µ−

(µ−− κ−)!

= (ν̃+)κ+
(ν̃−)κ−

, (IV.C29)

where ν̃±≡ rCν±+ rIν∓.
Let Cκ+κ−

λ+λ− denote the coefficients of the formal expansion of (z++z−)λ+
(z+−

z−)λ−
in such a way that

(z++ z−)λ+
(z+− z−)λ− ≡

∑

κ+,κ−∈N

Cκ+κ−

λ+λ− (z+)κ+
(z−)κ−

. (IV.C30)

Note that C is block diagonal in the sense that κ+ + κ− = λ+ + λ− for all
nonzero elements. The inverse of C is given by

(C−1)λ+λ−

κ+κ− = 2−κ+−κ−
Cλ+λ−

κ+κ− . (IV.C31)

To see this, we consider that C2 yields the coefficients of the formal expansion
of the expression

[(z++ z−) + (z+− z−)]λ
+
[(z++ z−) − (z+− z−)]λ

− ≡ 2λ++λ−
(z+)λ+

(z−)λ−
.

(IV.C32)

Thus,

Cκ+κ−

λ+λ− Cν+ν−

κ+κ− = 2λ++λ−
δλ+ν+δλ−ν− , (IV.C33)

which means that the tensor on the left-hand side in eq. (iv.c31) is the inverse
of C.

Letting C act on M and M̃G yields

Cκ+κ−

λ+λ− Mµ+µ−

κ+κ− = (µ++ µ−)λ+
(µ+− µ−)λ−

(IV.C34)
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and

Cκ+κ−

λ+λ− M̃µ+µ−

κ+κ− Gν+ν−

µ+µ− = (ν̃++ ν̃−)λ+
(ν̃+− ν̃−)λ−

(IV.C35)

= rλ+
(∆r)λ−

(ν++ ν−)λ+
(ν+− ν−)λ−

. (IV.C36)

Hence,

CM̃G = DCM (IV.C37)

and

CM̃GM̃−1C−1 = DCMM̃−1C−1 , (IV.C38)

where

Dµ+µ−

λ+λ− ≡ rλ+
(∆r)λ−

δλ+µ+δλ−µ− . (IV.C39)

Because M̃−1 is triangular with the lower indices (acting to the left) less than
or equal to the upper indices, right multiplication with M̃−1 always yields
a convergent result. Similarly, C−1 is wellbehaved in the same sense, as a
consequence of the block diagonal structure of C. Thus, both sides of the
equality in eq. (iv.c38) are well-defined.

Let T = CMM̃−1C−1, which yields

CM̃GM̃−1C−1 = DT . (IV.C40)

The tensor MM̃−1 tells how to express moments in terms of combinatorial mo-
ments. Each moment can be expressed as a sum of the combinatorial moment
of the same order and a linear combination of combinatorial moments of lower
order. Hence,

Mµ+µ−
κ+κ− (M̃−1)λ+λ−

µ+µ−= δκ+λ+δκ−λ− for λ++ λ−≥ κ++ κ−. (IV.C41)

This property is conserved as MM̃−1 is transformed by C, because

Cκ+κ−

ν+ν− = 0 for κ++ κ− �= ν++ ν− , (IV.C42)

meaning that

T µ+µ−

ν+ν− = δν+µ+δν−µ− for µ++ µ−≥ ν++ ν− . (IV.C43)

Eq. (iv.c23) can be rewritten as

g+
� = Tr(G�) = Tr

[
(CM̃GM̃−1C−1)�

]
= Tr

[
(DT)�

]
. (IV.C44)
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In order to treat eq. (iv.c24) similarly, we need to transform GS in the same
manner. To do this, we observe that

(CM̃G)µ+µ−

λ+λ−Sν+ν−

µ+µ− = rλ+
(∆r)λ−

(ν−+ ν+)λ+
(ν−− ν+)λ−

(IV.C45)

= rλ+
(−∆r)λ−

(ν++ ν−)λ+
(ν+− ν−)λ−

, (IV.C46)

which means that

CM̃GS = ŚCM̃G , (IV.C47)

where

Śκ+κ−

λ+λ− ≡ (−1)λ−
δλ+κ+δλ−κ− . (IV.C48)

Hence,

CM̃GSM̃−1C−1 = ŚDT , (IV.C49)

which can be applied to eq. (iv.c24), yielding

g−� = Tr(SG�) = Tr
[
CM̃GSM̃−1C−1(CM̃GM̃−1C−1)�−1

]
= Tr

[
Ś(TD)�

]
.

(IV.C50)

Because T is triangular with unitary diagonal, according to eq. (iv.c43),
whereas Ś and D are diagonal, the traces in Eqs. (iv.c44) and (iv.c50) are
given by

g+
� = Tr

[
(TD)�

]
(IV.C51)

=
(
Dµ+µ−

µ+µ−

)� (IV.C52)

=
∑

µ+,µ−∈N

r�µ+
(∆r)�µ−

(IV.C53)

=
1

1 − r�

1
1 − (∆r)�

(IV.C54)

and

g−� = Tr
[
Ś(TD)�

]
(IV.C55)

= Śµ+µ−

µ+µ−

(
Dµ+µ−

µ+µ−

)� (IV.C56)

=
∑

µ+,µ−∈N

(−1)µ−
r�µ+

(∆r)�µ−
(IV.C57)

=
1

1 − r�

1
1 + (∆r)�

. (IV.C58)

Finally, we conclude that

g±� =
1

1 − r�

1
1 ∓ (∆r)�

. (IV.C59)
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Ś(TD)�

]
.

(IV.C50)

Because T is triangular with unitary diagonal, according to eq. (iv.c43),
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(IV.C55)

= Śµ+µ−

µ+µ−

(
Dµ+µ−

µ+µ−

)� (IV.C56)

=
∑

µ+,µ−∈N

(−1)µ−
r�µ+

(∆r)�µ−
(IV.C57)

=
1

1 − r�

1
1 + (∆r)�

. (IV.C58)

Finally, we conclude that

g±� =
1

1 − r�

1
1 ∓ (∆r)�

. (IV.C59)
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IV.C.5 Calculation of 〈ΩL〉∞
To use eq. (iv.b14) to calculate 〈ΩL〉∞, we need to find the distribution of
lengths and parities of the invariant sets of L cycle series. For L cycles, there
will be invariant sets of length � and positive parity if �|L, whereas sets of
negative parity are present if 2�|L. The number of invariant sets with a specific
length and parity is independent of L (as long as they exist at all), because the
basic form of the series in such sets does not change with L. Only the number
of basic repetitions alter. Let J+

� and J−
� denote the numbers of invariant sets

of length � with positive or negative parity, respectively.
Let ψ+

� respective ψ−
� denote the sets of (infinite) time series of ‘true’ and

‘false’, such that each series is identical to, or the inverse of, itself after � time
steps. Then, the set of time series that are part of an invariant set of L cycles
with length � and negative parity, J−

� , is given by

J−
� = ψ−

�

∖ ⋃

d odd prime
d|�

ψ−
�/d . (IV.C60)

For positive parity, we get

J+
� = ψ+

�

∖(
⋃

d prime
d|�

ψ+
�/d

)∖
J−

�/2 , (IV.C61)

where J −
�/2 is the empty set if �/2 is not an integer.

The numbers of elements in J ±
� are given by 2�J±

� where J±
� are the numbers

of invariant sets with length �. Then, the inclusion–exclusion principle yields

J−
� =

1
2�

∑

s∈{0,1}η̃�

(−1)s2�/d̃�(s) , (IV.C62)

where s =
∑η̃�

i=1 si, d̃(s) =
∏η̃�

i=1(d̃
i
�)

si and d̃1
� , . . . , d̃

η�

� are the odd prime divi-
sors to �. Similarly

J+
� =

1
2�

∑

s0∈{0,1}
2s0 |�

∑

s∈{0,1}η̃�

(−1)s0+s2�/d�(s0,s) − 1
2
J−

�/2 , (IV.C63)

where d(s0, s) = 2s0 d̃(s) and J−
�/2 = 0 if �/2 is not an integer. Insertion of

eq. (iv.c62) into eq. (iv.c63) yields

J+
� =

1
2�

∑

s0∈{0,1}
2s0 |�

∑

s∈{0,1}η̃�

(1 + s0)(−1)s0+s2�/d�(s0,s) , (IV.C64)
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which also can be written as

J+
� = J−

� − J−
�/2 . (IV.C65)

Finally, we can calculate 〈ΩL〉∞ according to

〈ΩL〉∞ = (1 − r)
∏

�|L
(g+

� )J+
�

∏

2�|L
(g−� )J−

� . (IV.C66)

The factor (1 − r) instead of 1/(1 − ∆r) is there to compensate for the factor
g(ρ0

L) = g+
1 , which is not included in eq. (iv.b14).

IV.C.6 Convergence of 〈C〉∞
For large �, we can use the approximations

ln g±� = − ln(1 − r�) − ln[1 ∓ (∆r)�]

≈ r� ± (∆r)� (IV.C67)

and

J±
� ≈ 2�

2�
(IV.C68)

with relative error that decreases exponentially with �. Thus, the correct
asymptotic behavior of 〈ΩL〉∞ is revealed by

〈ΩL〉∞ ∼ exp
{∑

�|L

2�

2�

[
r� + (∆r)�

]
+
∑

2�|L

2�

2�

[
r� − (∆r)�

]}
. (IV.C69)

If r > 1/2, eq. (iv.c69) diverges double exponentially, because the term
(2r)L/(2L) will dominate the sum as L → ∞. This means that the number of
L cycles increases very rapidly with L for large L.

If r < 1/2, |∆r| < 1/2 must hold, because |∆r| ≤ r. Then, the total number
of states in attractors, 〈Ω〉∞, will converge, because eq. (iv.c69) then yields
the convergent sum

〈Ω〉∞ ∼ exp
∞∑

�=1

(2r)�

�
. (IV.C70)

Hence, the average of the total number of attractors, 〈C〉∞, will converge for
r < 1/2 and diverge for r > 1/2.
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